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Textbook Numbers and letters, they are known as
eyes to humans, they are. Kural 392

Learning Outcomes

To transform the classroom processes into
learning centric with a set of bench marks

Note

To provide additional inputs for students in the
content

Activity / Project

To encourage students to involve in activities to
learn mathematics

ICT Corner

To encourage learner’s understanding of content through
application of technology

Thinking Corner

To kindle the inquisitiveness of students in learning mathematics. To
make the students to have a diverse thinking

Points to Remember

To recall the points learnt in the topic

Multiple Choice Questions

To provide additional assessment items on the content

L]

Progress Check

Self evaluation of the learner’s progress @

Exercise

To evaluate the learners’ in
understanding the content

“The essence of mathematics is not to make simple things complicated
but to make complicated things simple” -S. Gudder

Let's use the QR code in the tek book ! How?

« Download the QR code scanner from the Google PlayStore/ Ap e A5 tore into your smartpone

¢ Op nthe QR code scanner ap ication

¢ Once the scanner button in the ap ication is click d, camera op ns and then bring it closer to the QR code in the tek
book

¢ Once the camera detects the QR code, aurl ap ars in the screen.Click he url and go to the content p ge.

OR GUIDE
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SET LANGUAGE

“In mathematics, the art of asking questions is more valuable than
solving problems”. - Georg Cantor

John Venn was an English mathematician. He
invented Venn diagrams which pictorially
represent the relations between sets. Venn diagrams
are used in the field of Set Theory, Probability,

Statistics, Logic and Computer Science.
John Venn
(1834-1923)

@/

To explain the commutative property among set operations.

To interpret the associative property among set operations.
To infer the distributive property among set operations.

To verify De Morgan’s laws.

O 0O 0 0 o0

To use set language in solving life oriented word problems.

1.1 Introduction

A set, we know, is a “well-defined collection of objects” We are aware of different
sets such as empty set, finite set, infinite set, subset, power set, equal sets, equivalent sets
and universal set. We have performed set operations like union, intersection and difference
between two sets.

It is an interesting investigation to find out if operations among sets (like union,
intersection, etc) follow mathematical properties such as Commutativity, Associativity,
etc., We have seen numbers having many of these properties; whether sets also possess
these, is to be explored.

Set Languoge | 1
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1.2 Properties of Set Operations

We first take up the properties of set operations on union and intersection.

AN
1.2.1 Commutative Property NI_)_IB %

In set language, commutative situations can be seen gq; any set A,
when we perform operations. For example, we canlook ¢ A4 A=A and ANA— A4
into the Union (and Intersection) of sets to find out if [Idempotent Laws].

the operation is commutative.
AUp=A and ANU=A4

°
[Identity Laws]. .

Let A ={2338,10} and B = {1,3,10,13} be two sets.
Then, AUB = {1,2,3,8,10,13} and

BUA={1,23810,13}
From the above, we see that AU B = BU A.
This is called Commutative property of union of sets.
Now, ANB = {3,10} and BNA= {3,10}. Then, we seethat ANB=BnNA.

This is called Commutative property of intersection of sets.

Commutative property: For any two sets A and B

) (i) AUB=BUA (ii) AnB=BnA @

. Example 1.1 I
If A= {b, e, f,g} and B = {c, e, g,h}, then verify the commutative

property of (i) union of sets (ii) intersection of sets.

Thinking Corner @3.

Solution
Given, A = {b, e, f,g} and B = {c, e, g,h} Given, P = {Z,n,p} and
PuQ= {j,l,m,n,o,p} .IfPand Q
(i) AUB = {1;7 ¢, f, g,h} .. (1) are disjoint sets, then what will
beQand PNQ?
BUA = {b,c,e,f,g,h} .. (2) ‘
From (1) and (2) we have AUB=BU A
It is verified that union of sets is commutative.
(ii) ANB = {e,g} .. (3)

BNnA = {e,g} .. (4)
From (3) and (4) we get, ANB=BnNA

It is verified that intersection of sets is commutative.

I 2 | 9" Standard Mathematics
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Recall that subtraction on numbers is not commutative. Is set difference
commutative? We expect that the set difference is not commutative as
well. For instance, consider A= {a, b, c}, B = {b, c,d}. A-—B= {a},

(1) If A={1,2,3,4} and B = {2,4,6,8}, then find:
(i) AuB (ii) BUA (iii) AnB (iv) BN A
(2) Use these to verify commutative property of union and intersection of sets.
1.2.2 Associative Property
Now, we perform operations on union and intersection for three sets.
Let A={-1,0,1,2}, B={-3,0,2,3} and C ={0,1,3,4} be three sets.
Now, BUC =1{-3,012,34}
AUBUC) = {-1,0,1,21U{-3,0,1,2,3,4}
= {-3,-1,0,1,2,3,4} .. (1)
Then, AUB ={-3,-1,0,1,2,3}
(AUB)UC = {-3,—1,0,1,2,3} U{0,1,3,4}
= {-3,-1,0,1,2,3,4} .. (2)
From (1) and (2), AU(BUC)=(AUB)UC

This is associative property of union among sets A, B, and C.

Now, BNnC =10,3}
AN(BNC) = {-1,0,1,2}n{0,3}
= {0} .. (3)
Then, ANnB ={0,2}
(AnB)NnC = {0,2} n{0,1,3,4}
= {0} .. (4)

From (3) and (4), AN(BNC)=(ANnB)NC

This is associative property of intersection among sets 4, B and C.

Associative property: For any three sets A, B and C
(i) AuBUC)=(AUB)UC (i) An(BNC)=(ANnB)NC

B—A:jdt;WeseethatA—B::B—A. .

Set Languoge | 3 I

‘ ’ 9th Maths T-Il EMindb 3 @

07-08-2018 17:07:41 ‘ ‘



T [ [ ] ®

le 1.
'MI If A={2,34,5},B={2357}and C = {1,3,5}, then verify

AUBUC)=(AUuB)UC.
Solution
Given, A ={2,3,4,5},B ={2,3,57} and C = {1,3,5}
Now, BUC = {12,357}
U(BUC) ={1,2,3457} (1)
Then, AUB = {23457}
(AUB)UC = {1,2,3,4,57} .. (2)

From (1) and (2), it is verified that AU(BUC)

Example 1.3
Q If A= —1,0,1,§,2 , B= 0,1,§
2 44 4 4

then verity AN(BNC)=(ANB)NC.
Solution
Now; (BNnC) = 1 2 5
@® ’ 4772
AN(BNC) :E,z} (1)
Then, ANB :{0,l,§,2}
44
(AnB)NC :{iﬂ} .. (2)

From (1) and (2), it is verified that
(ANB)NC = AN(BNC)

= (AuB)UC

2 4 2

N
Note =

The set difference in general is

2 ;} and O — {1 L,y 9},

not associative ®
that is, (A-B)-C= A-(B-0).

But, if the sets A, B and Care
mutually disjoint then the set

difference is associative
that is, (A-B)-C=A-(B-0).

‘ ’ 9th Maths T-ll EM.indb 4 @

@ Exercise 1.1 ]

1. IfP:{1,2,5,7,9}, Q:{2,3,5,9,11}, R:{3,4,5,7,9} andS:{2,3,4,5,8},thenﬁnd
(i) (PUQ)UR (i) (PNQ@Q)NS (iii)) (@NS)NR

2. Test for the commutative property of union and intersection of the sets
P={xz:zisareal number between 2 and 7} and

() = { x: zis an irrational number between 2 and 7}.

3. If A ={pgnst, B={mmnqst} and C = {m,n,p,qs}, then verify the associative
property of union of sets.

I : | 9" Standard Mathematics
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4. Verify the associative property of intersection of sets for A = {—11, \/5, \/g, 7},

B— {Jg \/3,6,13} and C = {\E 3.5, 9}.
5. IfA={z:2=2",neWand n<4}, B={z:2=2n,n€N and n <4} and
C ={0,1,2,5,6}, then verify the associative property of intersection of sets.
1.2.3 Distributive Property

In lower classes, we have studied distributive property of multiplication over addition
on numbers. That is, a x (b + ¢) = (a xb) + (a X ¢).

We now attempt to verify distributive of intersection of sets over union:

Consider three sets, A = {x, y,z} , B= {t, u, x,z} and C = {s, t, x,y}

Now, BUC = {stumzyz}
ANBUC) = {2} .. (1)
Then, ANB = {2z} and ANC = {z,y}
(ANB)UMANC) = {xyz} . (2)
® ®

From (1) and (2),we get AN(BUC)=(ANB)UANC)
This is called distributive property of intersection over union.

Union of sets also distributes over intersection :

Now, BnC = {tz}
AUuBnC) = {txy,z} ..(3)
Then, AUB = {tu,z,y,2tand AUC = {s,t,z,y,2}
(AUB)N(AUC) = {tz,y,2} ..(4)

From (3) and (4) we get AU(BNC)=(AUB)N(AUC)

This is called the distributive property of union over intersection.

Distributive property: For any three sets A, Band C

(i) AN(BUC)=(ANB)U(ANC) [Intersection over union]

(ii) Au(BNC)=(AUB)N(AUC) [Union over intersection]

Set Languoge | 5
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. Example 1.4 I
If A= {0,2,4,6,8},B ={x: z isaprime number and x < 11} and

C={x: zeN and 5 <z <9} then verify AU(BNC)=(AUB)N(AUC).
Solution

Given

{o 2,4,6, 8} {2,3,5,7} and C= {5,6, 7,8}

)

{5
{ 0,2,4,5, 678} (1)
{
C)=

First, we find BnNC

AUu(BNC

Next,

0,2,3,4,5,6,7,8}, AUC ={0,2,4,5,6,7,8}

Then, (AU B)N (4 {0.2,4,56,7.8} ... (2)

From (1) and (2), it is verified that AU(BNC)=(AUB)N(AUC).

. Example 1.5 I
Verity AN(BUC) = (AN B)U(ANC) using Venn diagrams.

Solution
® A B A B ®
e (1)
C C
BUC AN(BUCQ)
A B A B A B
e (2)
C C C
ANB ANcC (ANB)U(ANCO)
Fig.1.1

From (1) and (2), AN(BUC)=(ANB)U(ANC) is verified.

I 5 | 9" Standard Mathematics
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@ Exercise 1.2 ]

1. If K= {a, b,d,e, f}, L= {b, ¢,d, g} and M = {a, b,c, d,h}, then find the following:
(i) KU(LNM) (ii)) KN (LU M)
(iii) (KU L)Nn (KU M) (iv) (KNL)U (K N M)

2. Draw Venn diagram for each of the following:
(i) Au(BNO) (ii)) An(BUCQ)
(iii) (AU B)NC (iv) (ANnB)UC
3. If A={11,13,14,15,16,18}, B = {11,12,15,16,17,19} and C = {13,15,16,17,18,20}, then
verify AN(BUC)=(ANB)U(ANC).
4. If A= {x 1€, -2<1< 4}, B={x:x€W,x<5}, C= {—4,—1,0,2,3,4}, then
verify AUBNC)=(AUB)N(AUC).

5. Verify AU(BNC)=(AUB)N(AUC) using Venn diagrams.

® 1.3 De Morgan’s Laws ®

Augustus De Morgan (1806 — 1871) was a British mathematician. He was born on
27t June 1806 in Madurai, Tamilnadu, India. His father was posted in India by the
East India Company. When he was seven months old, his family moved back to
England. De Morgan was educated at Trinity College, Cambridge, London. He formulated
laws for set difference and complementation. These are called De Morgan’s laws.

1.3.1 De Morgan’s Laws for Set Difference
These laws relate the set operations union, intersection and set difference.

Let us consider three sets A, B and C as 4 = {—5,—2, 1,3}, B = {—3,—2, 0, 3,5} and
C ={-2,-1,0,4,5}.

Now, BUC = {-3,-2,-1,0,3,4,5}
A-(BuC) ={-51} .. (1)
Then, A-B = {-51}and A—C ={-51,3}
(A-B)U(A-C) ={-513} .. (2) }
(A-B)N(A-C) = {51} .. (3) BBGITU

Set Languoge | 7
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From (1) and (2, we e tht (Thinking corner | |Wei _
A—(BUC) = (A-B)UA-C)

(A-B)N(B-A4)=___
But note that from (1) and (3), we see that _—

A—(BUC) = (A—B)N(A—C)

Now, BnC ={-205}

A-(BNC) ={-51,3} . (4)
From (3) and (4) we see that [RERUICoRhEE @.

(A-—B)U(A-C)U(ANB)=____

A—(BNC) =(A—B)N(A—C) i

But note that from (2) and (4), we get A—(BNC)=(A-B)U(A—-C)

De Morgan’s laws for set difference : For any three sets A, Band C
(i) A—-(BUC)=(A-B)nA-C) (i) A—-(BNC)=(A-B)U(4-0)

. Example 1.6 I
® Verity A—(BUC) = (A— B)N(A—C) using Venn diagrams. ®

Solution
A B A B
v (1)
C C
BUC A—(BUO)
A B A B A B
. (2)
C ¢ C
A-B A-C (A— B)n(A—0)

Fig.1.2
From (1) and (2), we get A—(BUC) = (A— B)N(4A—C). Hence it is verified.

I 5 | 9" Standard Mathematics
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. Example 1.7 I
IfP={x:xe W and 0<x< 10}, Q={x:x=2n+1, ne W and n<5}

and R = {2,3,5,7,11,13}, then verify P —(QNR) = (P - Q)U(P - R)

Solution
The roster form of sets P, () and R are Finding the elements of set Q
Given, z =2n+ 1
P={1,234567389}, Q=/{13579} n=0—-2=20)+1=0+1=1
n=1-z=21)+1=2+1=3
d R=12 111
and R ={2,3,5,7,11,13} n=2—1=22)+1=4+1=5
First, we find (QNR) = {3,5,7} n=3—-r=23)+1=6+1="7
n=4—-2x=24)+1=8+1=9
Then, P—(QNR) = {1,2,4,6,89} .. (1)
Therefore, x takes values such as
Next, P-Q = {2, 4, 6,8} and 1,3,5,7and 9.

P-R = {1,4,6,8,9}
and so, (P —Q)U(P - R) = {1,2,4,6,8,9} ... (2)

Hence from (1) and (2), it is verified that P — (Q N R) = (P — Q) U (P — R).

1. If A={a,b,c,d}, B={b,d,e,f} and C'={a,b,d,f}, then find
(i) BuC (i) A-(BuC) (ii))A-B (iv) A-C

2. If P, @ and R are three sets, then draw Venn diagram for the following:
(i) QUR (i) P—(QNR) (i) P-Q  (iv) P-R

1.3.2 De Morgan’s Laws for Complementation
These laws relate the set operations on union, intersection and complementation.

Let us consider universal set U={0,1,2,3,4,5,6}, A={1,3,5} and B={0,3,4,5}.

Now, AUB = {0,1,3,4,5} Thinking Corner @l

Then, (AuB) ={26} .. (1) Check whether
A-B=ANnB

Next, A" ={02,4,6} and B’ = {1,2,6} — \u—

Then, AnB ={26 .. (2)

From (1) and (2), we get (AUB) = A'n B’

Set Languoge | o I
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Mo, 5= [33) Lininking Cornor_ L]

(AnB) ={o1246} 3) A-BuUB-A)=___
yas {0,2,4,6} and B — {1,2,6} #
A'uB ={0124:6}
From (3) and (4), we get (ANB) = AU B’

De Morgan’s laws for complementation : Let ‘U” be the universal set containing
finite sets A and B. Then (i) (AUB) = A'n B’ (ii) (ANB) = A'UB’

l Example 1.8 I ,
Verify (AU B) = A’ N B'using Venn diagrams.

Solution

U U

A B A B o (1)
® AUB 4uB ®
U U U

A B A B A B e (2)

A B’ A'NnB

Fig.1.3

From (1) and (2), it is verified that (AU B) = A’ N B’

Example 1.9
'—I If U :{x:xez,—2gx§10},

A:{m:z:Qp—i—l,peZ,—lgpgél}, B:{x:x:3q+1,q€Z,—1§q<4},
verify De Morgan’s laws for complementation.

Solution

Thinking Corner @l
Given U = {~2,-1,0,1,2,3,4,5,6,7,8,9,10},

ANn(AuB)=____
A={-11,35,7,9} and B = {—2,1,4,7,10} &
I 10 | 9t Standard Mathematics
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Law (i) (AUB) =A'n B’

Now, AUB = {-2,-1,1,3,4,5,7,9,10}
(AuB) = {0,268 ... 1)
Then, A" = {-2,0,2,4,6,8,10} and B’ = {-1,0,2,3,5,6,8,9}
AnB ={0268 . (2)

From (1) and (2), it is verified that (AU B) = A'n B’

Law (ii) (AnB) = A'UB
(AUB) U(4'NB)

Now, ANnB = {17} I -
(ANB) = {-2,-1,0,2,3,4,5,6,8,9,10} ... (3)
Then, A'UB' = {-2,-1,0,2,3,4,5,6,8,9,10} ... (4)

From (3) and (4), it is verified that (AN B) = A’ U B’

@ Exercise 1.3 ]

1. Using the adjacent Venn diagram, find the following sets:

® (i) A— B (i) B—C (iii) A’ U B’
(iv) A’ N B’ (v) (BuQ)
(vi) A—(BUC) (vii) A—(BNCO)

2. If A, Band Care overlapping sets, then draw Venn diagram
for the following sets:

() (A-B)nC (i) (AUC)-B  (ii)) A—(4AN0O)
(iv) (BUC)— A (v) AnBNnC

3. If A= {bceqgh}, B={a,cd,g,i} and C= {a,d,e,g,h}, then show that
A—(BNnC)=(A-B)U(A-0C).

4. If A={zx:xz=6n neW and n<6}, B ={zr: 2=2n neN and 2<n<9} and
C={z:x=3n,n €N and 4<n<10}, then showthat A—(BNC)=(A—B)U(A-C)

5. It A = {-2,0,1,3,5}, B = {-1,0,2,5,6} and C = {-1,2,5,6,7}, then show that
A—(BUC) = (A-B)N(A—-C).

6. TfA={y:y= a‘Q“, acW and a§5},B:{y:y:2n2_1,n€Wand n < 5}and

Cz{—l,—l,l,—,Z},then show that A—(BUC)=(A—B)n(4-0C).
2 Set Languagel 11 _
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7. Verify A—(BNC)=(A— B)U(A—C) using Venn diagrams.

8. It U={4,7,8,10,11,12,15,16}, A={7,8,11,12,} and B = {4,8,12,15}, then verify
De Morgan’s Laws for complementation.

9. fU={2:-4<zx<4,z€Z}, A={r:—4<zx<2z€Z} and

B ={z:—2 <z <3,z ¢cZ}, then verity De Morgan’s laws for complementation.

10. Verify (AN B) = A'U B’ using Venn diagrams.

Expected Result is shown in this picture

Step - 1 : Open the Browser, type the URL Link given —
below (or) Scan the QR Code. GeoGebra work sheet e N
named “Set Language” will open. In the work sheet |

there are two activities. 1. Venn Diagram for two sets | / * el
and 2. Venn Diagram for three sets. 1§ . I:nm;:
In the first activity Click on the boxes on the rightside |~ —

to see the respective shading and analyse.

Step - 2 : Do the same for the second activity for three sets.

. .

[t o i i i s i
A A
B -
AUB {auB)*
ANB.  (ANB)*
A-B » B-A

i ccs om repcies s 2 100 e v
< A ar AUB | ANB
B B BuC [ BNC
c c Cup | CNA
| AWBRC) AN[BUC)
{auBinc | (ANBjuC
AUBUC ANBNC
Browse in the link
Set Language: Scan the QR Code.
B46G_MAT_9_T2_EM

I 12 | 9" Standard Mathematics
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Cninangoomer |

(A— B)' isequal to
(i) B— A (ii) B— A’ (iii) A UB  (iv) A'NB

_—

1.4 Cardinality and Practical Problems on Set Operations

In the first term, we have learnt to solve problems involving two sets using the
formula n(AU B) = n(A4) + n(B) — n(A N B). Suppose we have three sets, we can apply this
formula to get a similar formula for three sets.

For any three finite sets A, Band C
n(AUBUC) = n(A) 4+ n(B)+n(C) —n(ANB)—n(BNC)—n(ANC)+n(ANBNC)

Let us consider the following results which will be useful in solving problems
using Venn diagram. Let three sets A, B and C'represent the students. From
the Venn diagram,

Number of students in only set A = a, only set B =10, only set C' = c.

& ® Total number of students in onlyone set=(a +b+¢) A

® Total number of students in only two sets
=(z+y+2)

® Number of students exactly in three sets=r

® Total number of students in atleast two sets (two or
more sets) Fig.1.4

® Total number of studentsin3sets= (a+b+c+z+y+2+7)

L

e

In the following table A, B, C, D, E, F, G, H, I, ] represents the players :

Player LA LB LC D LELF LG LH L LJ

(] (]

Gender T OE % F ¥ F % F % ¢
endaer

> k3 = o = k3 = o > k2

Age 7 15 11 10 13 12 24 17 25 28

%) Eo "a + %) %) %) 2 >~ "8

z 2 9 2 = = = = = E

Game £ 2 2 ¢ & E B E % £

o ¢ o | B B B B o g
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Using the above information, complete the following Venn diagram with given alphabets.

Also answer the following questions: Female (X)  Tennis (Y)

(i) The number of players in only one set =

(i) The number of players in only two sets=

(iii) The number of players in exactly three sets=
(iv) The number of female players who are not playing tennis =

Age Below 16 (2)
Fig.1.5

. Example 1.10 I
In a college, 240 students play cricket, 180 students play football,

164 students play hockey, 42 play both cricket and football, 38 play both football and
hockey, 40 play both cricket and hockey and 16 play all the three games. If each student

(v) The number of players in (X UY UZ) =__

participate in atleast one game, then find (i) the number of students in the college (ii) the
number of students who play only one game.

Solution
Let C, F'and H represent sets of students who play Cricket, Football and Hockey
respectively.
Then, n(C) =240, n(F) =180, n(H) =164, n(C N F) = 42,
® n(F N H) =38, n(C N H) = 40, n(C N F N H) = 16.

Let us represent the given data in a Venn diagram.

(i) The number of students in the college
164-(24+16+22)

= 174426+116+22+102+24+16 = 480 =102

(ii) The number of students who play only one game Fig.1.6

= 174+116+102 = 392

. Example 1.11 I 3 1
In a residential area with 600 families - owned scooter, 3 owned

car, i owned bicycle, 120 families owned scooter and car, 86 owned car and bicylce while

90 families owned scooter and bicylce. If % of families owned all the three types of

vehicles, then find (i) the number of families owned atleast two types of vehicle. (ii) the
number of families owned no vehicle.
Solution

Let S, C and B represent sets of families who owned Scooter, Car and Bicycle
respectively.

Given, n(U) =600 n(S) = %X 600 = 360
I (4 | 9% Standard Mathematics
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n(C) :é x 600 = 200 n(B) = ix 600 = 150

n(SﬂCﬂB)z%XGOOzE%O

From Venn diagram,

(i) The number of families owned atleast two
types of vehicles = 40+6+10+80 = 136

(ii) The number of families owned no vehicle

= 600 - (owned atleast one vehicle)
= 600 — (230 + 40 + 74 + 6 + 54 + 10 + 80)
=600 — 494 =106

. Example 1.12 I
In a group of 100 students, 85 students speak Tamil, 40 students

speak English, 20 students speak French, 32 speak Tamil and English, 13 speak English
and French and 10 speak Tamil and French. If each student knows atleast any one of these
languages, then find the number of students who speak all these three languages.

Solution

Let A, B and C represent sets of students who speak Tamil, English and French
respectively.

Given, n(AUBUC) =100, n(A) = 85, n(B) =40, n(C) = 20,
n(AN B) =32, n(BNC) =13, n(ANC) =10.

We know that,
n(AUBUC)= n(A)+n(B)+n(C)—n(ANB)—n(BNC)—n(ANC)+n(ANBNC)
100=85+40+20—-32—-13-10+n(ANBNCO)
Then, n(ANBNC)=100-90 =10

Therefore, 10 students speak all the three languages.

. Example 1.13 I
A survey was conducted among 200 magazine subscribers of three

different magazines A, B and C. It was found that 75 members do not subscribe magazine A,
100 members do not subscribe magazine B, 50 members do not subscribe magazine C and 125
subscribe atleast two of the three magazines. Find

(i) Number of members who subscribe exactly two magazines.

(ii) Number of members who subscribe only one magazine.

Set Languoge | 15 I
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Solution

LB

‘ ’ 9th Maths T-Il EM.indb 16

Total number of subscribers = 200

A 75 125
B 100 100
C 50 150

From the Venn diagram,
Number of members who subscribe only one magazine =a + b+ ¢
Number of members who subscribe exactly two magazines =z +y + 2

and 125 members subscribe atleast two magazines.
Thatis, z+y+2z+7r =125 .. (1)
Now, n(AUBUC) =200, n(A) =125, n(B) =100, n(C)=150, n(ANB)=z+r
n(BNC)=y+nr, n(AnC)=z+n n(AnBNnC)=r
We know that,
n(AUuBUC)=n(A)+ n(B)+ n(C)- n(ANB) - n(BN C)- n(An C)+ n(An BN ()
200 = 125+100+150-x-r-y-r—z—r+r
= 375-(x+y+z+r)-r
= 375-125-r [ Tyt 4 r:125}
200 = 250-r = r=>50
From (1) z +y+ 2+ 50 =125
Weget, z+y+2z=75
Therefore, number of members who subscribe exactly two magazines = 75.
From Venn diagram,
(a+b+c)+(@x+y+z+r) =200 ..(2)

substitute (1) in (2),
a+b+c+125 =200

a+b+c =75

Therefore, number of members who subscribe only one magazine = 75.

9th Standard Mathematics
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1. Verify n(AUBUC) =n(4)+n(B)+n(C)—n(ANB)—n(BNC)—n(ANC)
+n(AN BNC) for the following sets.

(i) A= {a,c,e,f,h}, B = {c,d,e,f} and C = {a,b,c,f}
(i) A= {1,3,5}, B= {2,3,5,6} and C = {1,5,6,7}

2. Ina colony, 275 families buy Tamil newspaper, 150 families buy English newspaper,
45 families buy Hindi newspaper, 125 families buy Tamil and English newspapers,
17 families buy English and Hindi newspapers, 5 families buy Tamil and Hindi
newspapers and 3 families buy all the three newspapers. If each family buy atleast

one of these newspapers then find

(i) Number of families buy only one newspaper
(ii) Number of families buy atleast two newspapers

(iii) Total number of families in the colony.
3. A soap company interviewed 800 people in a city. It was found out that g use brand
A soap, é use brand B soap, % use brand C soap, 70 use brand A and B soap, 55 ®
use brand B and C'soap, 60 use brand A and C'soap and 4—10 use all the three brands.
Find,
(i) Number of people who use exactly two branded soaps,

(ii) Number of people who use atleast one branded soap,

(iii) Number of people who do not use any one of these brands.

4. A survey of 1000 farmers found that 600 grew paddy, 350 grew ragi, 280 grew corn,
120 grew paddy and ragi, 100 grew ragi and corn, 80 grew paddy and corn. If each
farmer grew atleast any one of the above three, then find the number of farmers

who grew all the three. n(U)=125

5. In the adjacent diagram, if n(U) =125, y is two times of x

and zis 10 more than z, then find the value of z,y and . AVA

6. Eachstudentina class of 35 plays atleast one game among | > ‘

chess, carrom and table tennis. 22 play chess, 21 play
carrom, 15 play table tennis, 10 play chess and table tennis, 8 play carrom and
table tennis and 6 play all the three games. Find the number of students who play

Set Languoge | 17 I
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(i) chess and carrom but not table tennis (ii) only chess (iii) only carrom
(Hint: Use Venn diagram)

7. In aclass of 50 students, each one come to school by bus or by bicycle or on foot. 25
by bus, 20 by bicycle, 30 on foot and 10 students by all the three. Now how many

students come to school exactly by two modes of transport?

@ Exercise 1.5 |
g |
(2 —8 Multiple Choice Questions

1. IﬂJ:@uxeNmmx<1m,A:@ﬂﬁj@}mdB:{zaazﬂxmmnkAuBﬂm

r ol
BEKGHR

(1)1 (2)2 (3)4 (4) 8

2.  Forany three sets b, Qand R, P — (QNR) is
(1) P-(QUR) (2) (PNQ)-R
(3) (P-Q)U(P—R) (4) (P-Q)N(P—R)

3. Which of the following is true?
@ (1) A-B=ANB (2) A-B=B-A ®
(3) (AuB) =4 UB' (4) (AnB) =4 UB

4. If n(AUBUC) =40, n(A) =30, n(B) =25, n(C)=20, n(ANB) =12,
n(BNC)=18 and n(ANC) =15, then n(ANBNC) is

(1)5 (2) 10 (3) 15 (4) 20

5. If n(AUBUC) =100, n(A) =4z, n(B)= 6z, n(C)= 5z, n(AN B) = 20,
n(BNC)=15 n(ANC)=25 and n(AN BNC) =10, then the value of xis

(1) 10 (2) 15 (3) 25 (4) 30

6. For any three sets A, Band C, (A— B)N (B —C) is equal to
(1) A only (2) B only (3) C only (4) ¢

7. If J = Set of three sided shapes, K = Set of shapes with two equal sides and L = Set
of shapes with right angle, then JN K N L is

(1) Set of isoceles triangles (2) Set of equilateral triangles

(3) Set of isoceles right triangles (4) Set of right angled triangles

I 13 | 9t Standard Mathematics
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8. If A and B are two non-empty sets, then (A — B)U (AN B) is

(1) A (2) B (3) ¢ (4) U

Y
9. The shaded region in the Venn diagram is v

(1) Z— (X UY) ) (XuY)nZ

(3) Z—(XnNY) (4) ZUu(XnNY)
z

10. Inacity, 40% people like only one fruit, 35% people like only two fruits, 20% people
like all the three fruits. How many percentage of people do not like any one of the

above three fruits?

(1) 5 (2) 8 (3) 10 (4) 15

1. Collect the following data from 20 houses of your friends and neighbours.
The number of houses which owned,

i) Bicylce ii) Motorbike
® (i) Bicy (ii) ®
(iii) Laptop (iv) Both Bicycle and Motorbike
(v) Both Motorbike and Laptop (vi) Both Bicycle and Laptop

(vii) All the three things
2. Represent this information using Venn diagrams and answer the following questions.
How many houses,
(i) owned only one of these? (ii) owned motorbike only?
(iii) not owned Laptop? (iv) not owned Bicycle?

(v) owned exactly two of these?

Set Languoge | 19 [N
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Points to Remember

e Commutative Property
For any two sets A and B,

AUB=BUA ; ANB=BnNnA

® Associative Property
For any three sets A, Band C

AU(BUC)=(AUB)UC ; ANBNC)=(ANB)NC

® Distributive Property
For any three sets A, Band C
ANEUE) = ENEUENC) {Intersection over union 1
Au(BNC)=(AUB)N(AUC) {Union over intersectionl

® De Morgan’s Laws for Set Difference

For any three sets A, Band C
A—(BUC)=(A-B)N(A-0)
A-(BNC)=(A-B)U(A4-0)

® De Morgan’s Laws for Complementation

Consider an Universal set and A, B are two subsets, then

(AuB) =A'nB ; (AnB =AUB

® Cardinality of Sets
If A and B are any two sets, then n(A U B) = n(A) + n(B) — n(AN B)
If A, Band C'are three sets, then

n(AUBUC)=n(A)+n(B)+n(C) —n(ANB)—n(BNC)—n(ANC)+n(ANBNC)

I 20 | 9t Standard Mathematics
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REAL NUMBERS

“When I consider what people generally want in calculating,
I found that it always is a number”
- Al-Khwarizmi

e
BEBQEVH

Al-Khwarizmi, a Persian scholar, is credited with
identification of surds as something noticeable in
mathematics. He referred to the irrational numbers
as ‘inaudible], which was later translated to the
Latin word ‘surdus’ (meaning ‘deaf’ or ‘mute’). In
mathematics, a surd came to mean a root (radical)

that cannot be expressed (spoken) as a rational
Al-Khwarizmi
(780 - 850 A.D. (CE))

number.

4
L carning Outcomes (G

< To recall indices and their laws.

< To identify surds.

< To carry out basic operations of addition, subtraction, multiplication and division
using surds.

< To rationalise denominators of surds.

< To understand the scientific notation.

2.1 Introduction

You know that 3x3x3x3 is shortly written as 34; thus 81 = 3! where 3 is known as
the base and 4 is its exponent. Another name for ‘exponent’ is ‘index. When one writes

n . g .
r =zxzXzXx..xz (where nisa positive integer)

n factors

z is the base and n is the index (Plural for ‘index’ is indices’). What is z " ? It is the

multiplicative inverse of 2" (with the understanding that z" x z " =2"=1). Thus we
write

Real Numbers | 21 | NN
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1 —1 ) -3 1
So, can we write 5 as 2 ~? Yes, of course! and, is not 4 ° same as —?

. Example 2.1 I

-2
. - 1 —4
Evaluate : (i) 10 ’ (ii) [g] (iii) (0.1)

Solution

() 107" = Lo

000

—2
P ) B S S
(ii) [g] = 9

43
Thinking Corner @|

oIs 2'” equal to 10242
«Can we write 27 < 12
o Is —2° same as (—2)3?
« What could be

-5 —2
r Xz =°¢

eWhat is 2 "' x z "=?

(iii) (0.1)_ = |—

(i) @’ xa® (ii) a’xa” (iii) a’ xa™®
(iv) 32° xz! (v) 627 xT72° (vi) 10m ' x8m™*
(vii) 2° + 272 (viii) z7° + 272 (ix) z7° + 2°
(x) 24p 7 = 6p° (xi) (a®) (xii) (a™)?

(xiii) (a”)

2. Evaluate: (i) 92 (ii) 2t %472

3.If z=3, y=-1 find the value of (zy°) .

2" %3 % 6"

4. Simplify: ”

23" « 3% % 30"

1. Simplify by giving your answer without negative indices:

(xiv) (22°)°

(iii) 257" %572 (iv) (0.2)° (V)

(xv) (22%y°)"

—4

E
5

2.2 Radical Notation

Let n be a positive integer and r be a real number. If r" = x, then ris called the n'

root of zand we write

Ne =7
I 22 | 97 Standard Mathematics
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The symbol A (read as n'™ root) is called a radical; n is the index of the radical
]

What happens when n = 22 Then we get r® =1,50 It is worth spending some

(hitherto we named it as exponent); and z is called the

radicand.

that ris Yz , our good old friend, the square root of z. time on the concepts

Thus /16 is written as v/16 , and when n =3, we get the of the ‘square root” and

cube root of z, namely%/; . For example, {’/g is cube root the ‘cube root; for better

of 8, giving 2. (Is not 8 = 932) understanding of surds.

How many square roots are there for 4? Since

(+2)x(+2) = 4 and also (-2)x(-2) = 4, we can say that both +2

and -2 are square roots of 4. But it is incorrect to write that /1| (T[T RH {1 @l

\/Z =+ 2. This is because, when n is even, it is an accepted
Which one of the

convention to reserve the symbol 7\1/; for the positive n'™ root .
following is false?

and to denote the negative n'™ root by —Q/; . Therefore we

(a) The square root of
need to write \/Z =2 and —\/Z =—2.

9is 3 or -3.
® When nis odd, for any value of 7, there is exactly onereal ~ (b) \/5 =3 ®
th %/_ _ 5/ _
n" root. For example, ¥8 =2 and V—32=—2. () _\/5 _ _3

2.2.1 Fractional Index (d) J9 = +3 ﬁ

n

Consider again results of the form r = s

Radical Symbol
In the adjacent notation, the index of the radical Rl =

(namely n which is 3 here) tells you how many times the 364 — 4
answer (that is 4) must be multiplied with itself to yield the /
radicand. Radican Number

To express the powers and roots, there is one more way of representation. It involves

the use of fractional indices.
1

n

We write Yz as 2".

With this notation, for example

1 1

64 is 64° and 25 is 252 .

Observe in the following table just some representative patterns arising out of this

new acquaintance:

Real Numbers | 23 | NN
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Radical Notation | Index Notation Read as

1
20 = 64 9=Y64 9 _ 646 2 is the 6" root of 64
1
2° = 32 2—332 5 — 395 2 is the 5" root of 32
1
2= 16 o416 9 _ 16t 2 is the 4" root of 16
1 2 is the cube root of 8
23 =8 _3 3 . .
2={8 2=28° meaning 2 is the 3" root of 8
2y 2=1/4 or simply 1 2 is the square root of 4
- 2 =4 meaning 2 is the 2" root of 4
2=11 :

E le 2.2
m Express the following in the form 2" :

W8 (i) 32 (m)i i) V2 (v) V8.
Solution

(i) 8 =2x2x2; therefore 8 = 2°

. N 1 1
® (ii) 32=2%x2x2x2x2 = 2 (iii) Z_—__2_2 ®

1
2x2 9
(iv) V2 = 22

(v) \/g = \/§x\/§x\/§ — [2;

’ 3

which may be written as 2*

m
2.2.2 Meaning of " , (where m and n are Positive Integers)

m
We interpret £ " either as the n'™ root of the m" power of z or as the m'™ power of

the n'™ root of .

m 1 1

In symbols, 2" =(z")" or (@) = Yo" or (o)’

Example 2.3 5 2
.&I Find the value of (i) 811 (i) 643

Solution
5 5 5
(i) 81 :(481) - [434] — 3’ = 3x3x3x3x3 = 243

-2

() 647 = - = — L (Howty = L
2 2 2
2 3 4 16
643 ( 64)

_ 24 I 9" Standard Mathematics
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1. Write the following in the form of 5":

(i) 625 (i) % (i) 5 (iv) 125
2. Write the following in the form of 4":
(i) 16 (i) 8 (iii) 32
3. Find the value of
1 2 5 -3
(i) (49)2 (ii) (243)5 (iii) (8)3 (iv) 92
-2 -2
113 (643
(v) [E] (vi) [125J

4. Use a fractional index to write:

7
i) V5 Gy 7 (iii) (349)5 (iv) [ %/11%]

1024
3125

5. Find the 5 root of
(i) 32 (ii) 243 (iii) 100000 (iv)
2.3 Surds

Having familiarized with the concept of Real numbers, representing them on the
number line and manipulating them, we now learn about surds, a distinctive way of

representing certain approximate values.

Can you simplify \/Z and remove the \/_ symbol? Yes; one can replace \/Z by the

number 2. How about \/g ? It is easy; without \/_ symbol, the answer is % What about

v0.01 2. This is also easy and the solution is 0.1

1
In the cases of \/Z ‘g and v0.01, you can resolve to get a solution and make sure

that the symbol \/_ is not seen in your solution. Is this possible at all times?

Consider V18 . Can you evaluate it and also remove the radical symbol? Surds are
unresolved radicals, such as square root of 2, cube root of 5, etc.

They are irrational roots of equations with rational coefficients.

A surd is an irrational root of a rational number. i/ g is a surd, provided n e N, n >1, ‘@’
is rational.

Real Numbers | 25 | NN
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Examples : J2 isasurd. Itis an irrational root of the equation 2” = 2. (Note that
#* - 2 = 0 is an equation with rational coefficients. 2 is irrational and may be shown as

1.4142135... a non-recurring, non-terminating decimal).

1
io’/g (which is same as 3%) is a surd since it is an irrational root of the equation

@ -3 =0. (\/gis irrational and may be shown as 1.7320508... a non-recurring,
non-terminating decimal).

You will learn solving (quadratic) equations like 2 - 6z+7=0in your next class.

This is an equation with rational coefficients and one of its roots is 342 , which is a
surd.

/ 1
Is % a surd? No; it can be simplified and written as rational number g How

about 14/2—? ¢ It is not a surd because it can be simplified as %

The famous irrational number 77 is not a surd! Though it is irrational, it cannot be
expressed as a rational number under the \/— symbol. (In other words, it is not a root of

& any equation with rational co-efficients). @

Why surds are important? For calculation purposes we assume approximate value as

\/5 = 1.414,\/5 = 1.732 and so on.

(\5)2 — (1.414) = 1.99936 = 2 ; (\/5)2 — (1.732) = 3.999824 = 3

Hence, we observe that \/5 and \/5 represent the more accurate and precise values
than their assumed values. Engineers and scientists need more accurate values while
constructing the bridges and for architectural works. Thus it becomes essential to learn
surds.

1. Which is the odd one out? Justify your answer.

(i) 36, \/g Ji, Via4, ¥32, V120
@ 7. 5 B BB \[%

2. Are all surds irrational numbers? - Discuss with your answer.
3. Are all irrational numbers surds? Verify with some examples.

I 26 | 97 Standard Mathematics
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2.3.1 Order of a Surd

The order of a surd is the index of the root to be extracted. The order of the surd (L/;
is n. What is the order of @? It is 5.

2.3.2 Types of Surds

Surds can be classified in different ways:

(i) Surds of same order : Surds of same order are surds for which the index of the

root to be extracted is same. (They are also called equiradical surds).
3
For example, Jz , a?, Ym are all 2 order (called quadratic) surds .
1
%/g, J(x—2), (ab)® areall 3™ order (called cubic) surds.

2
\/5, 3/5, % and 8° are surds of different order.

. Example 2.4 I

@ Can you reduce the following numbers to surds of same order : @

(i) \/3 (i) 43 (i) 33

Solution
1 1 1
(i)v/3 = 32 (i) 43 =3¢ Gii) 3 =33
6
_ i _ i D
_ 12 36 _ 12 33 _ 12, 34

The last row has surds of same order.

|
—
)
[\)
~J
I
—
o
0¢)
—

(ii) Simplest form of a surd : A surd is said to be in simplest form, when it is
expressed as the product of a rational factor and an irrational factor. In
this form the surd has

(a) the smallest possible index of the radical sign.

(b) no fraction under the radical sign.

. n . o . . .
(c) no factor is of the form a’, where a is a positive integer under index n.

Real Numbers | 27 | NN
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For example

(i) Rationalising the Denominator
3/§ _ 3/18 x5
25 25 x5
3| 20

125

Joo _ %o

505
Simplifying the given surd

18 N8 Y8
5 53 5

(ii) Rationalising the numerator

18

32
25

Will it also be rationalisation? Discuss - your views.

. Example 2.5 I

1. Express the surds in the simplest form: i) \/g

2. Show that %/? > %.

Solution

L) V8 = Jixa = 22
Gi) Y192= Yaxaxax3 =433

o Y7 = ¥t — a0

1

13
if5 — 51 — 512 = ¥l5? — 13f1o5

2401 > %125

Therefore, 3’/? > % .

i) 3192

(iii) Pure and Mixed Surds : A surd is called a pure surd if its coefficient in its

simplest form is 1. For example, \/5 ) % ) Z\1/? , % are pure surds.

A surd is called a mixed surd if its co-efficient in its simplest form is other
than 1. For example, 53 , 2 s , 3 V6 are mixed surds.

I 23 | 97 Standard Mathematics
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(iv) Simple and Compound Surds : A surd with a single term is said to be a simple
surd. For example, \/5 , 2\/3 are simple surds.

The algebraic sum of two (or more) surds is called a compound surd.

For example, \/g + 3\/5, \/g — 2\/;, V5 — 732 +6v3 are compound surds.

(v) Binomial Surd : A binomial surd is an algebraic sum (or difference) of 2 terms
both of which could be surds or one could be a rational number and another a

surd. For example, %— \/B D+ 3\/5 , \/5 — 2\/? are binomial surds.

l E le 2.6 I
xampZe Arrange in ascending order: §/§7 %/Z, %/5

Solution

The order of the surds %/5, 3/1 and il/g are 3, 2, 4.
L.CM.of3,2,4 =12.

i3 = 3‘11] - [3132] = N3° =%y
The ascending order of the surds %/5, %, %/Z is 16 < 1\Z/E < %4096
that is, 3/5,‘\1/5,%/1.

2.3.3 Laws of Radicals

For positive integers m, n and positive rational numbers a and b, it is worth
remembering the following properties of radicals:

1. (%)n:a:"a"
> ta x Wb = ¥ab

4. @ZG

| —

th N

We shall now discuss certain problems which require the laws of radicals for simplifying.

Real Numbers | 29 | NN
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. E le 2.7 I vV
xamp-e Express each of the following surds in its simplest form (i) ¥/108

(ii) 3§ (1024)72 and find its order, radicand and coefficient.

Solution
(i) J108 =327 x4 2| 108
[ 2 54
=V3 x4 31 27
= %/373 X %/Z (Laws of radicals - ii) ; —z
=3 Q/Z ( Laws of radicals- 1) 1
order = 3; radicand = 4; coefficient = 3
.. 3 —2 3 ( 3 3 3 )_2 2 1024
(i) §(1024) ° =|[§/[2" x2" x 2" x2 N
B 2| 256
= i/(23 x 2% x 2% x 2) [Laws of radicals - (i)] 2| 128
2 64
—2 2 32
= {’/273 X %/273 X %/273 X %/5 [Laws of radicals - (ii)]
® 2 16 &
_9 2 8
—|12x2x2x %/5] [Laws of radicals — (i)] 2 4
i . 9 . 9 2 2
8] 132
_ 11
64 V4

order= 3; radicand = l ; coefficient = i
4 64

(These results can also be obtained using index notation).

AN
Note %

Consider the numbers 5 and 6. As 5 = \/% and 6 = \/%

Therefore, \/%, \/E, \/%, \/%, \/%, \/i, \/3—2, \/g, \/3—4, and \/g are surds

between 5 and 6.

Consider 3v2 = V3? x2 = /18, 23 = V2* x3 =12
Therefore, \/ﬁ , \/B, \/ﬂ, \/E are surds between 2\/5 and 3\/5 : .
B P

B o | 9" Standard Mathematics
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2.3.4 Four Basic Operations on Surds

(i) Addition and subtraction of surds : Like surds can be added and subtracted
using the following rules:

aficM aicf,whereb>0.

E le 2.8
. Xample I (i) Add 3\/; and 5\/? . Check whether the sum is rational or

irrational. (ii) Subtract 4\/5 from 7\/3. Is the answer rational or irrational?

Solution

(i) 3\/_ 7+ 5\/— (3+5 \/— = 8\/?. The answer is irrational.

(ii) 75— 45 = (7— 4)\/5 — 3v5. The answer is irrational.

E le 2.9
'&I Simplify the following:

() V63 — 175 ++28 (i) 2840 + 33625 — 43/320
@ Solution ®
(i) V63 — V175 + V28 =Ix7 —\25x 7 +/4x 7
=37 - 57 + 247
:(3\/?+2\/?)—5\/?
= 5J7 =57
—0
(i) 2340 + 33625 — 43320
=238 x5 +33125%5 — 4364 x5
= 282* x5 + 345" x5 — 4/4* x5
—2x 23543 x 545 -4 x 435
— 435 115365 —16%5
—(4+15-16%5 =35

Real Numbers | 31 | NN
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(ii) Multiplication and division of surds

Like surds can be multiplied or divided by using the following rules:

Multiplication property of surds Division property of surds

(i) Yax¥b=4ab W

a

(iil)) —= =9—

Wb
(ii) a\/g X C\/g = acx/ﬁ aT\L/_

here b,d > 0 (iv)
where b, C\/—

E le 2.10
I&I Mlﬂtipl}’ %/E and é/ﬁ

Solution
%x% (\/32><2><2>< ) ><(32><2><2><2)

= (2><\/_) (2><§’/§) (%X%)Z 4x¥2x5

— 4310

b

a

——"ﬁwherebd>0

Example 2.11
'LI Compute and give the answer in the simplest form:

2\/5><5\/3—2 X 3\/%

Solution
® 272 %5432 x 3 50:(2><6\/§)><(5><4\/§)><(3><5\5)
— 2% 5x3x6x4x5xy2xV2x~2
— 3600%x2v2
— 720072
M‘ Divide g/g by Q/g
Solution

1

Vs _ &

T =— (Note that 18 is the LCM of 6 and 9)
6 -
60 =1

Let us simplify:
J72= [36%2 =62
J32= fiex2 =442

V50 = fosx2 =512

6XxX6x%x6

(How ?) = [

surds?

1 3118 1
(B |(2) ] (2
27 3 3 3

I ;| 9" Standard Mathematics
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618 4 4 5 5
. 1 i —a S and (5 =52
[8 8% 8 ]18 15 15 24 24
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@ Exercise 2.2 ]

Simplity the following using addition and subtraction properties of surds:

(i) 543 +18+/3 —2+/3 (i) 435 + 235 — 335
(iii) 3375 + 5v/48 —~/243 (iv) 5340 + 230625 — 33/320

2. Simplify the following using multiplication and division properties of surds:

() V3 x V5 x N2 (i)V35 = N7 (i) 327 x I8 x 125

(iv) (7&—5@)(7@%@) v) \/%—\/% +\/§

3. If V2 = 1.414, V3 = 1.732,4/5 = 2.236,4/10 = 3.162, then find the values of the
following correct to 3 places of decimals.

) V40 —v20 (i) V300 +~/90 — /8
4.  Arrange surds in descending order : (i) i’/g, Q/Z,g/g (ii) %/%, %/%,\/E

5. Can you get a pure surd when you find

[u—

(i) the sum of two surds (ii) the difference of two surds
(iii) the product of two surds (iv) the quotient of two surds
Justify each answer with an example.
6. Can you get a rational number when you compute
(i) the sum of two surds (ii) the difference of two surds
(iii) the product of two surds (iv) the quotient of two surds

Justify each answer with an example.
&

Take a graph sheet and mark O, A, B, C as follows.

AY
] In the square OABC,
OA = AB = BC = OC = lunit
G 5 Consider right angled AOAC
s AC =1" +1°
: . \\\ c i =2 unit [By Pythagoras theorem]
~ 05 O] o s |2 IX _
B The length of the diagonal (hypotenuse)
3 AC= \/5 , which is a surd.

Real Numbers | 33 | NN
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Consider the following graphs:

A AY
3 (® B 2 Cc B
i ‘\ ’ \\
\
25 s ﬁ 2:5 S
: - =
“~ >
\\ E 5 <
2 - <
N

> MNIviS

15 \\«/5 3 {15 i
<< \ 3§
b M
1 \s 1 .
S ‘\\
05 \\\/E ()"') 2
N ‘\\
sla i \ <A i
e O e Ry SR L o oesgiia Heceaes BT Eceer g adaa e,
_05 -0.5 :\
\ Y

Let us try to find the length of AC in two different ways :

AC= AD + DE + EC AC :\/OA2—|—OC'2 :\/32+32

(diagonals of units squares)

VAN =

= \/E units
AC = 332 units
Are they equal? Discuss. Can you verify the same by taking different squares of different

lengths?

Consider a parallelogram with sides 6 cm and 3 cm as follows.
3

D 1% H 1% F 3 C
L

= {Area of parallellogram ABCD}

= {sum of areas of equilateral
triangles AED, EDE, EFB, BFC}

4L - 9J3 cm? (verify)

A 3 E 1% G 1% B
3

Note: (i) Area of parallellogram= A=bxh sq units, b =AE+EB=3+3=6cm

h=FG =+EF?> - EG* = / 3— cm

(ii) Area of equilateral triangle = A = Ta $q. units, a = 3 cm

You can extend the number of triangles (size of parallelogram) and verify the results.
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2.4 Rationalisation of Surds

Rationalising factor is a term with which a term is multiplied or divided to make the
whole term rational.

Examples:

(i) \/g is a rationalising factor of \/g (since\/g X \/5 = the rational number 3)

(ii) (/574 is a rationalising factor of Z/ET?’ (since their product = Z/577 =5, a rational)

Cninang comer % __

1. In the example (i) above, can V12 also be a rationalising factor? Can you think of
any other number as a rationalising factor for/3 ?
2. Can you think of any other number as a rationalising factor forZ/;3 in example (ii) ?

3. If there can be many rationalising factors for an expression containing a surd, is
there any advantage in choosing the smallest among them for manipulation?

#

Identify a rationalising factor for each one of the following surds and verify
the same in each case:

(i) V18 (ii) 5312 (i) ¥19 (iv) %
8

2.4.1 Conjugate Surds

Can you guess a rationalising factor for 3 + 27 This surd has one rational part and
one radical part. In such cases, the rationalising factor has an interesting form.

A rationalising factor for 3 + V2 is 3— /2. You can very easily check this.

(3+42)(3-+2) = 8~ (V2]
=9-2
= 7, a rational.
What is the rationalising factor for a + \/g where a and b are rational numbers? Is

it a—b ? Check it. What could be the rationalising factor for Ja ++/b where a and b
are rational numbers? Is it va — /b ? Or, is it —a —I—\/g ¢ Investigate.

Surds like a++/b and a—+/b are called conjugate surds. What is the conjugate of

\/g +a ? Itis — \/Z +a. Youwould have perhaps noted by now that a conjugate is usually
obtained by changing the sign in front of the surd!
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E le 2.13
. xamp-e _I Rationalise the denominator of (i) T (ii) Rl

J14 53

Solution

(i) Multiply both numerator and denominator by the rationalising factor J14 .

77\/ﬁ7J_J_
NTERN TN 2

i3 _(5+J§) (5+\/§) ) (5+J§)2
535 (5—3) [5+5) 5 ()
_52+(\/§)2+2x5><\/§

25—-3

(ii)

C25+3+10V3 284103 2x[14+5v3]
22 22 22

_ 14+53

11

® @ Exercise 2.3 ] ®

1. Rationalise the denominator

N N 35
(i) — (ii) (iii)) —— (iv) —=
J50 3f Ji8 J6
2. Rationalise the denominator and simplify
o VB VPN
o7 s NP 3
26 — 5 R
(iii) —F———F— (iv)
35— 26 Jo+2 62
3. Find the value of a and b if \/7 2 _ f 74+b
J7 42
4., If z = \/g + 2, then find the value of z° + %
x
8 —5v2
5. Given \/5 = 1.414, find the value of (to 3 places of decimals).
322
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2.5 Scientific Notation

Suppose you are told that the diameter
of the Sun is 13,92,000 km and that of the
Earth is 12,740 km, it would seem to be a
daunting task to compare them. In contrast, if
13,92,000 is written as 1.392 x10° and 12,740

as 1.27 4><104, one will feel comfortable. This

sort of representation is known as scientific notation.

Since M E><1O ~108 .

1.274x10" 13

rL il
BEZAHD

You can imagine 108 Earths could line up across the face of the sun.

Scientific notation is a way of representing numbers that are too large or too small,

to be conveniently written in decimal form. It allows the numbers to be easily recorded

and handled.

2.5.1 Writing a Number in Scientific Notation

Here are steps to help you to represent a number in scientific form:

(i) Move the decimal point so that there is only one non-zero digit to its left.

(i) Count the number of digits between the old and new decimal point. This gives

‘n’, the power of 10.

(iii) If the decimal is shifted to the left, the exponent # is positive. If the decimal is

shifted to the right, the exponent n is negative.

integer is called as Scientific Notation.

Expressing a number N in the form of N = ax10" where, 1 < a < 10and ‘7’ is an

The following table of base 10 examples may make things clearer:

Sc1ent1f1c Sc1ent1f1c
Decimal notation Decimal notation

1 x 10
1,000 1% 10° 0.001
10,000 1 % 10% 0.0001
1,00,000 1% 10° 0.00001
10,00,000 1 x 10° 0.000001
1,00,00,000 1% 107 0.0000001

Let us look into few more examples.

‘ ’ 9th Maths T-ll EM.indb 37 @

1x107

1x 107

1x10"
1x107
1x10°
1x107
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. Example 2.14 I i i . _ ..
Express in scientific notation (i) 9768854 (ii) 0.04567891

(iii) 72006865.48

Solution
i 9 7 6 8 8 5 4 .0 = 9.768854 x 10"
A Ol L L A %
6 5 4 3 2 1

The decimal point is to be moved six places to the left. Therefore n = 6.

(ii) 0o . 0 4 5 6 7 8 9 1 = 4.567891x10 "
N A A
1 2
The decimal point is to be moved two places to the right. Therefore n = —2.

Gii)) 7 2 O 0 6 8 6 5 . 48 =7.200686548 x 10"
LU U U W WA U

7 6 ) 4 3 2 1

The decimal point is to be moved seven places to the left. Therefore n =7.

2.5.2 Converting Scientific Notation to Decimal Form

The reverse process of converting a number in scientific notation to the decimal
form is easily done when the following steps are followed:

(i) Write the decimal number.

(i) Move the decimal point by the number of places specified by the power of 10,
to the right if positive, or to the left if negative. Add zeros if necessary.

(iii) Rewrite the number in decimal form.

E le 2.15
. xamp e_l Write the following numbers in decimal form:

(i) 6.34 x 10" (ii) 2.00367 x 10"
Solution

i) 6.34x10"

= 6 . 3 1 0 0 = 63400
N A A S
1 2 3 4

_ 38 I 9" Standard Mathematics
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(i) 2.00367 x10°°

0 0 0 0 0

2 .00367

L W W U

5 4 3 2
= 0.0000200367

1

2.5.3 Arithmetic of Numbers in Scientific Notation

(i) If the indices in the scientific notation of two numbers are the same, addition

(or subtraction) is easily performed.

E le 2.16
. xamp-e _I The mass of the Earth is 5.97x10”* kg and that of the Moon is

0.073 x10** kg. What is their total mass?

Solution

Total mass = 5.97x10° kg + 0.073 x10% kg

6.043 x10*' kg

(5.97 + 0.073) x10*' kg

(ii) The product or quotient of numbers in scientific notation can be easily done

if we make use of the laws of radicals appropriately.

Example 2.17
'LI Write the following in scientific notation :

() (50000000)
(iii) (300000 x (2000)’

Solution

4

(i) (50000000)" = (5.0><107)
— (5.0)' x (107)4
— 625.0x 10>

= 6.25x10°x10%
—6.25x 10"

‘ ’ 9th Maths T-Il EM.indb 39

3
(ii) (0.00000005)

(iv) (4000000)" + (0.00002)'

(if) (0.00000005) = (5.0><108)3
5.0)3 % (10 8)

125.0)x (10)

3
-
- ( ?
—1.25%10* x10~*

—=1.25%x10 *

Real Numbers | 39 | NN
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(iif) (300000 (2000)4 (iv) (4000000)" + (0.00002)4

4 4

3
_ (3.0><105) x(2.0><103) _ (4,o><106)3 +(2.0><10_5)

= (3,0)3 X (105)3 X (2.0)4 X (103)4 — (4.0)3 X (106)3 - (2.0)4 X (105)4
_ (27.0)><(1015)><(16.0)><(1012)  eoxi0®
_ (2.7 x 101) x (1015) x (1.6 x 101) x (1012) 16.0x10 %

—4x10® x10"
—=92.7x1.6x10" x10" x10" x10™

_439% 101+15+1+12 —439% 1029 =4.0x 1038

Cninkngcomer %

1. Write two numbers in scientific notation whose product is 2. 83104.

2. Write two numbers in scientific notation whose quotient is 2. 83104. I

@ Exercise 2.4 ]

® 1. Represent the following numbers in the scientific notation: ®
(i) 569430000000 (ii) 2000.57  (iii) 0.0000006000 (iv) 0.0009000002

2. Write the following numbers in decimal form:
(i) 3.459x 10° (ii) 5.678 x 10"
(iii) 1.00005x 10" (iv) 2.530009x 10"

3. Represent the following numbers in scientific notation:

11

() (300000} x (20000)' (if) (0.000001)" = (0.005)
(iii) {(0.00003)6 x (0.00005)4} + {(0.009)3 x (0.05)2}
4. Represent the following information in scientific notation:
(i) The world population is nearly 7000,000,000.
(ii) One light year means the distance 9460528400000000 km.
(iii)Mass of an electron is
0.000 000 000 000 000 000 000 000 000 00091093822 kg.
5. Simplify: (i) (2.75 x 107) + (1.23x 10%) (i) (1.598x10'") - (4.58 x10"%)

(iii) (1.02 x 10'%) x (1.20 x 107%)  (iv) (8.41 x 10%) = (4.3 x 10°)
B 4o | 9" Standard Mathematics
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Bl Activity - 4

The following list shows the mean distance of the planets of the solar system from the

Sun. Complete the following table. Then arrange in order of magnitude starting with the

distance of the planet closest to the Sun.

Planet Decimal form Scientific Notation
(in Km) (in Km)

Jupiter 7.78x 10°
Mercury 58000000

Mars 2.28x 10°
Uranus 2870000000

Venus 108000000

Neptune 4500000000

Earth 1.5x 10°
Saturn 1.43x 10°

@ Exercise 2.5 ]

2§ Multiple Choice Questions

.

® 1.

‘ ’ 9th Maths T-Il EM.indb 41

Which of the following statement is false?
(1) The square rootof 25is5or =5  (3) \/% =5
2) —25 = —5 4) V25 = +5

Which one of the following is not a rational number?

/ 8 7
(1) y|— (2) — (3) v0.01
18 3
In simplest form, V640 is

(1) 810 (2) 1048 (3) 220
V7 + 12 =

(1) /39 2) 56 3) 53
If /80 = k5, then k=

(1) 2 (2) 4 (3) 8

A7 x 23 =

(1) 6310 (2) 8v21 (3) 810

4) V13
4) 45
4) 35
(4) 16

(4) 621
Real Numbers | 41 | NI
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7. When written with a rational denominator, the expression —= can be simplified as

3V2
G 35 6

2 3 6 2
(1) EY (2) o (3) 3 (4) 3

2
8. When (2\/3 —\/5 ) is simplified, we get

(1) ts+22 @) 2-410 (3) s—410 4) 2410 -2

Y18

9. % is same as
(1) 3 ) o (3) 9 ) 3

-3 -3
10. (0.000729)4 ><(0.09)4 =
10° 10° 10 10
(1) = @ 2 () = @
3 3 3

11. If\/97:§/972,thenx= ______

(1) 2 2 2 3 1 (4 2
® 12. Which is the best example of a number written in scientific notation? ®
(1) 0.5 x 10 (2) 0.1254 (3) 5.367 x107°  (4) 12.5 x 10°

13.  Whatis 5.92 x 10™° written in decimal form?
(1) 0.000592 (2) 0.00592 (3) 0.0592 (4) 0.592

14. The length and breadth of a rectangular plot are 5x10° and 4x10" metres
respectively. Its area is

(1) 9x10" m? (2) 9x10° m> (3) 2x10"m?  (4) 20x10* m

Points to Remember

® If ‘o’ is a positive rational number, ‘n’ is a positive integer and if Va is an irrational

2

number, then Q/; is called as a surd.
e If “m) ‘n’ are positive integers and a, b are positive rational numbers, then
() (Ya) =a= Yo' (i) Yax ¥ =Yab (i) Yoo = o = Y4 ) %: {5
/b
® The process of multiplying a surd by another surd to get a rational number is called

Rationalisation.

® Expressing a number N in the form of N = a x 10" where, 1 < a < 10and ‘n’ is an
integer is called as Scientific Notation.

_ 42 I 9" Standard Mathematics

‘ ’ 9th Maths T-Il EM.indb 42 @ 07-08-2018 17:08:57‘ ‘



Expected Result is
shown in this picture

Step-1

Open the Browser type the URL Link
given below (or) Scan the QR Code.

LAW OF EXPONENTS

am * a"‘ — ﬂ?n‘+“ Erample : a'sa’” =a'" = o

m
a m—TL

= Example : A al~"=a?

mn°

a!l

(am)ﬂ - am*ﬂ- Ezample : {I:I-"}IT e e,

Step - 2

GeoGebra work sheet named “Real Numbers” will open. In the work sheet there are two
activities. 1. Rationalising the denominator for surds and

2. Law of exponents.

In the first activity procedure for rationalising the denominator is given. Also, example is given
under. To change the values of a and b enter the value in the input box given.

In the second activity law of exponents is given. Also, example is given on right side. To change
the value of m and n move the sliders and check the answers.

Eriwr o weien ol pand B+ 055

Fa e

b=

——

N (e, 0 |
Wi+ vl whewd wl=yl

B T

e AL Y e s L S i
. =i

i =T "’_ﬁn_:h-i-m'ip

E N | 'v‘ln'l
A-A"A-d AL A

= T e
|

Brtar i vt of a and s B35 b=2

i B gt - B s

L L x}';'!"i
B R R R S |

E=vT  WE=E 1

" 1
T T atvF—¥al | S A = YRR

1 ¥E+ T
A-AT A=A A

vEevE BT

Browse in the link

Real Numbers: Scan the QR Code.

B466_MAT_9_T2_EM

‘ ’ 9th Maths T-Il EM.indb 43

Real Numbers | 43 | NN

07-08-2018 17:08:58‘ ‘



“ Algebra is generous. She often gives more than is asked of her”

Paolo Ruffini
(185-4822,1 taly)

To find GCD.

O 0O 00 O 00

3.1 Introduction

ALGEBRA

— DAlambert

Paolo Ruffini was an Italian mathematician and philosopher.
By 1781 he had been awarded university degree of
philosophy, medicine, surgery and mathematics. An
elegant way of dividing polynomial by a linear polynomial
with the help of the coefficients involved was introduced
by him in 1809. His method is known as synthetic
division method. He found the answer to the number
of solutions for a given polynomial equations which is
derived from the fundamental theorem of algebra based
on mathematical beauty of having ‘n’ solutions for ‘n’
degree equations.

A
Learning Objectives ©

To understand and apply Factor theorem.
To use Algebraic Identities in factorisation.

To factorise a polynomial.

To factorise a quadratic polynomial of the type az’ + bz +c (a=0)
To factorise a cubic polynomial.

To use synthetic division to factorise a polynomial.

In the first term, we learnt about Polynomials, classification of polynomials based

on degrees and number of terms, zeros of polynomial, basic operations on polynomials,

remainder theorem and their applications.

Polynomial

A polynomial is an expression consisting of variables and constants that involves

four fundamental arithmetic operations and non-negative integer exponents of variables.
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Classification of polynomial

According to number of terms

| Number of terms Name Example
one term Monomial 5, =51, 712
two terms Binomial (z+5), 2-75
three terms Trinomial (at+b+c), B2+
4 terms Quadrinomial 25+ o + 24 m3
According to degree of the polynomial
Degree Name Example
zero Constant Polynomial 5 -7 -5 25
one Linear polynomial 4+ 5, y-5, 7z, -25z
two Quadratic polynomial 42 - 55 2245246
three Cubic polynomial B+a+7, T3-522+31+4
Zero of a polynomial or root of a polynomial Note %
If p(a) =0 we say that,
L _ Degree of constant
@ is zero of a polynomial p(z) or polynomial = 0. For example,
® ‘@ is a root of a polynomial equation p(z) = 0. 5=5x1=5xz°= 527 ®

R -

(1) Is 22° + 1i_x a polynomial 2 (2) Is 520 +22°—z—9a polynomial?
x

(3) Is 42 + 3\/; —1 a polynomial? Give reasons for your answers.

Remainder theorem

If a polynomial p(z) is divided by (z —a), then p(a) is the remainder.

To find the zero of

If (z° — 6z + 8) is divided by (z — 3), then by using remainder .3

theorem, the remainder is p(3)
p(3)=3"—6(3)+8
—9-18+8

=1

p(3) = 0
Therefore (z — 3) is not a factor of p(z).

putz—3=0

we get, © =3
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If the above polynomial is divided by (z — 4), then by using remainder | To find the zero of

theorem, the remainder is p(4); p(4) = 4> — 6(4) + 8 r—4,
— 1624 +8 put z—4=0
p(4) =0 weget =4

Therefore (z —4) is a factor of p(z).

Thus, if p(z) is divided by (z —a) with the remainder p(a) =0, then (z —a) isa
factor of p(z). Remainder theorem leads to Factor theorem.

3.2 Factor Theorem Significance of Factor

If p(7)is a polynomial of degree n > 1and ‘@ is any | Theorem

real number then It enables us to find whether

(i) p(a) =0 implies (z —a) is a factor of p(x). |the given linear polynomial is
afactor or not withoutactually
following the process of long
division.

(i) (2 —a) is a factor of p(x) implies p(a) = 0.

Proof

If p(z) is the dividend and (z — a) is a divisor, then

by division algorithm we write, p(z) = (x — a)q(z) + p(a) where ¢(z) is the quotient and
p(a) is the remainder.

(i) If p(a) =0, we get p(x) = (x —a) q(x) which shows that (z —a) is a factor of

® p(x). ®
(ii) Since (x —a)is a factor of p(z) | @I
p(x) = (x — a)g(x) for some polynomial g(z).
In this case For any two integers a (a = 0)
pla) = (a —a)g(a) and b, a divides b if
= 0xg(a) b = ax, for some integer .

~ 0 P

Hence, p(a) = 0, when (z — a)is a factor of p(z).

Note

® (r—a) isafactorof p(z),if p(a)=0
® (z + a)isa factor of p(x),if p(—a) =0 (z+a =0, z = —a)

® (az+b) is a factor of p(x), ifp[—é] =0 [ ax+b=0,ax=—-b,z=—
a

Q[ |

® (az-b) is a factor of p(z), if p[ﬁ] =0 [ ar—b=0,az =0, 2=
a

_:L’—a:0 or z—b=0

— _b i f t f >.f = d b = K
® (z-a)(z-b)isafactorof p(z),if p(a)=0and p(b) O[ T=a or x=>0

_#
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E le 3.1
'&I Show that (z + 2) is a factor of 2’ —4a” — 22 420

Solution
To find the zero
Let p(z) =1’ —42° — 2z +20 of z+2;
By factor theorem, (z + 2) is factor of p(z), if p(—=2) =0 putz+ 2 =0
p(=2) = (=2)° —4(=2)* —2(=2) + 20 weget =2
= 8 —4(4)+4+20
p(=2)=0

Therefore, (z + 2) is a factor of 2° — 42" — 2z + 20

E le 3.2
'&I Is (3z —2) a factor of 32" +2° — 20z +127

Solution To find the zero of
Let p(z) = 32" +2° — 20z+12 3z-2;
9 put 3z -2 =0
By factor theorem, (3z —2) is a factor, if p [g] =0 37— 2
92 92 ’ 92 ? 92 we get T = g
—| =3|=| +|=| —20|=|+12 3
® 13 3 3 3 ®
8 4 2
=3|—|+|=|—20|=|+12
27 9 3 iﬁ Progress Check
_ 8 i 4 120 i 108 1. (z+3) isa factor of p(z), if p(__) =0
99 ) ) 2. (3-x) isafactor of p(z),if p(__)=0
120 — 120)
= 3. (y-3) isafactor of p(y),if p(__)=0
» 2| 0 4. (-2-b) is a factor of p(x), if p(__)=0
3 5. (-z+b) is a factor of p(z), if p(__) =0

Therefore, (3z — 2) is a factor of
32 4+ 2° — 20z + 12

. Example 3.3 I
Find the value of m, if (z—2)is a factor of the polynomial

2x3—6x2+m:1;~|—4.

Solution , To find the zero
Let p(z) = 2z° — 62" + mz + 4 of 2-2;
By factor theorem, (z —2) is a factor of p(x), if p(2) =0 put z-2=0
we get T =2
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‘ ’ 9th Maths T-Il EM.indb 47 @ 07-08-2018 17:09:09‘ ‘



T [ [ ] ®

p(2) =0

2(2)° —6(2)° +m(2)+4 =0
28)— 6(4)+2m +4 =0
—442m =0

m = 2

@ Exercise 3.1 ]

1. Determine whether (z —1) is a factor of the following polynomials:

i)z + 52" — 10z +4 it)a' + 52" —br+1

2. Determine whether (z + 2) is a factor of 2" + 1’ + 42—z —1.

3. Using factor theorem, show that (z —5) is a factor of the polynomial
21° —52° — 28z + 15

4. Determine the value of m, if (z + 3) is a factor of z° — 32” — maz + 24.

5. Ifboth (z —2) and [:13 — % are the factors of az” + 5z + b , then show that a = b.

6. Is (27— 3) afactor of p(z) = 22° —92” + 2 +127

7. If (z —1)divides the polynomial kz” — 22” + 252 — 26 without remainder, then find
the value of k.

8. Checkif (x +2) and (z — 4) are the sides of a rectangle whose area is 2’ 2z -8 by
using factor theorem.

3.3 Algebraic Identities

An identity is an equality that remains true regardless of the values chosen for its
variables.

We have already learnt about the following identities:

(1) (a+b)Y =a’ +2ab+0b (2) (a—b) =d" —2ab+b

3) (a+b)(a—b)=da" —b° 4) (z+a)(z+b)=2"+(a+b)z+ab
N
Note %
(i) " +b° = (a+b) —2ab (ii) @’ +b* = (a — b)* + 2ab
2 2
(iii) a2—i—i2:[a—|—l] -2 (iv) a2+i2:[ —1] + 2
a a

_#a
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l Example 3.4 I )
Expand the following using identities: (i) (3z + 4y)

(i) (2a —3b) (iii) (5z +4y)(bz —4y) (iv)  (m+5)(m —38)
Solution
(i) (Bv+4y)

(3z + 4y)2 = (337:)2 +2(3z)(4y) + (4y)2 put [a = 3z, b= 4y]

we have (a 4+ b)* = a’ + 2ab + bz]

= 92° + 24ay + 16y

(i)  (2a—3b)’ we have (a —b)° =a’ —2ab + bQ]

(2a — 3b)° = (2a)" —2(24)(3b) + (3b)° put [a=2a, b= 3b]
= 4a” —12ab + 9b°

we have (a +b)(a—b) =a —bQ}

(iii) (52 + 4y) (52 — 4y)

(52 + 4y)(5z — 4y) = (5z)° — (4y)’ put [a =5z b= 4y]
= 252" — 16y
@ (iv) (m+5)(m—8) we have (z +a)(z —b) = z° + (a — b)z — ab @
(m+5)(m—8) =m’+(5—8)m—(5)(8) put [z =m, a =5, b = §]
=m’ —3m—40

3.3.1Expansion of Trinomial (a + b + )’

2
We know that <SE + y) =2 42y +y (a+b+c)?
Putz=a+b y=c a b c

Then, (a+b+c)=(a+b) +2a+b)(c)+c
=a’ +2ab+ b +2ac + 2bc + ¢

:a2+b2+02+2ab+2bc+20a

Thus, (a+b+c) =a’+b" +c +2ab+2bc + 2ca

. Example 3.5 I )
Expand (a — b+ ¢)

Solution

Replacing ‘b’ by ‘—b" in the expansion of

(a+b+c) =a” +b° +c +2ab + 2bc + 2ca
Algebra | 49 |
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(a+(=b)+ ¢ =a’ + (=b)’ + ¢ + 2a(—b) + 2(=b)c + 2ca

—a’ +b° + ¢ —2ab—2bc + 2ca ‘4 Progress Check
qT
. i I 2 Expand the following and verify :
Expand (2z + 3y + 4z) (@+b+c) =(—a—b—c)

Solution

—b—
We know that, 2

(—a+b+c)

(@a+b+c) =d +b+¢ +2ab+2bc+2ca

) = (a
(a—b+c)’ =(—a+b—c)
) =

(a+b—c) a—b+c)

Substituting, a = 22,b = 3yandc = 4z
2z + 3y +42)° = (22) + (3y)’ + (42)° +2(22)(3y) + 2(3y) (42) + 2(42) (22)
= 41” + 9y2 +162° + 122y 4 24yz + 1622

. Example 3.7 I
Find the area of square whose side length is 3m + 2n — 41

Solution

Area of square = side x side o
substituting
= (3m +2n —41) x(3m + 2n — 41) 0= 3m
= (3m + 2n — 4)° b= 2n
® We know that, (a—l—b—f—c)Z: a’ +b° + ¢ 4 2ab + 2bc + 2ca c =4l @

3m +2n + (—41)]2 = (3m)> 4+ (2n)" + (—40)* + 2(3m)(2n) + 2(2n) (—41) + 2(—41) (3m)
= 9m” +4n” +161° +12mn—16In — 24Im
Therefore, Area of square = [9m” + 4n” + 161" + 12mn — 16ln — 24Im] sq.units.

3.3.2 Identities involving Product of Three Binomials
(@ +a)(z+b)(z+c) = [(z+a) (z+b)] (z+¢)
=[z° + (a + b)z + ab](z + ¢)
= 2(2) + (a + b)(2)(2) + abz + z°c + (a + b) (z)c + abe
= 2’ + az’ +bs” + abz + ca” + acz + bex + abe

=2’ +(a+b+ )z’ + (ab + be + ca)x + abe

Thus, (z + a)(z +b)(z + ¢) = 2" + (a + b + ¢)z” + (ab + bc + ca)z + abe

. Example 3.8 I
Expand the following:

(1)) (x+5)(x+6)(x+4) (113) (2a+3)(2a +4)(2a +5)
(i) (b+3)(b+4)(b—5) (i) (32— 1)(3 +2) (32 — 4)
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Solution
We know that (z +a)(z +b)(z +¢) =2 + (a+b+c)z" + (ab+bc+ ca)z + abe (1)

(i) (z+5)(z+6)(x+4) Replace
= 2"+ (5+6+4)x" +(30 +24+20)z + (5)(6)(4) abys
Y
= 2° + 152" + T4z + 120 by g ()

(i)  (2a+3)(2a +4)(2a +5)

X , Replace
=(2a)"+(34+4+5)(2a) +(12+20+15)(2a)+ (3)(4)(5) x by 2a,aby 3
= 8a° 4 (12)(44%) + (47)(2a) + 60 oby ( lc)by5
= 8a° +48a" + 94a + 60

(iii)  (b+3)(b+4)(b—5) Replace
=0’ +(3+4—5)b" +(12—20—15)b + (3)(4)(—5) x by b, aby3,
3 2 bby4, cby -5
=" +2b" —23b— 60
(iv) (3z—1)(3z+2)(3z—4)
= (32)" + (—1+2—4)(3z)" +(~2 — 8+ 4)(3z) + (= 1)(2)(—4)
= 272" + (—3)9z° + (—6)(3z) + 8 Replace
x by 3x, aby -1,
® = 272" — 272" — 18z +8 bffyz,cb;’_él ®
3.3.3 Expansion of (z + )’ and (z —y)’ in (1)

(z+a)(z+b)(z+c) =2° +(a+b+c)z’ + (ab+be + ca)z + abe
substituting a = b = ¢ = y in the identity

3 2
we get, (z4+y)(z+y)(z+y) =2" +y+y+y)r +(yy+yy+yy)z+yyy

— 2’4 (3y):c2 -+ (3y2)x -+ y3

Thus, (z+y)° = 2" +32°y+32y° +¢° (or) (z+y) =2 +y° + 3zy(z +y)

by replacing y by —y, we get

(z—vy)’ =2 =32y +3ay° —y° (o) (z—9)’ =2° —y° —3zy(z—y)

A + 3a b—|—3ab —I—b

Use cube and cuboids like the ones seen above here to make a model of (a—b)?
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. Example 3.9 I 5
Expand (22 + 3y)

Solution
We know that, (z + y)3 = 2" + 327y + 32y° + ¢

2z +3y)" = (22)" +3(22)*(3y) + 3(22) (3y)" + (3y)°
= 82" 4 3(4z”)(3y) + 3(22)(9y°) + 27y
= 8z + 362°y + bday’ + 27y

. Example 3.10 I 5
Expand (5a — 3b)

Solution

We know that, (x — y)3 =3 - 3:1:2y + 3:(:3/2 — y3
(5a —3b)" = (5a)” — 3(5a)*(3b) + 3(5a)(3b)" — (3b)’
—125a” — 3(25a”)(3b) + 3(5a)(95°) — (3b)°

—125a° —2250°b + 135ab” — 27b°

The following identity is also used:

P4y’ 42 B3 =(a+y+2)@+y + 2 —ay— yz— )

We can check this by performing the multiplication on the right hand side.

(i) f (z+y+2)=0 then 2’ +y° +2° = 3azyz
Some identities involving sum, difference and product are stated without proof
(i) 2’ +9y’ =(@+y)’ —3zylz+y) (i) 2° -y’ =(x—vy)’ + 3zy(z —v)

. Example 3.11 I
Find the product of

(22 + 3y + 42)(42° + 9y° + 162" — 62y — 12y2 — 821)

Solution
We know that, (a+b+c)(a” +b +c" —ab—bc—ca) =a’ +b" + ¢’ — 3abe

(27 + 3y + 42) (42" + 9y° + 162" — 6ay — 12yz — 822)
= (22)" +(3y)" + (42)" — 3(22)(3y) (42)
= 82" + 27y3 + 642" — T2xyz
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. Example 3.12 I 3 s s
Evaluate 10" — 15" +5

SOlution Replace
3 .3 3 a by 10, b by -15,
We know that, if a +b+c= 0, then a" +b" + ¢ = 3abc cbys

Here, a+b+4+c¢c =10—15+5=0
Therefore, 10° + (—15)> +5° = 3(10)(—15)(5)
10° —15° +5° = —2250

Example 3.13
QPI’OVG a2 —|—b2 —|—C2 —ab—bc—ca :%

Solution

(a—bY +(b—c) +(c—a)

2a’ + 0>+ ¢ —ab—bc— ca)
2

1
24 + 2* + 2¢> —2ab — 2be — 2ca

@+ +c —ab—bc—ca = (Multiply and divide by 2)

= l[(a2 +b° —2ab)+ (0> + ¢ —2be) + (¢ + a” —2ca)]

(a—bY +(b—c) +(c—a)

@ Exercise 3.2 ]

® ,',a2+b2+02—ab—bc—ca:%

1. Expand the following:

(i) (22 + 3y +42)° (i) (20— 3b+ 4c)
2
b ¢
i) (—p+2¢+3r) i 24242
(iii) (—p +2q + 3r) (iv) 2315

2. Find the expansion of the following:
(i) (z+4)(z+5)(z+6) (i)  (2p+3)2p—4)(2p—5)
(iii) (3a+1)(3a —2)(3a +4) (iv)  (5b4+4m)(dm +4)(=5+ 4m)

3. Using algebraic identity, find the coefficients of 2, z and constant term without
actual expansion.

(i) (z+5)(z+6)(x+T7) (i) (224 3)(2z —5)(22 —6)

4. If (z4a)(z+b)(z+c) =2 +142"° + 59z + 70, find the value of
(i) a+b+c O e I WL LI S L A
a b c bc ac ab

gebra | 53 I

‘ ’ 9th Maths T-Il EM.indb 53 @ 07-08-2018 17:09:35‘ ‘



T [ [ ® H.  EEEw

5. Expand: 3 5
(i) (2a + 3b)° (i) (3a — 4b)’ (iii) |2+ = (iv) [a+1
Y a
6. Evaluate the following by using identities:
(i) 98 (ii) 103 (iii) 99° (iv) 1001°

7. If (t4+y+2) =9and (zy + yz + zx) = 26, then find the value of o4y’ 42
8. Find 27d° + 64b3, if 3a +4b =10 and ab = 2.

9. Find :1:3—y3,if:1;—y:5 and zy = 14.

10. Ifa+ l = 6, then find the value of a’ + %
a a

11. If 2° +i2 = 23, then find the value ofgc—kl and 2° +i3.

x x x
1) 1

12. If [y — —] = 27, then find the value of y3 -
y Y

13.  Simplify: (i) (2a + 3b + 4¢)(4a” 4+ 9b° +16¢” — 6ab — 12bc — 8ca)
(i) (2 —2y + 32)(¢” + 49" + 92° + 2ay + 6yz — 32)

14. By using identity evaluate the following:

® () 7° —10° + 3° (i) 729 —216 — 27 ®
1y (1) (5) 1 27
Gii) |=| +[=] =2 (iv) 14— — =
3 9 6 8 8

(11)2 B ’!/2)3 + (y2 . 22)3 + (22 . $2)3
-y’ +@y—2)"+(—2)

15. Simplity : by using identity.

(ab+bc+ca—a —b —¢)

16. If a=4,b0 =5 and c = 6, then find the value of 5 5 5
(3abc —a” —b" —c")

1
17.  Verify 2y’ + 20— Bayz = §[x+y+z][(x — )’ +(y—2) +(z—1)].
18. If 20— 3y — 4z = 0, then find 8z° — 27y3 — 642",
3.4 Factorisation
Factorisation is the reverse of multiplication.
Example 1 : Multiply 3 and 5; we get product 15.
Factorise 15; we get factors 3 and 5.

Example 2 : Multiply (x + 2) and (x + 3); we get product 2’ 45146,

Factorise z° + 5z + 6 ; we get factors (x + 2) and (x + 3).
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®

_ (x+3)(z+2) J 4 @+3)(z+2)

| 2z +2)+3@+2) 2| a@+2)+3x+2)

25 ©' 422+ 346 E o’ 422 +32+6
2’ +52+6 2’ +52+6

Thus, the process of converting the given higher degree polynomial as the product
of factors of its lower degree, which cannot be further factorised is called factorisation.

Two important ways of factorisation are :

(i) By taking common factor (ii) By grouping them
ab + ac a+b—pa—pbdb
a-b+a-c (@ +b)— p(a+b) group in pairs
a(b + ¢) factored form (a+0b)(1— p) factored form

When a polynomial is factored, we “factored out” the common factor.

. Example 3.14 I
Factorise the following:

(i) am +bm +cm (ii) a’ —a’b (iii) ba —10b — 4bc +2ac (iv) v 4+y—1—zy

Solutions

(i) am+bm+cm (ii) a’ —a’b
am +bm + cm a-a—a b group in pairs
m(a + b+ ¢) factored form a’ x (a —b) factored form

(iii) Sa —10b — 4bc + 2ac (iv) z4+y—1—2ay
5a —10b + 2ac — 4bc r—14+y—uzy
5(a —2b) + 2c(a —2b) (z—-1)+yl—2z)
(@ —2b)(5 + 2c) (=1 —yl@—=1) |(a-b)=—(b-a)

(z=1)(1—y)

3.4.1 Greatest Common Divisor (GCD)

The Greatest Common Divisor, abbreviated as GCD, of two or more polynomials is
a polynomial, of the highest common possible degree, that is a factor of the given two or
more polynomials. It is also known as the Highest Common Factor (HCEF).

This concept is similar to the greatest common divisor of two integers.

For example : Consider the numbers 24 and 36. Their common divisors are 1, 2, 3,
4,6 and 12. Among these, 12 is the largest.
24=1,2,3,4,6,8,12, 24
36=1,2,3,4,6,9,12, 18, 36

Therefore, the GCD of 24 and 36 is 12.
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For example : Consider the expressions 14xy? and 42xy. The common divisors of 14
and 42 are 2, 7 and 14. Their GCD is thus 14. The only common divisors of xy? and xy
are x, y and xy; their GCD is thus xy.

14xy>=1-2-7-x-y-y
42xy =1-2-3-7-x-y

Therefore the requried GCD of 14xy? and 42xy is 14xy.

To find the GCD by Factorisation
(i) Each expression is to be resolved into factors first.

(ii) The product of factors having the highest common powers in those factors will
be the GCD.

(iii) If the expression have numerical coefficient, find their GCD separately and
then prefix it as a coefficient to the GCD for the given expressions.

. Example 3.15 I
Find GCD of the following:

(i) 16z°y", 24zy’z (i) (y* +1) and (y° —1)
(iii) 22" —18 and 2° — 2z —3 (iv) (a—b), (b—c)’, (c—a)'
® Solutions @®

() 162°y° =2x2x2x2x2’y’ =2" x2° xy’ = 2 x2x 22 x v x ¢’
2Uzy’s = 2x2x2x3xrxy° xz=2"x3xeXy X2 = P x3IxTXYXY X2

Therefore, GCD = 23J:y2

(i) ' +1=y" + =+ D —y+1)
y —l=y —T'=(y+1)(y-1
Therefore, GCD = (y +1)
(iii) 227 —18 =20z —9)=2(z" —3°) =2(z + 3)(z — 3)
2 —2r-3=12"—3z+1—3
=z(x—3)+ 1(z —3)
= (z=3)(z+1)
Therefore, GCD = (z — 3)

(iv) (a—0), (b—c), (c—a)'
There is no common factor other than one.
Therefore, GCD =1
I 56 | 97 Standard Mathematics
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@ Exercise 3.3 1
1.  Find the GCD for the following:
(1) p5a pHJ pg (11) 43737 y37 Z3
(iii) 9a2b203, 15a°b%c" (iv) 643:8, 2407°
(v) abQCS, a2b30, a’bc? (vi) 35x5y3z4, 49x2yz3, 14nyz2
(vii) 25ab3c, 100a2bc, 125ab (viii) 3abc,5xyz, Tpqr
2. Find the GCD of the following:
(i) 2z +5), (bz +2) (i) a"*', 0" "2, "
(iii) 24> + a, 4a” —1 (iv) 3a2, 5b3, 7ct
(v) gt — 1, 2 —1 (vi) a’ —9aac2, (a— 3:(,')2
3.4.2 Factorisation using Identity
(i) a° +2ab+b" = (a+b) (ii) a® —2ab+b° = (a —b)
(iii) ¢ —b° = (a +b)(a — b) (iv)a® +b* + ¢ +2ab +2bc +2ca = (a+ b+ )
@ V) o’ +b° =(a+b)(a® —ab+b>) (vi) a’ —b’ = (a—b)(a’ +ab+1b) ®
(vi) o’ +0° + ¢’ —3abe = (a+b+ )@ +b° + ¢ —ab—be — ca)
AN
Note é
@+’ +(@—b’ =20’ +b"); a' —b'=@G"+b)(a+b)(a—0)
(a+0b) —(a—0b) =4ab ; a’ —b° = (a+b)(a—0b)(a’—ab+0b)(a’ +ab+1b)
J Progress Check
1 2 1 2 1 2 1 2 1 2
Prove: (i) [a + —J + [a — —J :2[(12 + —2] (ii) [a + —] — [a - —] =4
a a a a a
. Example 3.16 I
Factorise the following:
(i) 92° + 122y + 4y° (ii) 250" —10a +1 (iii) 36m° — 49m”
(iv) e (v) ' —16 (vi) zt + 4y2 +97° — dxy +12yz — 6x2
dtgebra | 57 |
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Solution
() 97" +12zy+4y° = (32) +2032)(2y) + (2y)’[.- a” +2ab+ b = (a +b)’]
= (3z 4 2y)°
(ii) 250" —10a +1 = (5a)" —2(5a)(1) +1°
— (5a— 1)’ - a® —2ab 1 b’ :(a—bﬂ
(iii) 36m’ —49n°. = (6m)’ — (7n)’

= (6m + 7n)(6m — Tn)

b :(a—l—b)(a—b)}
(iv) 2~z =a(z" —1)

2(z” —1%)

= 2(z+1)(z—1)

s ot ot —bt=(a® +87)(a +6)(a— b))
= (" +2°)(z" —2°)

=z +4)(z+2)(z—2)

(v) ' —16

: 2 2 2
® (vi) 2" +4y” +92° —4ay +12yz — 622 ®

(—2)" +2y)° +(32)" +2(—2)(2y) + 2(2y)(32) + 2(32) (—2)

= (—;1: + 2y + 3Z)2 (or) (fE —2y— 3z)2

. Example 3.17 I
Factorise the following:

(i) 272" +125¢° (i) 216m° — 343m’
(iii) 22" — 162y (iv) 82° +27y" +642° — 722y
Solution

@ 27t +1250° = (32) + (5y)’ [ (@® +b%) = (a+b)(d’ —ab+b )}
= (32 +5y)((32)" ~ (32) (59) +<5y>2)
= (3z 4 5y) (92" — 152y + 25y°)
Gi) 216m° —343m" = (6m)’ — (Tn)’ [ (aS_b?’):(a—b)(aMaHbQ)]
— (6m —7n){(6m)” + (6m)(Tn) + (mf)
=

6m — 7n)(36m° + 42mn + 49n°)
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(iii) 22" —16zy° = 2a(z” —8y")

(@” =0 =(a—b) (0" +ab+1b)

— 22 ((z — 2¢) (2 + (2)(2y) + 29)°)

= 22(z — 2y)(z” + 2y + 4y°)
(iv) 8z’ + 27y3 +64z° — T2xyz
= (22)" +(3y)" + (42)" - 3(22)(3y) (42)

— (22 + 3y + 42) (42" + 9y + 162" — 62y — 12yz — 8a2)

. Example 3.18 I

Find: (i) o’ +0” ifa+b=6,ab=75 i) 2" — ¢ if z—y=4, 2y =5
Solution
(i) Given, a +b=6,ab =5 (ii) Given, zr—y =4, zy=>5
a’+b° =(a+b)’ —3abla+b) 2=yt =(x—y) +3my(z—y)
® 3 3 ®
= (6)" —3(5)(6) =4"+305)(4)
=126 =124
' Example 3.19 I 1) 1 .1
If |y ——| = 729, then find the value of y — — and ¢y~ — —
Y Y
Solution Y

3 ] -
Given, [y _1] — 799 Thinking Corner @H
(1

Check 15 divides the following
(i) 20173 + 20183

3
5 [y N l] _ 379 — io? (i) 20183 — 19733
Yy —

Therefore, y— 1 =9

Take cube root on both sides

y
3
y?’—% Z[y—l +3 y—l] ['.'ag—bg:(a—b)3—|—3ab(a—b)]
Y Y Y
=9’ +3(9)
y?’—i3 — 756
y

gebra | 5 I

‘ ’ 9th Maths T-Il EM.indb 59 @ 07-08-2018 17:10:00‘ ‘



@ Exercise 3.4 ]

1. Factorise the following expressions:
(i) 2a° + 4a’b + 8a’c
(i) pr+gr + pg + p°
2. Factorise the following:

(i) 2° + 4z +4 (ii) 3a” — 24ab + 48b°

(iv) m” + % ~ 23 (v) 6—2162"

m
(vii) m" —7m® +1 (viii) 27" + 22" +1
x) a' +a’b” +b"  (xi) 2" +4y’
3. Factorise the following:

(1) 42° +9y" + 252" + 122y + 30yz + 2022

(iii) 252° + 4y” + 92° — 202y + 12y2 — 3012

4.  Factorise the following:
(i) 82° + 125y
(iv) m” + 512
5.  Factorise the following:
(i) z° + 8y3 + 272 — 18zyz
(iii) b+ 8y3 + 6zy —1

(ii) @’ — 729

v) @’ + 3a°b + 3ab® + 2b°

(ii) ab —ac —mb+ mc

(iv) 24" +9° —2y—1

(iii) 2° — 16z

1
(vi) a’ —|——2—18
a

(ix) %cf —2a+3

(i) 142”4+ 9y° + 2z — 62y — 6y
. 1 4 9 4 12 6
(IV) —2+—2+—2+_+—+_

T Y z ry Yz Tz

(iii) 272" — 8y
(vi) a’ — 64

(i) @’ +b° —3ab +1
(iv) P —8m® —27n® —18Imn

3.4.3 Factorising the Quadratic Polynomial (Trinomial) of the type

aa:2+b:13-|—c, a=z0

The linear factors of az’ + bz + ¢ will be in the form (kz + m) and (iz + n)

Thus, az’ +bz+c¢ = (kx+m)(lz +n) = kiz’ + (Im + kn)z + mn

Comparing coefficients of 2’,  and constant term ¢ on both sides.

We have, a = kl,

b = (Im + kn) and ¢ = mn, where ac is the product of kl and mn

that is, equal to the product of Im and kn which are the coefficient of z. Therefore

(kl x mn)=(Im X kn).

Steps to be followed to factorise ax’ +bz+ec:

Step 1 : Multiply the coefficient of ’ and constant term, that is ac.

Step 2 : Split ac into two factors whose sum and product is equal to b and ac
respectively.

Step 3 : The terms are grouped into two pairs and factorise.
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. Example 3.20 I )
Factorise 2z~ + 15z + 27

Solution
Product Sum of Product Sum of

of factors factors of factors factors
ac=54 b=15 ac=54 b=15

Compare with az’ + bz + ¢
weget, a =2, b=15 ¢=27

product ac = 2x27 = 54and sum b =15 1 x 54 55 1x-54 _55
We find the pair 6, 9 only satisfies “b = 15" 5, 57 29 _9 % 27 ~29
and also “ac = 54" 3x18 21  -3x-18 -21
.. we split the middle term as 6z and 9z 6x9 15 6 X -9 ~15
24° £ 152 +27 = 22° + 62 + 9z + 27 The required factors are 6 and 9
=2x(x+3)+9(z + 3)
=(z+3)(2z +9)

Therefore, (z + 3) and (2z + 9) are the factors of 22” + 15z + 27 .

. Example 3.21 I ‘ 5
Factorise 22" —15x + 27 Product Sum of Product Sum of

Solution of factors factors of factors factors
Compare with az’ + bz + ¢ ac=54 b=-15 ac=54 b=-15
a=2 b=—15 ¢=27 1 x 54 55 -1x-54  -55
® product ac = 2x27 = 54, sum b=-15 2x27 29 -2 x-27 29 @
.. we split the middle term as -6z and -9z 3 x 18 21 SR
6x9 15 -6 x -9 -15

22> — 152 +27 =22"—62—92+27  The required factors are -6 and -9
= 2z(x — 3) —9(z — 3)
= (z—3)(2x —9)
Therefore, (z —3) and (22 —9) are the factors of 2z° — 15z + 27.

. Example 3.22 I . )
Factorise 22" + 152 — 27  Product Sum of Product Sum of

Solution : of factors factors of factors factors
Compare with az’ + bz + ¢ ac=-54 b=15 ac=-54 b=15
Here, a =2, b =15, ¢ = —27 -1x54 53 1 x -54 -53
product ac = 2x-27 = —54, sum b=15 —2 %27 25 2% =27 =25
.. we split the middle term as 18z and -3z —Ix18 15 IR

-6x9 3 6 x -9 -3

22” + 152 —27 =22° +182 — 3z —27 The required factors are -3 and 18
=2z(x +9)—3(z+9)
=(z+9)(2z —3)
Therefore, (z +9) and (2z — 3) are the factors of 22 + 152 — 27.
Aigebra | 61 |G
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. Example 3.23 I ) Product Sum of Product Sum of
Factorise 22" — 152 — 27

of factors factors of factors factors

Solution ac=-54 b=-15 ac=-54 b=-15
Compare with az’ + bz + ¢ -1x54 53 1 x -54 -53
Here,a =2, b =—15, ¢ =—-27 -2x27 25 2 x =27 -25
product ac = 2x-27=-54, sum b=-15 3 X 18 15 3x-18  -15

-6 x9 3 6 x -9 -3

.. we split the middle term as -18x and 3z
The required factors are 3 and -18

21" —151 —27 = 22" — 18z + 3z — 27
=2z(x —9)+ 3(x —9)
=(z—9)(2z+3)

Therefore, (z —9) and (2z + 3) are the factors of 2z° — 15z — 27

. Example 3.24 I )
Factorise (z+y) 4+ 9(z + y) + 20

Solution Product Sum of Product Sum of
Let z +y = p, we get p2 +9p + 20 of factors factors of factors factors
Compare with ar’ + bz + c, alc = ;‘3 b 2=19 alc — 230 - ;19
Weget a=10=9, ¢c=20 . e i
2x10 12 -2 x-10 -12
® product ac = 1x20 = 20, sum b=9 4x5 9 Al 5 _9 ®
.. we split the middle term as 4p and 5p The required factors are 4 and 5
P H+9Ip+20 =p +4p+5p+20
=p(p+4)+5(p+4)
=(p+4)(p+5)

Put, p=2+y we get, ($+y)2—|—9($—}—y)—|—202(gj—|—y_|_4)(a;+y_|_5)

@ Exercise 3.5 ]

1. Factorise the following:

(i) 2° +10z + 24 (ii) 7’ — 22— 99 (iii) 244z —12
(iv) z° + 142 —15 (v) p°—6p—16 (vi) £ +72-17t
(vii) ° —8r+15 (viii) y2 — 16y — 80 (ix) a’ +10a — 600
2. Factorise the following:
(i) 2a° + 9a + 10 (i) 1145m—6m° (i) 42° —20z+25
(iv) 32 + 8z — 60z (v) 52’ —29zy —42y° (vi) 9—18z + 82

(vii) 62° + 162y + 8y (viii) 9+ 3z —122° (ix) 10—7a—3d>
(x) 1227 + 36:1:2y + 27y2x2 (xi) (a + b)2 +9 (a + b) + 18
I 52 | 9" Standard Mathematics
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3.  Factorise the following:
D (p—q¢) —6(p—q)—16 (i) 92r—y) —4(2z—y)—13

(iii) m* + 2mn — 240> (iv) V50> +2a— 35 v) a' —3a°+2
(vi) 8m® —2m’n — 15mn” (vii) 4\/55132 + 5 — 2\/5 (viii) o' —7d" +1
. 1 1 1 2 N3 8 4
(ix) o’ +——18 x) S +—+— (xi) —+—+—
a T Y Ty x Yy oy

(1) Objective : To know the factorisation of polynomials using paper cuttings.

Required material : Cut out a paper into three types of sheets as given below.

Type 1 Type 2 Type 3

a Z 1

Square sheets each of | Rectangular sheets each | Sheets of units squares
area T sq.units of area z sq. units (1 sq. unit)

& Procedure : For example, to factorise 9 + 5z + 3, the students need to take two z° @
sheets, five z sheets and three unit sheets.

The sheets selected are given below

x 1 07 1 G 1 1 (1 |1]|1
S B x 3 x + 1
p p 7 1 0 1 1 |1
i z 1
242 + 5z + 3
The sheets are to be placed such that they form a rectangle.
2 2 2| |z v _
&
T T 1 1 1
2z 4+ 3
The sides of the rectangle are (22+3) and (z+1)
(2) Factorise the following by using paper cuttings:
(i) " + 5z +6 (i) 42° + 8z +3  (iii) 32" + 4z +1

gebra | 63 I
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3.5 Synthetic Division

Synthetic Division is a shortcut method of polynomial division in the special case of
dividing by a linear factor. It is used in dividing out factors; its main use is in finding roots
of polynomials. We learn about the process now.

We will first solve by the traditional method and then narrate the process of synthetic
division.
Given, dividend : p(z) = (32" — 22> — 5+ Ta)
divisor : d(z)=1z+3

To find : The quotient and remainder

Traditional Method (Long Division Method)

Write the polynomial in descending order (standard form) and then start dividing.

32" — 11z + 40 To find the quotient:
z+3 37" — 227 + 72 —5 3
32° 4 92 3% = 3z
=) () 1147
~112% + 72 -5 -l
® —112” — 33z 40z _ o ®
(+) () x
40z — 5
40z +120
=) ()
—125

Here quotient is 32° — 11z + 40 and remainder is —125.
125

T+3
Let us explain the above example by the method of synthetic division.

Note that 3z° — 22 +72x—5 = 327 — 11z +40 —

Let, p(z) = (3z° —2z° — 5+ 7z) be the dividend and d(z) = z + 3 be the divisor.
We shall find the quotient and the remainder r by proceeding as follows.

Step1  Arrange dividend and the divisor in standard form.

37" —22° + 72 —5 (standard form of dividend)
z+3 (standard form of divisor)
Write the coefficients of dividend in the first row. Put ‘0’ for missing term(s).

3 -2 7 -5 (first row)
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Step2  Find out the zero of the divisor.
x+ 3 =0 implies x = —3

Step3  Write the zero of divisor in front of dividend in the first row. Put ‘0’ in the first
column of second row.
-3 3 -2 7 -5 (first row)

0 (second row)

Step4  Complete the second row and third row as shown below.

-3 3 -2 7 -5 (first row)
0 -3%3 -9  -3x-11_ 33 -3x40  -120 (second row)
3 11— 40— ~125 (third row)

All the entries except the last one in the third row are the coefficients of the quotient.

Then quotient is 32° —~11z +40 and remainder is —125.

. Example 3.25 I 5 )
Find the quotient and remainder when (3z” —4z” —5) is divided

by (3z+1) using synthetic division.

To find the
zero of 3x+1;
put 3z +1=0
Standard form of p(z) = 37° —42° + 0z — 5 and dz) =37 +1|we get 3z=-1

Solution
p(2) = 32 — 42> =5, d(z) = 3z +1)

1
__1 3 -4 0 -5 T = -3
3
3 9
3 -5
5 —50 (remainder)
3 9
32" —4z” —5 = x—i—l 34 —5:1;—1—§ _50
3 3] 9
9] 9
32" — 42’ —5 = 3z +1) - gx —I—g — [%J (since, p(x) = d(z)q(x)+ 1)
N I T 5 : .
Hence the quotient is |2 — 3 z + 9 and remainder is o
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. Example 3.26 I A 5 )
If the quotient on dividing © + 10z” + 352" + 50z + 29 by (z +4)

is 2° — az’ + bz + 6, then find the value of a, b and also remainder.

Solution To find the
Let p(z) = 2" +10z° + 352" + 50z + 29 zero of x+4;
Standard form = z* + 102" + 352" + 50z + 29 put z+4=0

Coefficientare 1 10 35 50 29 weget w= -4

-4 1 10 35 50 29
0 -4 -24 -44 -24
1 6 11 6 5 (remainder)
quotient 2’ + 62 + 11z +6 is compared with given quotient 2’ —az’ +br+6
coefficient of z° is 6 = —a and coefficient of z is 11 =b
Therefore, a = —6, b =11 and remainder= 5.

@ Exercise 3.6 ]

1. Find the quotient and remainder for the following using synthetic division:
® () (" +3° -T2 —3) = (z—3) (i) (2" +22° —z—4)=(z+2) ®
(iii) (z° +42° +162+61) = (z—4)  (iv) Bz’ —22° + Tz —5) = (z + 3)
v) (32" —42" =102 +8) =3z —2)  (vi) (8z' —22° + 6z +5)+ (4z +1)
2. If the quotient obtained on dividing (82" — 22” + 62 — 7) by (2z + 1) is
(42" + pa” — gz + 3), then find p, q and also the remainder.

3. If the quotient obtained on dividing 32° +112° + 342 + 106 by x — 3 is 3¢’ 4+ ax +b,
then find a, b and also the remainder.

3.5.1 Factorisation using Synthetic Division

In this section, we use the synthetic division method that helps to factorise a cubic
polynomial into linear factors. If we identify one linear factor of cubic polynomial p(z),
then using synthetic division we can get the quadratic factor of p(z). Further if possible
one can factorise the quadratic factor into linear factors.

® For any non constant polynomial p(z), = a is zero if and only if p(a)
® 1—a isa factor for p(z) if and only if p(a) = 0 (Factor theorem)

To identify (z—1) and (z+ 1) are the factors of a polynomial
® (2-1) isafactor of p(z) if and only if the sum of coefficients of p(z) is 0.
® (x+1) is a factor of p(z) if and only if the sum of the coefficients of even power of z,

including constant is equal to the sum of the coefficients of odd powers of x
__A
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l Example 3.27 I 5 )
(i) Prove that (z —1) is a factor of z° — 72" + 132z —7

(i) Prove that (z +1) is a factor of z° + 72° + 13z + 7
Solution
(i) Let pz)=2" —7z" +13z—7
Sum of coefficients =1—-7+13 -7 =0
Thus (x —1) is a factor of p(x)

(ii) Let g(z) =2’ + 72" + 13z +7
Sum of coefficients of even powers of = with constant =7 + 7 = 14
Sum of coefficients of odd powersof z=1+13=14
Hence, (z +1)is a factor of ¢(z)

. Example 3.28 I 3 )
Factorise z° + 13z~ + 322 + 20 into linear factors.

Solution

Let, p(z) =2’ 4132 + 32z + 20
Sum of all the coefficients=1+413+32+20 =66 = 0
@ Hence, (z —1) is not a factor. ®
Sum of coefficients of even powers with constant =13 + 20 = 33

Sum of coefficients of odd powers =1+ 32 =33
Hence, (z +1) is a factor of p(z)

Now we use synthetic division to find the other factors

-1 1 13 32 20 -1 1 13 32 20
0 -1 -12 -20 0 -1 -12 -20
-2 (1 12 20 | 0 (remainder) 1 12 20 | 0 (remainder)
0o -2 =20
Then p(z) = (z +1)(z” + 12z + 20)
1 10| 0 (remainder)
2 2
p(@) = (z +1)(z + 2)(z + 10) Now z~ +12z+20=2" + 10z + 2z + 20
=z(z +10) + 2(z 4 10)
Hence,
2 +132 + 322 + 20 =l 2l - 10)
=(z+1)(z+2)(z+10) Hence, z° + 132" + 32z + 20
=(z+1)(z+2)(z +10)
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. Example 3.29 I 3 )
Factorise " —bHx™ —2x + 24

Solution

1.

I s |

‘ ’ 9th Maths T-Il EM.indb 68

Let p(z) =2’ —ba’ — 2z +24
When z=1,p1)=1-5-2+24=18=0
When z = -1, p(-1)=—1-5+2+24=20=0

(z —1)isnota factor.

(z +1) isnota factor.

Therefore, we have to search for different values of = by trial and error method.

When z = 2
p2) = 2° —5(2)° —2(2) + 24
=8-20—4+24
=8=0
Hence, (z-2) is not a factor
When z = —2
3
p(=2)= (2] —5(-2)" —2(-2) + 24
—8—-20+4+24
p(=2)=0

Hence, (z+2) is a factor

-2 1 -5 -2 24
0 -2 +14 -24

12 0 (remainder)
0 3 =12

0 (remainder)

W

—
|

~N

—
|
A

Thus, (z +2)(z — 3)(z —4) are the factors.

N
Note E

Chek whether 3 is a zero of
2> —7x +12. Ifitis not,
then check for -3 or 4 or -4

and so on. l

Therefore, z° —5z° —22° +24 = (z +2)(z — 3)(z — 4)

@ Exercise 3.7 ]

Factorise each of the following polynomials using synthetic division:

(i) 2° — 32" — 107+ 24 (i) 22" — 32" — 3z +2
(i) 42° — 52> +72—6 (iv) —7z+3+ 42

V) 2’ 4+2° —140—24 vi) 2° —72+6
(vii) »* —102" — 2 +10 (viii) 7° — 5z +4
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b—® Multiple Choice Questions

L
2 <

1.

10.
11.

12.

13.
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If p(a) =0 then (z —a) isa of p(z)

e
BCRY33

(1) divisor (2) quotient (3) remainder (4) factor

Zeros of (2 — 3x) is
2 3
(1)3 (2) 2 (3) 3 (4) B

Which of the following has x —1 as a factor?

(1) 22 —1 (2) 3z —3 (3) 4z — 3 (4) 317 — 4

If  — 3 is a factor of p(z), then the remainder is

(1)3 (2) -3 (3) p(3) (4) p(-3)

(z 4 y) (2" — 2y +y°) is equal to

D (z+y)°’ @ @-y) 3) 2’ +y° 4z’ —y°

If one of the factors of z° — 6z — 16 is z — 8 then the other factor is
(1) (z +6) (2) (z —2) (3) (z+2) (4) (z —16)

(a+b—c) is equal to

(1) (a—b+c)2 (2) (—a—b~|—c)2 (3) (cH—b~|—c)2 (4) (a—b—c)2

In an expression az’ + bz + ¢ the sum and product of the factors respectively,

(1) a, bc (2) b, ac (3) ac, b (4) be, a

If (z +5) and (z — 3) are the factors of az’ + bz + ¢, then values of a, b and c are
(1) 1,2,3 (2) 1,2,15 (3) 1,2, -15 (4) 1, -2,15

Cubic polynomial may have maximum of linear factors
(1)1 (2) 2 (3)3 (4) 4

Degree of the constant polynomialis
(1)3 (2)2 (3)1 (4) 0

GCD of any two prime numbers is

(1) -1 (2)0 (3)1 (4) 2

The remainder when (z° — 2z + 7) is divided by (z +4) is
(1) 28 (2) 31 (3) 30 (4) 29
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14. The GCD of ak,akﬂ,ak+5 where, k € N
(1) o 2)a"! (3) a"*° (4) 1

15. The GCD of 2" — y4 and — y2 is
W=y @y 3) (@+)’ @) (z+y)'

16. If there are 36 students of class 9 and 48 students of class 10, what is the minimum
number of rows to arrange them in which each row consists of same class with same
number of students.

(1) 12 (2) 144 (3)7 (4) 72

Points to Remember

Factor Theorem

® If p(z) is divided by (z — a) and the remainder p(a) = 0, then (z — a) is a factor of
the polynomial p(z)

Identities

o (a—|—b—|—c)2Ea2—|—bz+c2+2ab+2bc+20a

o (a+b)’ =a’ +0b’ +3ab(a+b), a’ +b° = (a+0b)’ —3ab(a +b)

® (a—b)’ =d’ b’ —3abla—b), a’ —b’ = (a—0b)’ + 3ab(a —b)
Product identities

® o’ +b’°=(a+b)(a’ —ab+0)

o o’ —b’=(a—0b)d" +ab+b)

3,3, 3 _ 2,2, 2
® 0" +b"+c —3abc=(a+b+c)(a” +b +c¢ —ac—bc—ca)

® 2’ +(a+b+0)z” +(ab+bc+ca)r+abe = (z+4a)(z+b)(z+c)
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Step -1

activities on Algebraic Identities.

Step - 2

Expected Result is shown in this picture

Open the Browser, type the URL Link given below (or) Scan the QR Code. GeoGebra
work sheet named “Algebraic Identities” will open. In the work sheet, there are many

In the first activity diagrammatic approach for (a+b)? is given . Move the sliders a and
b and compare the areas with the Identity given.

Similarly move the sliders a and b and compare the areas with the remaining Identities.

(a2 +b)* =a®+ 2ab+ b

(54+3)=5"4+5X346X342°

sl
B —— ]

—_—irl

(a—b)® =a®— (ab—b?) — (ab—b") = b7
=a*—ab+ b —ab+ 6* - b*
=a® — 2ab 4+ 267 — ¥

(a—bP=a®—2ab+b*

(8—3)"=81-54+9

Browse in the link

Algebraic Identities: Scan the QR Code.

B466_MAT_9_T2_EM
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GEOMETRY

Inspiration is needed in geometry just as much as in poetry.
- Alexander Pushkin

o s
BD1U40

Euclid was a Greek mathematician, often referred to as

the “Father of Geometry” His ‘Elements’ is one of the
most influential works in the history of mathematics,
serving as the main textbook for teaching mathematics
(especially geometry) from the time of its publication.
In the ‘Elements, Euclid deduced the principles of what

= il is now called Euclidean geometry and Number theory.
(3 5268 C (BCE))

©
®

To understand, interpret and apply theorems on the chords of a circle.

O

To understand, interpret and apply theorems on the angles subtended by arcs of
the circle.

To understand, interpret and apply theorems on the cyclic quadrilaterals.

To specifically use the theorems in problem solving.

0O 0 o0

To construct the incircle and locate incentre of the triangle.

< To construct the medians and locate the centroid of the triangle.

4.1 Introduction

Circles are geometric shapes you can see all around you. The significance of the
concept of a circle can be well understood from the fact that the wheel is one of the
ground-breaking inventions in the history of mankind.

I 2 | 9" Standard Mathematics
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4.2 Parts of Circle

A
A circle, you can describe, is the set of all ote %
points in a plane at a constant distance from a 8

tfixed point. The fixed point is the centre of the J
_ , A circle notably differs from
circle; the constant distance corresponds to a

a polygon. A polygon (for

example, a quadrilateral)
A line that cuts the circle in two points is has edges and corners while,

radius of the circle.

. . . 3 9 Fig. 4.2
called a secant of the circle. a circle is a ‘smooth’ curve. lg

A line segment whose end points lie on the
circle is called a chord of the circle.

A chord of a circle that has the centre is called a diameter of the circle. The
circumference of a circle is its boundary. (We use the term perimeter in the case of polygons).

1. Place a bottle top or a glass upside down on a chart.

2. Neatly trace around the boundary. Remove the object. The figure drawn is a circle.
Cut out the circle.

3. Now fold the circle into two halves such that the boundry of the circle overlap. Make
a crease on the fold. Open the fold and mark A and B to the end points and draw a
line segment along crease line. Repeat the same process from new position and give
C'and D to the end points. These two line segments intersect at a point. Name the
point as O. In the same way, you can fold the circle with number of other positions.

What do you observe?

Think! Whether all the lines are concurrent?

From this activity, we observe that all the lines are intersecting at a point. Do you

know what do we call this point? We call this as the centre of the circle.

C
Using a divider, measure the length of each line segments of a

circle. What do you observe?. They are all equal and each of them is E F
dividing the circle into two halves. The line segment which divides

the circle into two halves is called diameter of the circle. In other Fig. 4.3
words, a line segment joining any two points on the circle that passes through the centre

is called the diameter. Diameter of a circle is twice of its radius.
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If we fold the circular paper in all possible way including the one passing through the centre

S (Fig.4.4), we see that all the creases meet at two points on the circle. These
R creases are called the chords of the circle. So, a line segment joining any two
A B points on the circle is called a chord of the circle. In this figure AB, PQ) and
. RS are the chords of the circle. S
o) Now place four points P, R, () and S on the same
Fig. 4.4 circle (Fig.4.5), then PR()and ()SPare the continuous
pﬁrg (secti/ois) of the circle./”_l“\hese p/ezts (sections) are to be denoted by ) o
PRQ@and QSP or simply by PQand QP . This continuous part of a circle =
is called an arc of the circle. Usually the arcs are denoted in anti-clockwise Fig. 4.5
direction.

Now consider the points P and @) in the circle (Fig.4.6). It divides the whole circle into

TN

two parts. One is longer and another is shorter. The longer one is called major arc QP and

/N
shorter one is called minor arc P(Q. Note i

Now in (Fig.4.6), consider the
region which is surrounded by

the chord P() and major arc 6/2?’

Major

Segment A diameter of a circle is:

® . This is called the major segment ® the line segment which bisects the ®
of the circle. In the same way, circle.
e the segment containing the ® the largest chord of a circle.

minor arc and the same chord is called the minor e aline of symmetry for the circle.

segment.

® twice in length of a radius in a

In (Fig4.7), if two arcs AB and circle.

CD of a circle subtend the same e b

angle at the centre, they are said to be congruent arcs and we write,
AB=CD implies mAB = mCD
implies ZAOB = ZCOD

Now, let us observe (Fig.4.8). Is there any special name for the region
surrounded by two radii and arc? Yes, its name is sector. Like segment,
we find that the minor arc corresponds to the minor sector and the major

arc corresponds to the major sector.

Concentric Circles

Circles with the same centre but different radii are said to be concentric.
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Here are some real-life examples:

An Archery target A carom board coin Water ripples
Fig. 4.9

Congruent Circles

Two circles are congruent if they are copies of one another or identical. That is, they
have the same size. Here are some real life examples:

"IIIIl(IIIg Corner I
1 Draw four congruent circles
d as shown. What
] do you infer?
@ The two wheels of a bullock cart The Olympic rings @
Fig. 4.10

Position of a Point with respect to a Circle

Consider a circle in a plane (Fig.4.11). Consider any point P on the circle.Then the

distance from the centre O to P be OP, then Outside the
. . . . . Inside the \Circle
(i) OP = radius (Point lies on the circle) p.nséifciee °P
(ii) OP < radius (Point lies inside the circle)
D4On the
(iii)  OP > radius(Point lies outside the circle) Circle

So, a circle divides the plane on which it lies into three parts. Fig. 4.11

J Progress Check
)] progress Check

Say True or False

1. Every chord of a circle contains exactly two points of the circle.
2. All radii of a circle are of same length.
3. Every radius of a circle is a chord.

4. Every chord of a circle is a diameter.
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5. Every diameter of a circle is a chord.

6. There can be any number of diameters for a circle.

7. Two diameters cannot have the same end-point. 1. How many sides does

a circle have ?

8. A circle divides the plane into three disjoint parts.

2. Is circle, a polygon?

9. A circle can be partitioned into a major arc and a N

minor arc.

10. The distance from the centre of a circle to the circumference is that of a diameter

@ Exercise 4.1 ]

1. Fill in the blanks :

(1)
(ii)
(iii)

(iv)
(v)

Twice of the radius is called of the circle.

Longest chord passes through the of the circle.

Distance from the centre to any point on the circumference of the circle is
called

A part of a circle between any two points is called a/an of the circle.

A circle divides the plane into

2. Write True or False. Give reasons for your answers.

(i)
(ii)
(iii)
(iv)
(v)

Line segment joining any two points on the circle is called radius of the circle.
Point of concurrency of the diameter is the centre of the circle.

The boundary of the circle is called its circumference.

A circle has infinite number of equal chords.

Sector is the region between the chord and its corresponding arc.

4.3 Circle Through Three Points

We have already learnt that there is one and only one line passing through two points.

In the same way, we are going to see how many circles can be drawn through a given point,

and through two given points. We see that in both cases there can be infinite number of

circles passing through a given point P (Fig.4.12) , and through two given points A and
B (Fig.4.13).
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B @e-
B \_/

Fig. 4.12 Fig. 4.13 Fig. 4.14

Now consider three collinear points A, B and C (Fig.4.14). Can we draw a circle

passing through these three points? Think over it. If the points are collinear, we can’t?
1

If the three points are non collinear, they form a triangle
(Fig.4.15).  Recall the construction of the circumcentre. The
intersecting point of the perpendicular bisector of the sides is the

circumcentre and the circle is circumcircle.

Fig. 4.15
Therefore from this we know that, there is a unique circle which passes through A4,

B and C. Now, the above statement leads to a result as follows.

® Theorem 1 There is one and only one circle passing through three non-collinear points. &

&

Let us consider three non-collinear points A, B and C. How many circles can we draw
through three non collinear points? C

(i) Make a line segment on a chart through A B by folding it.

L)
(i) Fold ABin such a way that A falls exactly on Band thereby creating \Q’
B

a crease [, the perpendicular bisector of AB
Fig. 4.16
(iii) Repeat the steps (i) and (ii) for the points B and C, creating a crease line /,.
(iv) The two crease lines [, and /, meet at S.

(v) Now S as centre and SA as radius, draw a circle. Does this circle pass through the

given points A, Band C'?

4.4 Properties of Chords of a Circle

In this chapter, already we come across lines, angles, triangles and quadrilaterals.
Recently we have seen a new member circle. Using all the properties of these, we get
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some standard results one by one. Now, we are going to discuss some properties based on
chords of the circle.

Considering a chord and a perpendicular line from the centre to a chord, we are
going to see an interesting property.

4.4.1 Perpendicular from the Centre to a Chord

Consider a chord AB of the circle with centre O. Draw OC L AB and join the
points OA,OB . Here, easily we get two triangles AAOC and ABOC (Fig.4.17).

Can we prove these triangles are congruent? Now we try to prove
this using the congruence of triangle rule which we have already learnt.
ZLOCA=/Z0CB=90°(0C L AB) and OA = OB is the radius of the
circle. The side OC'is common. RHS criterion tells us that AAOC and 4
ABOC are congruent. From this we can conclude that AC' = BC'. This
argument leads to the result as follows.

o

Fig. 4.17

Theorem 2 The perpendicular from the centre of a circle to a chord bisects the chord.

Converse of Theorem 2 The line joining the centre of the circle and the midpoint of a
chord is perpendicular to the chord.

&
1. Draw a circle of any radius with centre O on the chart paper / paper.

2. Cut the circle and place two points A, B on the circle.

A B
3. Make the crease line segment AB by folding along the line joining A
and B.
4. Move B along BA till it falls on A and make a crease line. s .
5. This crease line segment [ is the perpendicular bisector of AB and meet Fig. 4.18

at C.
6. Are ACand BC equal? What do you conclude?

E le 4.1
. Xamp'e _I Find the length of a chord which is at a distance of 2\/ﬁ cm from the

centre of a circle of radius 12cm.

Solution
Let AB be the chord and C'be the mid point of AB
Therefore, OC L AB
Join OA and OC.
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OA is the radius

Given OC = 2\11ecm and OA = 12cm
In a right AOAC,
using Pythagoras Theorem, we get,
AC* =04 —0C?
—12° — 2\11)?

=144 — 44
= 100cm
AC? =100cm
AC =10cm

Therefore, length of the chord AB = 2AC

=2 x 10cm = 20cm  ycefyl in this unit. ‘
. Example 4.2 I

In the concentric circles, chord A B of the outer circle cuts the inner

0N
Note é

Pythagoras theorem

One of the most important and

C well known results in
geometry is Pythagoras
Theorem. “In a right
angled triangle, the

A B square of the hypotenuse

is equal to the sum of the squares of

the other two sides”.

In right A ABC, BC*=AB’ + AC”.

Application of this theorem is most

circle at C'and D as shown in the diagram. Prove that, AB—CD =2AC

Solution
® Given : Chord A B of the outer circle cuts the inner circle at
C and D.
To prove AB—-CD =2AC B -
Construction : Draw OM 1 AB v
Proof . Since, OM L AB (By construction) Fig. 4.20
Also, OM L CD

Therefore, AM = MB ...(1) (Perpendicular drawn from centre to chord bisect it)

CM =MD ...(2)
Now, AB - CD =2AM-2CM
=2(AM-CM)
AB - CD =2AC

1. The radius of the circle is 25 cm and the length of one of its chord is 40cm.

from (1) and (2)

Find the distance of the chord from the centre.

2. Draw three circles passing through the points P and @), where PQ = 4cm.
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4.4.2 Angle Subtended by Chord at the Centre

Instead of a single chord we consider two equal chords. Now we are going to discuss
another property.

9
Let us consider two equal chords in the circle with centre O. Join D

the end points of the chords with the centre to get the triangles AAOB
and AOCD, chord AB = chord CD (because the given chords are equal).
The other sides are radii, therefore OA=0C and OB=0D. By SSS rule, * \
the triangles are congruent, thatis AOAB = AOCD . This gives mZAOB
= mZCOD. Now this leads to the following result.

Theorem 3 Equal chords of a circle subtend equal angles at the centre.

o

Procedure

1. Draw a circle with centre O and with suitable radius.

2. Make it a semi-circle through folding. Consider the point A, B on it.

3. Make crease along AB in the semi circles and open it.

4. We get one more crease line on the another part of semi circle, name /
@ itas CD (observe AB = CD)

5. Join the radius to get the AOAB and AOCD.

/

6. Using trace paper, take the replicas of triangle AOAB and AOCD. .
7. Place these triangles AOAB and AOCD one on the other. D

Observation

A

1. What do you observe? Is AOAB = AOCD?

2. Construct perpendicular line to the chords AB and CD passing A
through the centre O. Measure the distance from O to the chords. B

Now we are going to find out the length of the chords AB and CD, given the angles
subtended by two chords at the centre of the circle are equal. That is c
from theorem (3) we get ZAOB = ZCOD and all the other two sides which D /
include the angles of the AAOB and A COD are radii and are equal. ’,

3
By SAS rule, AAOB =ACOD. This gives chord AB = chord CD.
Now let us write the converse result as follows:

/.

Converse of theorem 3 Fig. 4.23
If the angles subtended by two chords at the centre of a circle are

equal, then the chords are equal.
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In the same way we are going to discuss about the distance from the centre, when the
equal chords are given. Draw the perpendicular OL L AB and OM L CD. 2
From theorem 2, these perpendicular divides the chords equally. So b
AL=CM. By comparing the AOAL and AOCM, the angles
ZOLA=/Z0MC =90°and OA=0Care radii. By RHS rule, the
AOAL=AOCM . It gives the distance from the centre OL = OM and
write the conclusion as follows.

Theorem 4 Equal chords of a circle are equidistant from the centre.

Let us know the converse of theorem 4, which is very useful in solving problems.
Converse of theorem 4

The chords of a circle which are equidistant from the centre are equal.

@ Exercise 4.2 ]

1. The radius of the circle is 25cm and the length of one of its chord is 40cm. Find the
distance of the chord from the centre.

2. The diameter of the circle is 52cm and the length of one of its chord is 20cm. Find
the distance of the chord from the centre.

3. The chord of length 30 cm is drawn at the distance of 8cm from the centre of the
® circle. Find the radius of the circle ®

4. Find the length of the chord AC where AB and CD are the two diameters
perpendicular to each other of a circle with radius 472 cm and also find ZOAC
and ZOCA.

5. A chord is 12cm away from the centre of the circle of radius 15cm. Find the length
of the chord.

6. Inacircle, ABand CD are two parallel chords with centre O and radius 10 cm such
that AB=16 cm and CD = 12 cm determine the distance between the two chords?

7. Two circles of radii 5 cm and 3 cm intersect at two points and the distance between
their centres is 4 cm. Find the length of the common chord.

4.4.3 Angle Subtended by an Arc of a Circle

o

Procedure :

1. Draw three circles of any radius with centre O on a chart paper.

2. From these circles, cut a semi-circle, a minor segment and a major segment.
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3. Consider three points on these segment and name them as 4, Band C.

A A A

m AC
/ \ Semi circle
B -

|

Fig. 4.25 i Vi e
4. (iv)Cut the triangles and paste it on the graph \E i
sheet so that the point A coincides with the origin 0 \/
as shown in the figure. c A 5
Observation : \ s':gr?] E,rm
(i) AngleinaSemi-Circleis ______ angle. = \B
(ii) Angle in a major segmentis ____ angle. Y
(iii) Angle in a minor segment is ____ angle. Fig. 4.26

Now we are going to verify the relationship between the angle subtended by an arc at
the centre and the angle subtended on the circumference.

4.4.4 Angle at the Centre and the Circumference

Let us consider any circle with centre O. Now place the points A, B and C on the

circumference.
C
C
A o B
A b \
D
X X
Fig. 4.27 Fig. 4.28 Fig. 4.29
VRS

Here AB is a minor arc in Fig.4.27, a semi circle in Fig.4.28 and a major arc in
Fig.4.29. The point C makes different types of angles in different positions (Fig. 4.27 to

4.29). In all these circles, AXB subtendsZAOB at the centre and ZACB at a point on

the circumference of the circle.

We want to prove ZAOB=2/ACB . For this purpose extend C'O to D and join CD.
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Z0CA=/0AC since OA=0C  (radii)

Exterior angle = sum of two interior opposite angles.

LAOD =ZLOAC+Z0OCA

=2/0CA e (1) iﬁ Progress Check

Similarly, 1. Draw the outline of different size
/BOD = /OBC +/0CB of bangles and try to find out the
—9/0CB e (2) centre of each using sef

From (1) and (2), 2. Trace the given
/AOD +/BOD=2(/0CA+/0CB) cresent and complete

as full moon using K
Fig. 4.30

Finally we reach our result ZAOB =2/ACB. ruler and compass.

From this we get the result as follows :

Theorem 5

The angle subtended by an arc of the circle at the centre is double the angle subtended
by it at any point on the remaining part of the circle.

o = o

1. Draw a circle with centre O and suitable radius on a chart paper (Fig. 4.31).

P
2. Take two points A and B on the circle to get the arc AB.

3. Join A and B to the centre O. Let P be any point on the remaining
part of the circle. Join Pto A and B.
A B
4. With the help of tracing paper, make a cutout of the Z4 OB portion
and fold the cutout portion so that OA coincides with OB. Fig. 4.31
5. Placing the folded paper on the angle ZAPB in such a way that OA lies exactly on

PA. What do you observe?

(i) Measure of %AA OB = (ii) Measure of ZAPB =

AN
Note E
- |

® Angle inscribed in a semicircle is a right angle.

® Equal arcs of a circle subtend equal angles at the centre.
__i‘
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Expected Result is shown

in this picture

£BOC =24BAC
Step - 1

Open the Browser type the URL Link given below (or) Scan the QR Code. GeoGebra work sheet
named “Angles in a circle” will open. In the work sheet there are two activities on Circles.

The first activity is the relation between Angle at the circumference and the angle at the centre.
You can change the angle by moving the slider. Also, you can drag on the point A, C and D to
change the position and the radius. Compare the angles at A and O.

Step - 2
The second activity is “Angles in the segment of a circle”. Drag the points B and D and check the
angles. Also drag “Move” to change the radius and chord length of the circle.

Step 1

Raliion brtaee Ange 41 the Sriumferenoe and the angle ai the centy
Rslationthip betwsen Angle 5 he Ccumbseencs snd e angle = e canire

——
Ll

2BAC = 54°
S BOC = 108°
: e 2BOC = 2/BAC

Angle i pegment
e s e

sADE = 587

;
il

£ABC = 1247
CHORD AC = 7 units.

£ADE = tARC
= 56 4" = 160

Browse in the link

Angle in a circle: Scan the QR Code.

B466_MAT_9_T2_EM
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E l 4.3
xamp c Find the value of z°in the following figures:

. (u) ‘ (m) Z (IV)'

Fig. 4.32 Fig. 4.33 Fig. 4.34 Fig. 4.35
Solution

Using the theorem the angle subtended by an arc of a circle at the centre is double the
angle subtended by it at any point on the remaining part of a circle.

(i) ZMNL =2 Reflex ZMOL
(i)  ZPOR=2PQR 2

2% =2x50°
z° = 100°
(iii) XYis the diameter of the circle. (iv) OA = OB = OC (Radii)
® AL ®
Therefore Z/XZY = 90° In AOAC,

ZOAC = ZOCA = 20°
In AOBC,

(Angle on a semi - circle)

In right AXYZ 2
ZOBC = Z0CB = 35° }

(angles opposite to equal sides are equal)

2° 4 63° +90° = 180°
z° = 27°

LACB = /0CA+ /Z0CB
2° =20° + 35°
z° =55°

E le 4.4
. xamp e_l If O is the centre of the circle and ZABC = 30° then find ZAOC'.

(see Fig. 4.36)
Solution
Given ZABC = 30°

LZAOC = 2/ABC (The angle subtended by an arc at

A ——
the centre is double the angle at any yr B
point on the circle) /
C
= 2x30° Fig. 4.36

= 60°
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Now we shall see, another interesting theorem. We have learnt that minor arc
subtends obtuse angle, major arc subtends acute angle and semi circle subtends right angle

on the circumference. If a chord A B is given and C'and D are two different points on the
circumference of the circle, then find ZACB and ZADB. Is there any difference in these
angles?

4.4.5 Angles at the Circumference to the same Segment

Consider the circle with centre O and chord AB. C' and D are the points on the
circumference of the circle in the same segment. Join the radius OA and OB.

%41403 = LACB (by theorem 5)

and %AAOB = ZADB (by theorem 5)
ZACB = ZADB

This conclusion leads to the new result.

Theorem 6 Angles in the same segment of a circle are equal.

2

Procedure :

® 1. Draw a circle with any radius and centre O on a chart paper.

2. Mark the points A and B on the circle and join to get a major

segment AB.
3. Again mark two points C'and D on the same segment of AB.
4. Draw ZACB and ZADB Fig. 4.38
5. Trace the angles ZACB and ZADB on another sheet of paper and cut it.
6. Place the replica of ZACB on ZADB
(i) What do you see? (ii) Does ZACB cover ZADB exactly?
Discuss whether it is true for different position of the point C'and D on the major
segment AB.
IM In the given figure, O is the center of the circle. If the measure of
Z0OQR=48°, what is the measure of /P ? 4
Solution

Given ZOQR=48°.

Therefore, ZORQ alsois 48°. (Why?___ ) A

Z/QOR =180° — (2 x 48°) =84°. Q~_ 7R
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The central angle made by chord QR is twice the inscribed angle at P.

Thus, measure of ZQPR :é X 84°= 42°.

In a circle,

1.

2.

3.

the perpendicular from the centre toachord _______ the chord.

the line joining the centre to the midpoint of a chordis __ to that chord.

equal chords subtend ___angles at the centre.

chords which subtend equal angles at the centre are
degree measure of a semi-circleis ____ .

degree measure of a whole circle is at the centre.

the angle subtended by an arc at the centreis ______ the angle subtended by it at any

point on the circumference.

1.

2.

@ Exercise 4.3 1

Find the value of z°in the following figures:

In the given figure, ZCAB = 25°,

find /BDC, /DBAand ZCOB

D
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4.5 Cyclic Quadrilaterals

Now we see a special quadrilateral with its properties called “Cyclic Quadrilateral”
A quadrilateral is called cyclic quadrilateral if all its four vertices lie on the circumference
of the circle. Now we are going to learn the special property of cyclic quadrilateral.

Consider the quadrilateral A BCD whose vertices lie on a circle. D
We want to show that its opposite angles are supplementary. Connect C
the centre O of the circle with each vertex. You now see four radii
OA, OB, OC and OD giving rise to four isosceles triangles OAB,
OBC, OCD and ODA. The sum of the angles around the centre of , B

the circle is 360°. The angle sum of each isosceles triangle is 180°

Thus, we get from the figure,

2x( L1+ 42+ 43+ /2 4) + Angle at centre O = 4x 180°
2x( L1+ /424 /3+/4) + 360° = 720°

Simplifying this, (£L1+4£2+ 243+ 2£4) = 180°.

You now interpret this as
(i) (£1+4£2) + (£3+£4) = 180° (Sum of opposite angles Band D)
(i) (£1+4£4) + (£2+£3) = 180° (Sum of opposite angles A and C)

® Now the result is given as follows. @
Theorem 7 Opposite angles of a cyclic quadrilateral are supplementary.
Let us see the converse of theorem 7, which is very useful in solving problems

Converse of Theorem 7 If a pair of opposite angles of a quadrilateral is supplementary,

then the quadrilateral is cyclic.

Procedure

1. Draw a circle of any radius with centre O.

2. Mark any four points A, B, C'and D on the boundary. Make a cyclic
quadrilateral A BCD and name the angles as in Fig. 4.42

3. Make a replica of the cyclic quadrilateral A BCD with the help of

B .
tracing paper.
4. Make the cutout of the angles A, B, C'and D as in Fig. 4.43 1 J izf

5. Paste the angle cutout /1,72, /3 and /4 adjacent to the angles 4 B
opposite to A, B, C'and D as in Fig. 4.44 L ’
3 4
6. Measure the angles /1 + /3, and £2 + Z4. D
C .
Fig. 4.43
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Observe and complete the following:

1. (1) LA+ /0 =

(iii) LC + £A=

2. Sum of opposite angles of a cyclic quadrilateral is

3. A pair of opposite angles of a cyclic quadrilateral is

Progress Check

(ii) ZB + /D =

(iv) 4D + /B =

1. In the given figure, find the measure of £ A.

pe 8D

Is a rectangle cyclic?

Is any parallelogram cyclic?

you say about the quadrilateral?

If one angle of a cyclic quadrilateral is a right angle, what can

©

Fig. 4.45

. E le 4.6 I
xamp-e If PQRS is a cyclic quadrilateral in which ZPSR = 70°and

ZQPR = 40°, then find ZPRQ (see Fig. 4.46).

Solution

PQRS is a cyclic quadrilateral

Given /PSR = 70°

/PSR + /PQR =180° (statereason
70°+ ZPQR = 180°
/PQR =180°—170°
/PQR =110°
In APQR we have,
ZPQR + ZPRQ + ZQPR =180°
110° + ZPRQ + 40° = 180°

‘ ’ 9th Maths T-Il EM.indb 89
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Exterior Angle of a Cyclic Quadrilateral

An exterior angle of a quadrilateral is an angle in its exterior
formed by one of its sides and the extension of an adjacent side.

>

Let the side AB of the cyclic quadrilateral ABCD be extended A
to E. Here ZABC and ZCBE are linear pair, their sum is 180° and
the angles ZABC and ZADC are the opposite angles of a cyclic quadrilateral, and their
sum is also 180°. From this, ZABC + ZCBE = ZABC + ZADC and finally we get
ZCBE = ZADC . Similarly it can be proved for other angles.

Fig. 4.47

Theorem 8 If one side of a cyclic quadrilateral is produced then the exterior angle is equal

to the interior opposite angle.

1. If a pair of opposite angles of a quadrilateral is supplementary, then the quadrilateral
is

2. As the length of the chord decreases, the distance from the centre

3. Ifonesideofacyclicquadrilateralis producedthentheexteriorangleis @

to the interior opposite angle.

4. Opposite angles of a cyclic quadrilateral are

E le 4.7
. Xamp?e I In the figure given, find the value of z°and ¢°.

Solution

By the exterior angle property of a cyclic quadrilateral,
we get, y°=100° and
2%+ 30°=60° and soz° = 30°

@ Exercise 4.4 ]
3 D ——.C
1.  Find the value of z in the / = \

given figure. U
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E ——= D
In the given figure, AC is the diameter of the circle with centre A )55" \ c
O.1f ZADE = 30°; ZDAC = 35° and ZCAB = 40°, w
Find (i) ZACD (ii) ZACB  (iii) ZDAE

Find all the angles of the given cyclic quadrilateral
ABCD in the figure.

AB and CD are two parallel sides of a cyclic quadrilateral ABCD such that
AB = 10cm, CD = 24cm and the radius of the circle is 13cm. Find the shortest
distance between the two sides AB and CD.

In the given figure, ABCD is a cyclic quadrilateral where P
diagonals intersect at Psuch that ZDBC = 40° and ZBAC = 60°

find (i) ZCAD (ii) ZBCD

In the given figure, AB and CD are the parallel chords of a A
circle with centre O. Such that AB = 8cm and CD = 6cm. If
OM1 AB and OL L CD distance between LM is 7cm. Find
the radius of the circle?

The arch of a bridge has dimensions as shown, where the arch
measure 2m at its highest point and its width is 6m. What is A

the radius of the circle that contains the arch?

In figure ZABC =120", where A4,B and Care points on the circle
with centre O. Find ZOAC?

A school wants to conduct tree plantation programme. For c
this a teacher allotted a circle of radius 6m ground to nineth /—'\
standard students for planting sapplings. Four students plant 4 55

trees at the points A,B,C and D as shown in figure. Here o
AB =8m, CD =10m and ABL CD. If another student places

a flower pot at the point P, the intersection of AB and CD, then

find the distance from the centre to P.

Geomeury | 91 |
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10. In the given figure, ZPOQ =100" and ZPQR = 30°, then find R
ZRPO.

4.6 Constructions

In the first term we have learnt to locate circumcentre and
orthocentre of a triangle. Now we are ready to locate incentre
and centroid of a triangle. For this we use (i) the construction of

perpendicular bisector of a line segment (ii) the construction of A

angle bisector of a given angle.

4.6.1 Construction of the Incircle of a Triangle C

Incentre

The incentre is (one of the triangle’s points of concurrency
formed by) the intersection of the triangle’s three angle bisectors.

DA

The incentre is the centre of the incircle ; It is usually denoted by ; it A=~ \ B
is the one point in the triangle whose distances to the sides are equal. L Fig. 4.50
Example 4.8
l;l Construct the incentre of AABC with AB =6 cm, /B =65° and
AC = 7 cm Also draw the incircle and measure its radius. Rough Diagram
C
Solution
C
7 cm
65°
A 6 cm B
7 cm Fig. 4.51
Step 1 : Draw the AABC with
AB=6cm, /B =65°and AC=7cm
D 65°
A 6 cm B
Fig. 4.52
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Step 2

: Construct the angle bisectors of any two
angles (A and B) and let them meet at L
Then [ is the incentre of AABC. Draw
perpendicular from I to any one of the side
(AB)to meet AB at D.

>< Fig. 4.53

Step 3:With I as centre and /D as radius draw the circle.

This circle touches all the sides of the triangle
internally.

Step 4: Measure inradius
In radius = 1.9 cm.

‘ ’ 9th Maths T-Il EM.indb 93

AY
Note =

The incentre of any triangle
y g
>< Fig. 4.54 always lie inside the circle.

@ Exercise 4.5 1

Draw an equilateral triangle of side 6.5 cm and locate its incentre. Also draw the

incircle.

Draw a right triangle whose hypotenuse is 10 cm and one of the legs is 8 cm. Locate
its incentre and also draw the incircle.

Draw AABC given AB = 9 cm, ZCAB =115°and AABC = 40°. Locatge its
incentre and also draw the incircle. (Note: You can check from the above examples
that the incentre of any triangle is always in its interior).

Construct AABC in which AB = BC = 6cm and ZB = 80°. Locate its incentre and
draw the incircle.

Geomeury | o3
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4.6.2 Construction of the Centroid of a Triangle
Centroid

Example 4.9
l;l Construct the centroid of

The point of concurrency of the medians of a triangle is called | %

the centroid of the triangle and is usually denoted by G.

Fig. 4.55

Rough Diagram
R

APQR whose sides are P() = 8cm; QR = 6cm; RP = 7cm. 7em 6cm

Solution

Fig. 4.57

X

Step 2 : Draw the medians PN and
RM and let them meet at G.
The point G is the centroid

"/‘ Step 1 :

p 8 cm Q
Fig. 4.56

Draw APQR using the given
measurements P = 8cm
QR = 6¢cm and RP = 7cm and
construct the perpendicular
bisector of any two sides (PQ
and QR) to find the mid-points
M and N of PQ and QR
respectively.

R

of the given APQR.

® Three medians can be drawn in a triangle

® The centroid divides each median in the ratio 2:1 from
the vertex.

® The centroid of any triangle always lie inside the
triangle.

® Centroid is often described as the triangle’s centre of
gravity (where the triangle balances evenly) and also

as the barycentre. .
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@ Exercise 4.6 ]

1. Construct the ALMN such that LM=7.5cm, MN=5cm and LN=8cm. Locate its
centroid.

2. Draw and locate the centroid of the triangle A BC where right angle at A, AB=4cm
and AC = 3cm.

3. Draw the AABC, where AB = 6cm, /B =110°and AC = 9cm and construct the
centroid.

4. Construct the APQR such that PQ = 5cm, PR= 6cm and ZQPR = 60° and locate
its centroid.

5. Construct an equilateral triangle of side 6cm and locate its centroid and also its

incentre. What do you observe from this?

@ Exercise 4.7 )
g |
E2—8 Multiple Choice Questions
A

1. PQand RS are two equal chords of a circle with centre O such that ZPOQ = 70°,
then ZORS =

o

BESDBB

(1) 60° (2) 70° (3) 55° (4) 80°

2. A chord is at a distance of 15cm from the centre of the circle of radius 25cm. The
length of the chord is

(1) 25cm (2) 20cm (3) 40cm (4) 18cm
3. Inthe figure, Ois the centre of the circle and
ZACB= 40° then ZAOB =

(1) 80° (2) 85° (3) 70° (4) 65°

4. Inacyclic quadrilaterals ABCD, ZA = 4z, ZC = 2z the value of z is

(1) 30° (2) 20° (3) 15° (4) 25°

5. In the figure, O is the centre of a circle and diameter AB
bisects the chord CD at a point E such that CE=ED=8 cm and A
EB=4cm. The radius of the circle is

D
o)
U/B
(1) 8cm (2) 4cm (3) 6cm (4)10cm C
Geometry | 95 | NN
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10.

S
—
80°
In the figure, PQRS and PTVS are two cyclic v
quadrilaterals, If ZQRS = 80°, then LTVS = -
(1) 80 (2) 100 (3) 70 (4) 90 -
P

If one angle of a cyclic quadrilateral is 75°, then the
opposite angle is

(1) 100° (2) 105° (3) 85° (4) 90°

In the figure, ABCDis a cyclic quadrilateral in which
DC produced to E and CF is drawn parallel to AB
such that ZADC =80°and /ECF =20°, then
/LBAD =7

(1) 100° (2) 20°
(3) 120° (4) 110°

AD is a diameter of a circleand ABisachordIf AD =30cm and AB = 24 cm then
the distance of AB from the centre of the circle is

(1) 10cm (2) 9cm (3) 8cm (4) 6¢cm.

In the given figure, If OP = 17cm, PQ = 30cm and OSis
perpendicular to PQ, then RS'is

(1) 10cm (2) 6cm (3) 7cm (4) 9cm.

Points to Remember

® There is one and only one circle passing through three non-collinear points.

® Equal chords of a circle subtend equal angles at the centre.

Perpendicular from the centre of a circle to a chord bisects the chord.

Equal chords of a circle are equidistant from the centre.

The angle substended by an arc of a circle at the centre is double the angle subtended
by it at any point on the remaining part of the circle.

The angle in a semi circle is a right angle.
Angles in the same segment of a circle are equal.

The sum of either pair of opposite angle of a cyclic quadrilateral is 180°.

If one side of a cyclic quadrilateral is produced then the exterior angle is equal to
the interior opposite angle.
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STATISTICS

“Lack of statistics is to hide inconvenient facts.
- Albert Bertilsson

Sir Ronald Aylmer Fisher was a British Statistician
and Biologist. He was known as the Father of
Modern Statistics and Experimental Design. Fisher
did experimental agricultural research, which
saved millions from starvation. He was awarded

the Linnean Society of London’s prestigious

Sir Ronald Aylmer Fisher Darwin-Wallace Medal in 1958.
(1890 - 1962 A.D. (CE))

©

To interpret the term ‘Statistics’ and list basic ideas.

To recall the meaning of ‘average.

To recall different types of averages known already.

O 0 00

To recall the methods of computing the Mean, Median and Mode for ungrouped
data.

< To compute the Mean, Median and Mode for the grouped data.

5.1 Introduction

Statistics is the science of collecting, organising, analysing and interpreting data
in order to make decisions. In everyday life, we come across a wide range of quantitative
and qualitative information. These have profound impact on our lives.

Data means the facts, mostly numerical, that are gathered; statistics implies
collection of data. We analyse the data to make decisions. The methods of statistics are
tools to help us in this.
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Cricket News .,
Team U19 Matches| Won | Lost NR/Tied Cust India’s
India 71 B2 18 on | uswomer 2018 GDP Forecast
Australia 67 50 15 02 Satisfaction Survey
Pakistan 69 50 19 0/0 i
Bangladesh 64 45 17 11 Hotel Tamilnadu Ui 12
West Indies 71 44 271 000 WL OB R TR IMF 7.4%
South Africa 61 43 17 01 satisfied with our service World Bank 7.3%
England 69 40 28 0/1 Vi Satisfied o
Sri Lanka 68 36 31 01 @ ery satishe Morgan Stanley  7.5%
New Zealand 66 30 35 o1 e Moody’s 7.6%
Zimbabwe 62 28 34 000 HSBC 7%
Ireland 49 16 32 1/0 °*  Neutral
Afghanistan 24 11 13 000 - Bank of America  7.2%
Namibia 47 9 37 10 Q Unsatisfied Merill Lynch 7.5%
e H 2 gy e | G 5%
PNG 41 3 38 000

5.2 Collection of Data
iﬁ Progress Check

Primary data are first-hand original data that we T )
collect ourselves. Primary data collection can be done entily the primary data
in a variety of ways such as by conducting personal (1) ~Customer surveys
interviews (by phone, mail or face-to-face), by conducting (i) ~Medical researches
experiments, etc. (iii) Economic predictions

® _ (iv) School results @

Secondary data are the data taken from figures o

lected b lee. T l (v) Political polls
collected by s'orr.leone ése. or example, government- ) Mttt el
published statistics, available research reports etc. ..
(vii) Sales forecasts
(viii) Price index details

5.2.1Getting the Facts Sorted Out

When data are initially collected and before it is 4o

Activity

edited and not processed for use, they are known as Raw

data. It will not be of much use because it would be too
much for the human eye to analyse.

For example, study the marks obtained by 50

students in mathematics in an examination, given

Prepare an album of pictures,
tables, numeric details etc
that exhibit data. Discuss
how they are related to daily
life situations.

below:
61 60 44 49 31 60 79 62 39 51 67 65 43 54 51 42
52 43 46 40 60 63 72 46 34 55 76 55 30 67 44 57
62 50 65 58 25 35 54 59 43 46 58 58 56 59 59 45
42 44

In this data, if you want to locate the five highest marks, is it going to be easy?

You have to search for them; in case you want the third rank among them, it is further
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complicated. If you need how many scored less than, say 56, the task will be quite time
consuming.

Hence arrangement of an array of marks will make the job simpler.

With some difficulty you may note in the list that 79 is the highest mark and 25 is
the least. Using these you can subdivide the data into convenient classes and place each
mark into the appropriate class. Observe how one can do it.

25-30 30, 25
31-35 31, 34, 35
36-40 39, 40
41-45 44, 43, 42, 43, 44, 43, 45, 42, 44
46-50 49, 46, 46, 50, 46
51-55 51, 54, 51, 52, 55, 55, 54
56-60 60, 60, 60, 57, 58, 59, 58, 58, 56, 59, 59
61-65 61, 62, 65, 63, 62, 65
66-70 67, 67
71-75 72
@ 76-80 79,76 ®

From this table can you answer the questions raised above? To answer the question,

“how many scored below 56”, you do not need the actual marks. TSN
You just want “how many” were there. To answer such cases, which BRIl aZUREN RN

often occur in a study, we can modify the table slightly and just note =~ 25-30 2
down how many items are there in each class. We then may havea 31-35 3
slightly simpler and more useful arrangement, as given in the table. =~ 36-40 2
41-45 9
This table gives us the number of items in each class; each such
) ) ) i 46-50 5
number tells you how many times the required item occurs in the 51.55 7
class and is called the frequency in that class. 56-60 1
The table itself is called a frequency table. 61-65 6
We use what are known as tally marks to compute the = 66-70 2
frequencies. (Under the column ‘number of items’, we do not write 71-75 1
the actual marks but just tally marks). For example, against the [0 2
class 31-35, instead of writing the actual marks 31, 34, 35 we simply
put [ll. You may wonder if for the class 56-60 in the example one has to write [lI[II[I[I,

making it difficult to count. To avoid confusion, every fifth tally mark is put across the
four preceding it, like this Il . For example, 11 can be written as #l 11| . The frequency
table for the above illustration will be seen as follows:
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Class "No te

Cons1der anyclass,say 56-60;then 56is called

25-30 2

the lower limit and 60 is called the upper limit
31-35 Il 3

of the class. ‘
36-40 I 2
A Gl > “4 Progress Check
46-50 I 5 ,

Form a frequency table for the following data:
51-55 M 7
56-60 MM 11 23 44 12 11 45 55 79 20

52 37 77 97 82 56 28 71
61-65 alll 6 62 58 69 24 12 99 55 78
66-70 I 2 21 39 80 65 54 44 59 65
71-75 | 1 17 28 65 35 55 68 84 97
0 | > 80 46 30 49 50 61 59 33
TOTAL 50 157

5.3 Measures of Central Tendency

It often becomes necessary in everyday life to express a quantity that is typical for a
® given data. Suppose a researcher says that on an average, people watch TV serials for 3 hours ®
per day, it does not mean that everybody does so; some may watch more and some less. The

average is an acceptable indicator of the data regarding programmes watched on TV.

Averages summarise a large amount of data into a single value and indicate that

there is some variability around this single value within the original data.

A mathematician’s view of an average is slightly different from that of the commoner.
There are three different definitions of average known as the Mean, Median and Mode.
Each of them is found using different methods and when they applied to the same set of
original data they often result in different average values. It is important to figure out
what each of these measures of average tells you about the original data and consider

which one is the most appropriate to calculate.

5.3.1 Arithmetic Mean-Raw Data

The Arithmetic Mean of a data is the most commonly used of all averages and is
found by adding together all the values and dividing by the number of items.

For example, a cricketer, played eight (T20) matches and scored the following scores
25, 32, 36, 38, 45, 41, 35, 36.
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Then the mean of his scores (that is the arithmetic average of the scores) is
obtained by

ot _ 25430436438+ 45+ 41+ 35+ 36 _ 288 _ o
n

8 8

In general, if we have nnumber of observations Ty Ty T

3> Ty wvs T, then their arithmetic

mean denoted by X (read as X bar) is given by

v _ sum of all the observations o _ 1 g
X= - X==>uz
number of observations n< ' N
Note E
= Y J
We express this as a formula: X= = R e e e Y

Assumed Mean method: Sometimes we can make number is chosen as the
calculations easy by working from an entry that we guess assumed mean; we need a
to be the right answer. This guessed number is called number that would make
the assumed mean. our calculations simpler.

Perhaps a choice of number

In the example above on cricket scores, let us St fs dlase (o et 6 e

assume that 38 is the assumed mean. We now list the ) .
entries would help; it need

differences between the assumed mean and each score . ..
not even be in the list given.

entered:
® Ny — ©
25-38 = -13, 32-38=-6, 36-38 =-2, 38-38 =0,

45-38 =7, 41-38 =3, 35-38 =-3, 36-38 =-2

~13-6-2+0+7+3-3-2 16
8 8
We add this ‘mean difference’ to the assumed mean to get the correct mean.

The average of these differences is =-2
Thus the correct mean = Assumed Mean +Mean difference = 38 - 2 = 36.

This method will be very helpful when large numbers are involved.

5.3.2 Arithmetic Mean-Ungrouped Frequency Distribution

Consider the following list of heights (in cm) of 12 students who are going to take
part in an event in the school sports.

140, 142, 150, 150, 140, 148, 140, 147, 145, 140, 147, 145.

How will you find the Mean height?

There are several options.

(i) You can add all the items and divide by the number of items.
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140 + 1424150 + 150 + 140 + 1484140 4 14741454140 + 1474145 1734 ads
12 2 '

(ii) You can use Assumed mean method. Assume, 141 as the assumed mean.

Then the mean will be given by
DO +O+O+EDF O+ ED+6) + () + (=) +6) +(4)

12
446 % — 141 4 3.5 = 144.5

=141+

=141 +

(iii) A third method is to deal with an ungrouped frequency distribution. You find
that 140 has occurred 4 times, (implying 4 is the frequency of 140), 142 has
occurred only once (indicating that 1 is the frequency of 142) and so on. This
enables us to get the following frequency distribution.

Height(cm) 140 142 150 148 145 147

You find that there are four 140s; their total will be 140 x 4 = 560

There is only one 142; so the total in this caseis =~ 142 x 1 = 142

There are two 150s; their total will be 150 x 2 =300 etc.
® These details can be neatly tabulated as follows: ®
Height (x) | Frequency (f)

140 4 560 Sum of all 5

um of all fx

Mean = —————

L22 1 — No.of items
150 2 300

=1 1445 em
148 1 148 12

145 2 290
147 2 294
12 1734

AN
Note B

. . Study each step
for ready use. If 7, ,, x;, ... x_ are n observations whose corresponding .14 understand

Looking at the procedure in general terms, you can obtain a formula

frequencies are f}, f, f;, ... f, then the mean is given by the meaning of
each symbol.

< = flxl—l-]g.%'?—l—...—l—fnxn :;‘f;xl :fo r .

Can you adopt the above method combining with the assumed mean method? Here

is an attempt in that direction:
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(iv) Let the assumed mean be 145. Then we can prepare the following table:

Height(2) d = deviation from F 0
ei T requenc
8 the assumed mean 1 ¥

140-145= -5
142 142-145 = -3 1 -3
150 150 - 145= +5 2 +10
148 148 - 145= +3 1 +3
145 (Assumed) 145-145= 0 2 0
147 147 - 145= +2 2 + 4
Total Yf=12 > fd=-23+17=-6

Arithmetic mean = Assumed mean + Average of the sum of deviations

d —
= A+Zf = 145 +(1—26) = 145.0 - 0.5 = 144.5

2. f

When large numbers are involved this, method could be useful.

You are given the following ungrouped data of the number of units of electricity
consumed by 68 householders of a locality:

75,75,75,75,95,95,95,95,95,115, 115,115,115, 115,115, 115, 115, 115, 115, 115, 115,
115, 135, 135,135, 135, 135, 135, 135, 135, 135, 135, 135, 135, 135, 135, 135, 135, 135,
135, 135, 135,155, 155, 155, 155, 155, 155, 155, 155, 155, 155, 155, 155, 155, 155,175,
175,175,175, 175, 175, 175, 175, 195, 195, 195, 195.

Try to find the Mean of this data by the following methods:

(i) Adding all the items and dividing the total by the total number of items (i).
(ii) Using Assumed mean (ii) in the above method

(iii) Forming an ungrouped frequency distribution and then using the formula

_Lf
27

(iv) Using Assumed mean (iv) in the above method

Which procedure do you find simpler? Why?
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5.3.3 Arithmetic Mean-Grouped Frequency Distribution

When data are grouped in class intervals and presented in the form of a frequency
table, we get a frequency distribution like this one:

Age (in years) 10-20 20-30 30 - 40 40 - 50 50 - 60

The above table shows the number of customers in the various age groups. For
example, there are 120 customers in the age group 20 - 30, but does not say anything
about the age of any individual. (When we form a grouped frequency table the identity of
the individual observations is lost). Hence we need a value that represents the particular
class interval. Such a value is called mid value (mid-point or class mark) The mid-point
or class mark can be found using the formula given below.

UCL + LCL

Mid Value = 5 ,

UCL - Upper Class Limit, LCL - Lower Class Limit

5.4 Arithmetic Mean

In grouped frequency distribution, arithmetic mean may be computed by applying
any one of the following methods.

(i) Direct Method (ii) Assumed Mean Method (iii) Step Deviation Method
5.4.1 Direct Method

When direct method is used, the formula for finding the arithmetic mean is

- Dz
X = Zf

Where z is the midpoint of the class interval and fis the frequency

Steps
(i) Obtain the midpoint of each class and denote it by =

(ii) Multiply those midpoints by the respective frequency of each class and obtain
the sum of fz

(iii) Divide Xfzr by Xf to obtain mean

. E le 5.1 I
xamp-e The following data gives the number of residents in an area based

on their age. Find the average age of the residents.

0-10 10-20 20-30 30-40 40-50 50-60

Age
Number of Residents 2 6 9 7 4 2
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Solution

n Number of N

e 7 %

& Residents(f) tilue(a) Ji5
2 5 10

0-10

10-20 6 15 90
20-30 9 25 225
30-40 7 35 245
40-50 4 45 180
50-60 2 55 110

2. f=30 > fx = 860
Mean= X = Zf:v _ 860 _ 28.67

dof 30

Hence the average age = 28.67.

5.4.2 Assumed Mean Method

the direct method formula. However, if the observations are large, finding the products

We have seen how we can find the arithmetic mean of a grouped data quickly using

of the observations and their frequencies, and then adding them is not only difficult and

time consuming but also has chances of errors. In such cases, we can use the Assumed

Mean Method to find the arithmetic mean of grouped data.

Interval

Steps

1. Assume any value of the observations as the Mean (A) . Consider the value in
the middle preferably.

2. Calculate the deviation d = x— A4 for each class

3. Multiply each of the corresponding frequency f with d and obtain Xfd

- d
3.  Apply the formula X = A+Z—f

2. f

E le 5.2
. xamp-e _I Find the mean for the following frequency table:

Cles 100-120 120-140 140-160 160-180 180-200 200-220 220-240

Frequency 10 8 4 4 3 1 2

Statistics | 105 NN

‘ ’ 9th Maths T-Il EM.indb 105 @ 07-08-2018 17:11:39‘ ‘



T [ [ ] ®

‘ ’ 9th Maths T-Il EM.indb 106 @ 07-08-2018 17:11:41‘ ‘

Solution
Let Assumed meanA4 =170

Class

Interval
100-120 10 110 60 600

_ S fd
120-140 8 130 —40 320 Mean X = A+ ST
140-160 4 150 20 _80
160-180 4 170 0 0 170 . [—780j
180-200 3 190 20 60 - 32
200-220 1 210 40 40 Therefore, X = 170-24.375
220-240 2 230 60 120 = 145.625

D, f=32 > fd=-780

5.4.3 Step Deviation Method
In order to simplify the calculation, we divide the deviation by the width of class

x—A

intervals (i.e. calculate ) and then multiply by ¢ in the formula for getting the mean

of the data. The formula tco calculate the Arithmetic Mean is
_ d _
X:A+{Zf xc},whered:x A

2./ c

Example 5.3
l;l Find the mean of the following distribution using Step Deviation

Method.

Class Interval 0-8 8-16 16-24 24-32 32-40 40-48
Frequency (f) 10 20 14 16 18 22

Solution

Let Assumed mean A4 =28, class width ¢ =8

Class Mid Value Frequency P A fd
Interval T f o
0-8 4 10 -3 -30

8-16 12 20 -2 -40
16-24 20 14 -1 14
24-32 28 16 0 0
32-40 36 18 1 18
40-48 4 22 2 44

> f=100 D fd =-22
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Mean Note
B Z 1d e  When 7, and f, are small, then Direct Method is
X=A+ Xc the appropriate choice.
21 ® When z; and [, are numerically large numbers,
_98 +(_—22)x8 then Assumed Mean Method or Sep Deviation
Method can be used.
=28-1.76=26.24 ®  When class sizes are unequal and d numerically

large,we can still use Step Deviation Method.
5.4.4 A special property of

the Arithmetic Mean

a+b+c

3
average? (We call it deviation of the number from the Mean). And what is the sum of all these

. How far is each number from this

Let a, b and ¢ be three numbers. Their Mean is

deviations?

Deviation from the Mean

a_a+b+c_2a—b—c

a

3 3
a+b+c 2b—c—a
b b— =
3 3
a+b+c 2c—a-—b
c ¢c— =
3 3
TmmZZa—b—c+2b—c—a+20—a—b:0
3 3 3
This can be generalised as follows:
The sum of the deviations of the entries from the arithmetic mean is always zero.
If z,z,2,,..,2 are n observations taken from the arithmetic mean X
then (:z:1 -~ )_()+(:z:2 -~ )_()+(:z:3 —)_()+... + (xn —)_() =0 .Hence ) (z,— X) =0
i=1
1. If each observation is increased or decreased by k then the arithmetic mean is
also increased or decreased by k respectively.
2. Ifeach observation is multiplied or divided by k, k = 0, then the arithmetic mean
is also multiplied or divided by the same quantity k respectively.
Example 5.4
l;l Find the sum of the deviations from the arithmetic mean for the
following observations:
21, 30, 22, 16, 24, 28, 18, 17
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Solution
7o Zx _21+430+22+16+24+28+18+17 176
n 8 8

Deviation of an entry x from the arithmetic mean X is x — X

=22

Sum of the deviations
= (21-22)+(30-22)H(22-22)+(16-22)H(24-22)+(28-22)+(18-22)+(17-22)
=16-16 = 0. or equivalently, > (x—X)=0

Hence, we conclude that sum of the deviations from the Arithmetic Mean is zero.

Example 5.5
l;l The arithmetic mean of 6 valuesis 45 and if each value is increased

by 4, then find the arithmetic mean of new set of values.
6

>

1

T, T, T, be the given set of values then =l =45,

Solution

Let T Tyy Ty

A
If each value is increased by 4, then the mean of new set of values is
6

_ Z(xi+4)
NewA.M.X = %
(D)D) + G+ +H(x + D+ () +H(x +4)
I 6 6
® Z‘xi e ;’xi j‘ Progress Check ®
N e + 4 il
6

_ Mean of 10 observations is
X =45+4=49. 48 and 7 is subtracted to each

observation, then mean of new
Example 5.6 ) ) o
If the arithmetic mean of 7 values observationis

is 30 and if each value is divided by 3, then find the
arithmetic mean of new set of values

Solution

Let X represent the s7et of seven valuesX;, X,, X3, X, X5, Xz, X;.

>

7
b —a=l = =
Then X = . 30 or Z:‘xl 210 “4 Progress Check
If each value is divided by 3, then the mean of new 1. The Mean of 12 numbers
set of values is is 20. If each number is
iﬁ N K X Xy X X X multiplied.by 6, then the
~ 3 3 3 3 3 3 3 3 3 new mean is __
7 7 2. The Mean of 30 numbers
7 is 16. If each number is
eri 210 divided by 4, then the new
= I_— = - = 10 .
21 21 mean is___
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Aliter

If Y is the set of values obtained by dividing each value of X by 3.

Example 5.7
';I The average mark of 25 students was found to be 78.4. Later on, it

was found that score of 96 was misread as 69. Find the correct mean of the marks.

Solution

Given that the total number of students 7 =25, X =78.4
So, Incorrect » x=Xxn =78.4x25=1960
Correct Xz = incorrethx —wrong entry + correct entry
=1960—-69+96 =1987

correthx 1987

n

@ Exercise 5.1 ]

Correct X = =79.48

There are four numbers.
If we leave out any one
number, the average of the
remaining three numbers
will be 45, 60, 65 or 70.
What is the average of all

four numbers?

1. Inaweek, temperature of a certain place is measured during winter are as follows
26°C, 24°C, 28°C, 31°C, 30°C, 26°C, 24°C. Find the mean temperature of the week.

2. The mean weight of 4 members of a family is 60kg.Three of them have the weight
56kg, 68kg and 72kg respectively. Find the weight of the fourth member.

3. In a class test in mathematics, 10 students scored 75 marks, 12 students scored 60

marks, 8 students scored 40 marks and 3 students scored 30 marks. Find the mean

of their score.

4. In a research laboratory scientists treated 6 mice with lung cancer using natural

medicine. Ten days later, they measured the volume of the tumor in each mouse and

given the results in the table.

23

Tumor Volume(mm?®) [SEE] 148 142

Find the mean.

5. If the mean of the following data is 20.2, then find the value of p

Marks 10 15 20
No. of students 6 8 p

‘ ’ 9th Maths T-ll EM.indb 109 @
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6. In the class, weight of students is measured for the class records. Calculate mean
weight of the class students using Direct method.

Weight in kg 15-25 25-35 35-45 45-55 55-65 65-75
No. of students 4 11 19 14 0 2

7.  Calculate the mean of the following distribution using Assumed Mean Method:

Class Interval 0-10 10-20 20-30 30-40 40-50
Frequency 5 7 15 28 8

8.  Find the Arithmetic Mean of the following data using Step Deviation Method:

Age 15-19 20-24 25-29 30-34 35-39 40-44
No. of persons 4 20 38 24 10 9

5.5 Median

The arithmetic mean is typical of the data because it ‘balances’ the numbers; it
is the number in the ‘middle’, pulled up by large values and pulled down by smaller

values.

® Suppose four people of an office have incomes of ¥5000, I6000, 7000 and I8000. ®

5000+60001—7000+8000 which gives T6500. If a

fifth person with an income of ¥ 29000 is added to this group, then the arithmetic mean

5000+ 6000 + 7000 + 8000 + 29000 _ 55000
5

the average income of 11000 truly represents the income status of the individuals in the

Their mean income can be calculated as

of all the five would be =311000. Can one say that

office? Is it not misleading? The problem here is that an extreme score affects the Mean

and can move the mean away from what would generally be considered the central area.

In such situations, we need a different type of average to provide reasonable answers.

Median is the value which occupies the middle position when all the observations are

arranged in an ascending or descending order. It is a positional average.

For example, the height of nine students in a class are 122 cm, 124 cm, 125 cm, 135
cm, 138 cm, 140cm, 141cm, 147 cm, and 161 cm

(i) Usual calculation gives Arithmetic Mean to be 137 cm.

(ii) If the heights are neatly arranged in, say, ascending order, as follows
122 cm, 124 cm, 125 cm, 135 cm, 138 ¢cm, 140cm, 141cm, 147 cm, 161 cm, one
can observe the value 138 cm is such that equal number of items lie on either
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(iii)

(iv)

Suppose a data set has 11 items arranged in order. Then the median is the 6th

item because it will be the middlemost one. If it has 101 items, then 51st item
will be the Median.

If we have an odd number of items, one can find the middle one easily. In general,

n+1

th
if a data set has n items and n is odd, then the median will be the [ J item.

If there are 6 observations in the data, how will you find the Median? It will be
the average of the middle two terms. (Shall we denote it as 3.5th term?) If there
are 100 terms in the data, the Median will be 50.5th term!

In general, if a data set has n items and 7 is even, then the Median will be the

th th
average of [g] and §+1] items.

Example 5.8 ®
l;l The following are scores obtained by 11 players in a cricket match

7,21, 45,12, 56, 35, 25, 0, 58, 66, 29. Find the median score.
Solution

Let us arrange the values in ascending order.
0,7,12,21,25,29,35,45,56,58,66

The number of values =11 which is odd
th

1141
+ value

Median :[7
2

_[g
2

th
value = 6t value = 29

Example 5.9
';I For the following ungrouped data 10, 17, 16, 21, 13, 18, 12, 10, 19, 22.

Find the median.

Solution
Arrange the values in ascending order.
10, 10, 12, 13, 16, 17, 18, 19, 21, 22.

The number of values = 10

‘ ’ 9th Maths T-ll EM.indb 111 @
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th
Median = Average of [%] and (% + l)m values

= Average of 5" and 6™ values

_16+17 _ 33 _
= 5 5 16.5

Example 5.10

!

The following table represents the marks obtained by a group of 12
students in a class test in Mathematics and Science.

Marks
(Mathematics)

5 32 30 60 44 28 25 50 75 33 62

Marks

: 54 42 48 49 27 25 24 19 28 58 42 69
(Science)

Indicate in which subject, the level of achievement is higher?

Solution

Let us arrange the marks in the two subjects in ascending order.

Marks

(Mathematics) 25 28 30 32 33 44 50 52 55 60 62 75

Marks (Science) 19 24 25 27 28 42 42 48 49 54 58 69

Since the number of students is 12, the marks of the middle-most student would be
the mean mark of 6 and 7t students.

Therefore , Median mark in Mathematics = 44+ 50: 47
Median mark in Science = 42;42: 42

Here the median mark in Mathematics is greater than the median mark in Science.
Therefore, the level of achievement of the students is higher in Mathematics than Science.
5.5.1 Median-Ungrouped Frequency Distribution

(i) Arrange the data in ascending ( or) decending order of magnitude.

(ii) Construct the cumulative frequency distribution. Let N be the total frequency.

th
(iii) If Nis odd, median = [%] observation.

th

th
[N] observation + [N + 1] observation
(iv) If Niseven, median = 2

2
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No. of Students W

Solution

E le 5.11
. xamp-e _I Calculate the median for the following data:
Height (cm) 160 150

8

156
3

154 155

Let us arrange the marks in ascending order and prepare the following data:

Height (cm) Number of Cumulative
students (f) frequency (cf)

150
152
154
155
156
160
161

Here N =41

@& Median = size of [%

value = size of [

8
4
3
7
3

12
4

8
12
15
22
25
37
41

value = size of 21% value. @

If the 41 students were arranged in order (of height), the 21% student would be the
middle most one, since there are 20 students on either side of him/her. We therefore need

to find the height against the 21°' student. 15 students (see cumulative frequency) have

height less than or equal to 154 cm. 22 students have height less than or equal to 155 cm.

This means that the 21% student has a height 155 cm.
Therefore, Median = 155 cm

5.5.2 Median - Grouped Frequency Distribution

In a grouped frequency distribution, computation of median involves the following

Steps

(i) Construct the cumulative frequency distribution.

th
(ii) Find %] term.

(iii) The class that contains the cumulative frequency EY is called the median class.

(iv) Find the median by using the formula:
[N
——m

(-]

Median = [ + 2
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Where [ = Lower limit of the median class, f= Frequency of the median class
¢ = Width of the median class, N = The total frequency (Z f)

m = cumulative frequency of the class preceeding the median class

E le 5.12
. xamp e_l The following table gives the weekly expenditure of 200 families.

Find the median of the weekly expenditure.

Weekly
. 0-1000 1000-2000 2000-3000 3000-4000 4000-5000
expenditure ()
Number of
o 28 46 54 42 30
families

Solution
Weekly Number of Cumulative
Expenditure families (f) frequency (cf)
0-1000 28 28
1000-2000 46 74
2000-3000 54 128
3000-4000 42 170
® ®
4000-5000 30 200
N=200

200 ]th
— | vwvalue
2

= 100 ™ value iﬁ Progress Check

th
Median class :[%] value =

Median class = 2000 - 3000 1. The median of the first four
% 100 1 = 2000 whole numbers
m=74, ¢=1000, f=54 2. If 4 is also included

to the collection, then
(N _mj the difference of the
Median = l+2—><c medians in the two cases
/
= 2000 + (1005—;74) X 1000
= 2000 + (£2) X 1000 = 2000 + 481.5
54 '
= 2481.5
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E le 5.13
. xamp-e _I The Median of the following data is 24. Find the value of .

Class Interval (CI) 0-10 10 - 20 20 - 30 30 - 40 40 - 50

Frequency (/) 6 24 T 16 9

Class Frequency Cumulative
Interval (CI) () frequency (cf)

Solution

0-10 6 6

10-20 24 30

20-30 T 30+

30-40 16 46 + ¢

40-50 9 55+ 1
N=55+z

Since the median is 24 and median class is 20 — 30

[l =20 N=55+xz m=30, c=10, f=2x

R
?—m
Median = [+~——=——2

xc
® ! ®
(552+x _30)
24 = 20+~———2x10
X
4 = SX=25 (after simplification)
X
4xr =5x- 25
5x - 4x =25
r =25

@ Exercise 5.2 )

1.  Find the median of the given values : 47, 53, 62, 71, 83, 21, 43, 47, 41.
2. Find the Median of the given data: 36, 44, 86, 31, 37, 44, 86, 35, 60, 51

3. The median of observation 11, 12, 14, 18, z+2, z+4, 30, 32, 35, 41 arranged in
ascending order is 24. Find the values of z.

4. A researcher studying the behavior of mice has recorded the time (in seconds) taken
by each mouse to locate its food by considering 13 different mice as 31, 33, 63, 33,
28,29, 33, 27, 27, 34, 35, 28, 32. Find the median time that mice spent in searching
its food.
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5.  The following are the marks scored by the students in the Summative Assessment exam

0-10 10-20 20-30  30-40  40-50  50-60
No. of Students [ 7 15 10 11 5

Calculate the median.

6. The mean of five positive integers is twice their median. If four of the integers are 3,
4, 6, 9 and median is 6, then find the fifth integer.

5.6 Mode

(i) The votes obtained by three candidates in an election are as follows:

Name of the Votes Polled
Candidate

Mr. X 4,12, 006
Mr. Y 9, 87,991
Mr. Z 7,11, 973

Total 21,11, 970

Who will be declared as the winner? Mr. Y will be the winner, because the number
of votes secured by him is the highest among the three candidates. Of course, the votes
of Mr. Y do not represent the majority population (because there are more votes against
@ him). However, he is declared winner because the mode of selection here depends on the ®
highest among the candidates.

(ii) An Organisation wants to donate sports shoes of same size to maximum
number of students of class IX in a School. The distribution of students with
different shoe sizes is given below.

Shoe Size 5 6 7 8 9 10
No. of Students [R{I] 12 27 31 19 1

If it places order, shoes of only one size with the manufacturer, which size of the
shoes will the organization prefer? N

In the above two cases, we observe that mean or NMF i
median does not fit into the situation. We need another X

Fashion is generally an
type of average, namely the Mode.

answer to the question,
The mode is the number that occurs most frequently “What is the mode?”

in the data. e.g. “What shirt style would
When you search for some good video about mMOStpeople want to wear?

Averages on You Tube, you look to watch the one with —-

maximum views. Here you use the idea of a mode.

Where there is a grouped frequency table, the group with the greatest frequency is
called the modal group.

Statistics | 117 |
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5.6.1 Mode - Raw Data

For an individual data mode is the value of the variable which occurs most frequently.

Example 5.14
'p_l In a rice mill, seven labours are receiving the daily wages of X500,

%600, X600, 800, I800, T800 and X1000, find the modal wage.

Solution

In the given data 800 occurs thrice.Hence the mode is X 800.

Example 5.15
'LI Find the mode for the set of values 17, 18, 20, 20, 21, 21, 22, 22.

Solution
In this example, three values 20, 21, 22 occur two times each. There are three modes
for the given datal

® A distribution having only one mode is called unimodal.
® A distribution having two modes is called bimodal.
® A distribution having Three modes is called trimodal.
® ® A distribution having more than three modes is called multimodal. ®
_—
5.6.2 Mode for Ungrouped Frequency Distribution

In a ungrouped frequency distribution, the value of the item having maximum
frequency is taken as the mode.

Example 5.16
'p_l A set of numbers consists of five 4’s, four 5’s, nine 6’s,and six 9’s.

What is the mode.
Solution

Frequency 5 4 9 6

6 has the maximum frequency 9. Therefore 6 is the mode.

5.6.3 Mode - Grouped Frequency Distribution:

In case of a grouped frequency distribution, the exact values of the variables are not
known and as such it is very difficult to locate mode accurately. In such cases, if the class
intervals are of equal width, an appropriate value of the mode may be determined by

Mode =l+[ﬂ}<c
2f=fi- 1
I 1:8] 9t Standard Mathematics
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The class interval with maximum frequency is called the modal class.

Where [- lower limit of the modal class; f- frequency of the modal class
[, - frequency of the class just preceding the modal class
[, - frequency of the class succeeding the modal class

¢ - width of the class interval

E le 5.17
. xamp-e _I Find the mode for the following data.

Marks 1-5 6-10 11-15 16-20 21-25
No. of students 7 10 16 32 24
Solution .
=

0.5-5.5 7 Convert discrete class interval

into contiunous class interval
2:5-10:5 10 for doing this substract 0.5 to
10.5-15.5 16 the lower limit and add 0.5 to

the upper limit of each class.
15.5-20.5 32

20.5-25.5 24 i

Modal class is 16 -20 since it has the maximum frequency.

| =155, f= 32,f, =16, f,=24, c=20.5-155=5

Mode =I[+ L X
2f—f =1k
_ 32-16
=155+ (g 15— 24) %5 D
= 15.5+(38) x5 =15.5 +3.33 =18.83. EENTGD

5.6.4 An Empirical Relationship between Mean, Medan and Mode

We have seen that there is an approximate relation that holds among the three
averages we have seen, when the frequencies are nearly symmetrically distributed.
Mode = 3 Median - 2 Mean

Example 5.18
'p_l In a distribution, the mean and mode are 66 and 60 respectively.

Calculate the median.

Solution
Given, Mean = 66 and Mode = 60.

Statistics | 115 N
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Using, Mode = 3Median - 2Mean
60 = 3Median - 2(66)

3 Median = 60 +132

Therefore, Median = % ~ 64

@ Exercise 5.3 ]

1. The monthly salary of 10 employees in a factory are given below :
%5000, X7000, 5000, X7000, X8000, ¥7000, I7000, 8000, X7000, I5000

Find the mean, median and mode.

2. Find the mode of the given data: 3.1, 3.2, 3.3, 2.1, 1.3, 3.3, 3.1

3. Forthedatall, 15,17, 2+1,19, 2-2, 3 if the mean is 14, find the value of 2. Also find
the mode of the data.

4. The demand of track suit of different sizes as obtained by a survey is given below:

NVAS 38 39 40 41 42 43 44 45
No. of Persons 36 15 37 13 26 8 6 2

Which size is demanded more?

5. Find the mode of the following data:

Marks 0-10 10-20 20-30 30-40 40-50
Number of students 22 38 46 34 20

6. Find the mean , median and mode of the following distribution:

Weight(in kgs) 25-34 35-44 45-54 55-64 65-74 75-84
Number of students 4 8 10 14 8 6
&
1.  Prepare a frequency table of the top speeds of 20 different land animals. Find mean,

median and mode. Justify your answer.
2. From the record of students particulars of the class,
(i) Find the mean age of the class ( using class interval)

(ii) Calculate the mean height of the class( using class intervals)

I 120 9t Standard Mathematics
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@ Exercise 5.4 ]

Multiple choice questions

T
BF 4HHH

Data available in an unorganized form is called ------------- data
(1) Grouped data (2) class interval.  (3) mode (4) raw data.

Let m be the mid point and b be the upper limit of a class in a continuous frequency
distribution. The lower limit of the class is

(1) 2m-b (2) 2m+b (3) m-b (4) m-20.

Which one of the following is not a measure of central tendency?
(1) Mean (2) Range (3) Median (4) Mode.
The mean of a set of seven numbers is 81. If one of the numbers is discarded , the
mean of the remaining numbers is 78 . The value of discarded number is
(1) 101 (2) 100 (3) 99 (4) 98.
A particular observation which occurs maximum number of times in a given data
is called its

(1) Frequency (2) range (3) mode (4) Median.

For which set of numbers do the mean, median and mode all have the same values?

(1) 2,2,2,4 (2) 1,3,3,3,5 (3) 1,1,2,5,6 (4) 1,1,2,1,5.

The algebraic sum of the deviations of a set of 7 values from their mean is

(1) 0 (2) n-1 3) n (4) n+l.

The mean of a,b,c,d and e is 28 . If the mean of a, c and e is 24 , then mean of b and
dis_

(1) 24 (2) 36 (3) 26 (4) 34

If the mean of five observations z, 2+2 , z+4 , 2+6, z+8 ,is 11, then the mean of first
three observations is

(1)9 (2) 11 (3) 13 (4) 15.

The mean of 5,9, 7, 17, and 21 is 13, then find the value of z
(1) 9 (2) 13 (3) 17 (4) 21
The mean of the square of first 11 natural numbers is
(1) 26 (2) 46 (3) 48 (4) 52.
Statistics | 121 || NN
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12. The mean of the first 10 prime numbers is

(1) 12.6 (2) 12.7 (3) 12.8 (4) 12.9.

13. The median of the first 10 whole numbers is

(1) 4 (2) 4.5 (3) 5 (4) 5.5.

14.  The mean of a set of numbers is X . If each number is multiplied by z the mean is

(1) X 42 (2) X -z (3) z X (4) X

15. Find the mean of the prime factors of 165.
(1) 5 (2) 11 (3) 13 (4) 55

Points to Remember

® The information collected for a definite purpose is called data.

® The data collected by the investigator are known as primary data. When the
information is gathered from an external source,the data are called secondary data.

® Initial data obtained through unorganized form are called Raw data.

® When data are arranged into classes or group we call the data as Grouped data.

® C
® The number of times the observations are repeated is called its Frequency.
® Mid Value = % (where UCL-Upper Class Limit, L CL-Lower Class Limit).

® Size of the class interval = UCL - LCL.

® The mean for grouped data:

Direct Method Assumed Mean Method Step-Deviation Method

r- 2 X = +M X =A+ Z:fdxc
X_Zf X=A4 Zf X=A4 |:z :|

® The cumulative frequency of a class is the frequency obtained by adding the
frequency of all up to the classes preceeding the given class. ( N j

——-m
® Formula to find the median for grouped data: Median =7+ \2 ..

® Formula to find the mode for grouped data: Mode = /+ [AJ XcC.
2f=h~1s
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ANSWERS

1 Set Language

Exercise 1.1

1. (i) {1,2,3,4,5,7,9,11} (ii) {2,5} (iii) {3,5}
Exercise 1.2
1.(i) {a,b,cdef} (ii) {a,b,d} (iii) { a,b,c,d,e,f} (iv) {a,b,d}
2(1) @ (u) @ (m) @ (N) @
uBNne) N(BUC) (AuB)N (AnB)U
® Exercise 1.3 @
1. (i) {346} (i) {-15,7} (iii) {—3012345678}
(iv) {-3,0,1, 2 (v) 1 2,4, 6 (V1) (Vu) —1,3,4, 6
2(1) @ (u) @ (m) @
(AuC)— —(ANCO)
(iV) A B (V) A B
C C
(BUC)— A ANBNC

Exercise 1.4
2.(i) 185 (ii) 141 (iii) 326 3.(1) 125
(ii) 695 (iii) 105 4. 70
Answers | 123 [
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5. =20, y=40, 2=30

(iii) 8

1.(1) 1
3.4) (AnB) =AUB
6.(4) ¢

9.3) Z—(XNY)

1.(1) 5*
2.(1) 4°
(ii) 9

. 25
vi) —
(vi) T

—14

@ (iv) 10 %

1.3) 2143
2.() V30

(v) ul

16
> 45> i
yes
yes

4. (i)
5. (i)
6. (i)

1.(i) 5.6943 x 10"
I 124 9t Standard Mathematics
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7.

7.(3)
10.(1)

(ii)
(ii)
(iii)
4.(i)
5.(i)

(ii)

(ii)

3.(i)

(ii)
(ii)

(ii)

(ii)

(ii)

@ H ' EHEE _
6.(i) 5 (i) 7
5
Exercise 1.5
2.(3) (P-QU(P—R)
4.(2) 10 5.(1) 10
Set of isosceles right triangles. 8.(1) A
5
2 Real Numbers
Exercise 2.1
L 3
5" (iii) 52 (iv) 52
3 5
4?2 (iii) 42 3.(1) 7
32 (iv) 2i (v) 9
1 1 10
52 (i) 72 (iii) 7°
5 (ii) 3 (iii) 10 (iv) 4
ii iii iv = ®
Exercise 2.2
335 (iii) 2643 (iv) 85
J5 (iii) 30 (iv) 494 —25b
1.852 (ii) 23.978
(ii) \/ﬁ > 3/% > 3/%
yes (iii) yes (iv) yes
yes (iii) yes (iv) yes
Exercise 2.3
J5 .. 56 30
N2 (iii) =—— (iv) ——
3 6 2
13— 446 (iii) % (iv) —2v5
7’ +i =18 5. 5.414

2
X

Exercise 2.4

2.00057 x 10° (iii) 6.0x10°"

(iv) 9.000002 x 10"

07-08-2018 17:12:25‘ ‘



2.(i) 3459000 (ii) 56780
3.(i) 1.44x10% (ii) 8.0x107"

(i) 9.4605284 x 10" km

5.(i) 1.505x10° (ii) 1.5522x10"

(iii) 0.0000100005
(iii) 2.5x107% 4.(i) 7.0x10’
(iii) 9.1093822x 10" kg

(iii) 1.224 x 107 (iv) 1.9558 x 107"

Exercise 2.5

1.(4) 25 = 45 2.(4) V13

5.(2) 4 6.(2) 821
9.2) o 10.(4) ]él:
13.(2) 0.00592 14.(3) 2x10" m”

3

3.(1) 810 4.3) 53

7.(3) @ 8.(2) 22— 4410

11.(2) % 12.(3) 5.367x10°*
Algebra

Exercise 3.1

1.(i) (z—1) is a factor
2. x4+ 2 is not a factor

4. m=10 6. Yes

(ii) (z—1) is not a factor
3. (z —5)is a factor of p(z)
7. k=3 8. Yes

Exercise 3.2

1.(i) 42 + 9y* 4+ 162" + 122y + 24yz + 1622
(iii) p* +4¢> +9r* — 4dpq + 12qr — 6pr

2.(i) 2° +152" + 74z +120
(iii) 27a® +27a* —18a — 8

3.(i) 18,107,210

..y 99
i) —
(ii) -0

5.(i) 8a® +27b° + 36a°b + H4ab’

4.(i) 14

(ii) 4a® 4+ 9b*> +16¢*> — 12ab — 24bc + 16ac

> b & ab  be  ac

(iv) =+ —+—+—+—+—
6 9 4 6 3 4

(ii) 8p* —24p* —14p + 60

(iv) 64m® + 64m* —100m — 100

(ii) —32, -6, +90
78

iii) 78 iv) —

(iii) (iv) 0

(ii) 272° — 64y® — 1082y + 144y
Y

(iv)0.0000002530009

2
(iif) x3+i3+3i+3—f (iv) a3+i3+3a+§
Y ) Y a a
6.(1) 941192 (ii) 1092727 (iii) 970299 (iv) 1003003001
7.29 8. 280 9. 335 10. 198 11. 45, +110
12. 36 13.(i) 8a® 4 27b° + 64¢® — T2abe (ii) 2° — 8y® + 272" + 18zyz
14.(i) —630 (ii) 486 (i) = (iv) =2
12 4
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(iii)
(iii)
(v)

(vii)

(ix)
3. (i)

(iii)
4.(i)
(iii)
(v)
5. (i)
(ii)
(iii)
(iv)

1.(i)

(iii)

(v)

(vii)

(ix)

I 126 ]
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| T T ®
15. (z4y)(y +2)(z + 2) 16. % 18. 72xyz
Exercise 3.3
1. (i) p° (ii) 1 (iii) 3a’b’c’ (iv) 162°
(v) abc (vi) Ty’ (vii) 25ab (viii) 1
2.(1) 1 (ii) o™ (iii)) (2a+1) (iv) 1
(v) (:v + 1>($ — 1> (vi) (a — Bx)
Exercise 3.4
1.(i) 2a*(1 + 2b + 4c¢) (i) (a—m)(b—rc)

p+gp+r)iv) y+Dy -2y +1) 2.31) (:c + 2)2 (ii) 3(a — 4b)?

o(x +2)(z —2)(2” + 4) (iv) m+l+5 m+i—5]
m m
6(1+ 6z)(1 — 6x) (vi) a—l+4 a—l—4]
a a

m’ + 3m +1)(m* — 3m +1) (viii) (z" +1)

(
[i - \/g] (x) (&> +b* + ab)(a’ +b* — ab) (xi) (2% +2y° +22y)(z° + 2y — 21y)
(

N
22 + 3y + 52)° (ii)) (142 —3y)’ (or)(=1—z + 3y)’
(“5z 42y + 320 (or) (bz—2y— 32 (iv) [1+3+§2
(27 + 5y)(42* — 102y + 25¢°) (ii) (l" g(a Z+ 9a + 81)
(3z —2y) (92" + 62y + 47°) (iv) (m + 8)(m’ — 8m + 64)
(a+2b)(a® + b +ab) (vi)(a+2)(a—2)(a* +4—2a)(a® + 4+ 2a)
(z 4 2y + 32)(z° + 49° + 92° — 2zy — 6yz — 3a2)
(a+b+1)(a*+b"+1—ab—b—a)
(z+2y—1) (2" +4y* +1— 22y + 2y + )
(I—2m —3n)(I’ +4m* + 9n® + 2lm — 6mn + 3in)
Exercise 3.5
(x+6)(z+4) (i) (z—11)(z +9)
(z46)(z—2) (iv) (z 4+ 15)(z —1)
(p—8)(rp+2) (vi) (t—-9)(t—38)
(z =5)(z —3) (viii) (y —20)(y +4)
(a + 30)(a — 20)

9th Standard Mathematics
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2.(i)

(v) (xz—"Ty)(5x + 6y) (vi) (22 — 3)(4z — 3)
(ix) —1(3a +10)(a —1) (x) 32*(3y + 2)° (xi)
(P—q—8)(p—q+2) (ii)

(
(
) (
(
(i) (m -+ 6n)(m — 4n) (iv) (a+5)(V5a ~ 3] () (a+D(@-1)(a" ~2)
(

3.(i)

(vi) m(4m + 5n)(2m — 3n)

(2a +5)(a +2) (ii) (11 —6m)(m +1) (iii)

. O |

2z —5)* (iv) (=122 — 8)(5z — 4)

(vii) 2(3z + 2y)(z + 2y) (vii))—3(4z + 3)(z — 1)
a+b+6)(a+b+3)

187 — 9y — 13)(2z — y + 1)

(vii) \/ga: + 2)(4x - \/g)

(viii) (a® 4+ 3a +1)(a® — 3a + 1) (ix) a——+4 a—1—4]
a
2
1 1 1 2|3 2
x) |=+- (xi) [=4+2]|2+2
r -y r yjlz vy

1.(i)2° + 42 + 5, 12

(iii) 2° + 8z + 48, 253

Exercise 3.6
(ii) (z*—=1), —2
(iv) 32° — 11z + 40, — 125

2. 42" =22 +3,p=—-2,¢=0, remainder=-10
® 3. a=20,b=94 & remainder=388 ®
Exercise 3.7
1.(1)) (z—2)(z +3)(z—4) (ii) (z+1)(z—2)(2z—1)
(iii) (x —1)(42” — z + 6) (iv) (z—1)(2z —1)(2z + 3)
(V) (z+2)(z+3)(z—4) (vi) (z—1)(z—2)(xz+3)
(vii) (z —1)(z —10)(z +1) (viii) (z—1)(2" +2—4)
Exercise 3.8
1.(4) factor 2.3) % 3.(2) (32 —3) 4.3) p(3)
5.3) (2*+9") 6.3) (¢+2) 7.2) (~a—b+c)  8.(2) bac
9.(3) 1,2,-15 10.(3) 3 11.(4) 0 12.(3) 1
13.(2) 31 14.(1) o 15.(2) (x2 —y2> 16.(3) 7
4 Geometry
Exercise 4.1
1. (i) diameter (ii) centre (iii) radius (iv) arc (v) three
2. (i) false (ii) true (iii) true (iv) true (v) false
answers | 127
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Exercise 4.2

1. 15cm 2. 24cm 3. 17cm

5. 18cm 6. 14 cm 7. 6 cm
Exercise 4.3

1. (i) 45° (ii) 10° (iii) 55° (iv) 120°

2. /BDC =25°/DBA = 65°,ZCOB = 50°

Exercise 4.4

4. 8cm, 45° 45°

(v) 60°

1. 30° 2.(i) LZACD = 55° (ii)) ZACB = 50° (iii) ZDAFE = 25°
3. LA=64°% /B=280% /C =116% /D =100° 4. 17cm
5.(i) LCAD = 40° (ii) £ZBCD = 80° 6. Radius=5cm 7. 3.25m
8. ZOAC = 30° 9. 5.6m 10. ZRPO = 60°
Exercise 4.7
1.(1) 55° 2.(3) 40cm 3.(1) 80° 4.(1) 30°
5.(4) 10cm 6.(1) 80° 7.(2) 105° 8.(3) 120°
9.(2) 9cm 10.(4) 9cm
® 5 Statistics ®
Exercise 5.1
1. 27°C 2. 44kg 3. 56.96 (or) 57 (approximately)
4. 142.5 mm3 5 p=20 6. 40.2 7. 29.29 8.29.05
Exercise 5.2
1. 47 2. 44 3. 21 4.32
5. 31 6. 38
Exercise 5.3
1. 6600, 7000, 7000 2. 3.1 and 3.3 (bimodal) 3. 15
4. 40 5. 24 6. 55.9, 56.64, 58.5
Exercise 5.4
1.(4) raw data 2.(1) 2m-b 3.(2) Range 4.(3) 99
5.(3) mode 6.(2) 1,3,3,3,5  7.(1) 0 8.(4) 34
9.(1) 9 10.(2) 13 11.(2) 46 12.(4) 12.9
13.(2) 4.5 14.(3) 2X 15.(4) 55

I 128 9t Standard Mathematics

‘ ’ 9th Maths T-Il EM.indb 128

07-08-2018 17:12:56‘ ‘



MATHEMATICAL TERMS

Angle Gameword
Arithmetic mean gl (b& sl
Associative property Geriiyt uesory
Assumed mean oagé sl
Binomial surds FRBMILIL] (PMIbE6T
Centre emLOWID
Centroid &GS (HemIDWID
Chord THIT600T
Circumference urflé
Commutative property urflombmy Lesory
Compound surds Bl (b (PMILSET

Concentric circle

CILIME6MLOWI QUL L TRIS6T

Congruent circle

SFIEUFID GUL L TRIGEIT

Conjugate Bewevor
Cyclic Quadrilateral QI L BIH&IiD
Diameter il LD
Disjoint sets QUL L& SEUOTTRIGET
Distributive property L bl LieGor
Division algorithm QUGSHSE LGP
Factor theorem &nyeofld Gammid
Factorisation SMTEOOAILILI & SISH6D
Finite set (P& H6ETOTD
Frequency table HlapeleueTTT LILIg 16D
Greatest Common Divisor BLIeILIH OLTE) UGS
Grouped data BTG@SELILLL STSHET
Identities (PHOMTBENLOEHET
Incentre 2 _6TeulL emLoWiD
Incircle o_eTaulLiD

@ Indices SibHSSHET
Inradius 2 e’ L Spmid

Irrational number

&g (Lpmi erevor

Major sector

ewflw eul L &GametoriL@G S

Measures of central tendency

MLWILIGLITEG SI6TEmEUS6T

Median BenLHlemen Sieney

Minor sector A e’ L& GamevoriLi&E
Mixed surds &6l (PMIbESET

Mode Wab

Overlapping sets QIEL (bID HETTTTRIGET
Primary data (PBEHEDEDS SHT6) &6
Pure surds (P(REWLOLLITEDT (PMICHBET
Quadrilateral HTMHSTLD

Radical epes&miulcn

Radicand CLPED SIIqLDITEDTID
Rationalisation SNBSS SIS0

Raw data eFiLesfILLILL TS SHTeyseT
Scientific notation anlefied GnluSk
Secondary data BesoTLMbHlenens SHIeydHer
Sector QU L&CaHTemniLGS)
Segment QUL &81650T(h
Semi-circle SiemTEUL LD

Set complementation &evor AT

Set difference

6001 eNSHEHLITEID

Set operations

HE00IEF E\FIGLSHEIT

Step-deviation method Liq 6flends (ewm
Surds (PDIbSET

Synthetic division OBTE(LPEDM CUGSSSHED
Ungrouped data OBTGSHLILLTG SHIEYSHET

Universal set

SIEWEDT S| SHET0TD

Venn diagram

616U6DTLIL LD

Zero / Factor

L&D / snmevof]
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