Bosic Motirematics
(i) If the compound proposition p — (~ q v r) is false, then find the truth values of

p,qandr.

(iv) Ifthe truth value ofthe proposition (p A q) — (r v ~ s) is false, then find the truth values
ofp, g, rands.

3) Construct the truth table for the following:
M ~pr~q (i) pvear~p (i) ~p—>q () pr~q (V) ~pvq
(Vi) (pvq) < (qap) (vi) ~(pvq)  (vii) ~p>(pA~q)
4) Ifp: 33 isaninteger
q : 2 is an odd number
r: 5 is a prime number
then what is the truth value of the proposition (p <> q) A1
Five mark questions:

1) Construct the truth table for the following propositions:

() pv(@a~1) @ (~pArgA~r
(iii) (pAq) > (rv~q) (i) (pArqvr

v po>q-o-~r V) (p—>1)A(p—>9)
(vii) p—>(qAT) (viii) (p >~q) AT

ANSWERS 6.1

One mark questions:
1) (1) xisareal number or Mathematics is easy.

(i) x is areal number and Mathematics is easy.

(i) x isnot areal number and today is a holiday.

(iv) Mathematics is easy and today is not a holiday.
(v) Ifxisareal number or today is a holiday then Mathematics is easy.

(vi) xisareal number if and only if Mathematics is easy or today is a holiday.

(vi)) x is a real number or today is a holiday and Mathematics is not easy.

(vii)) Ifx is a real number and Mathematics is not easy then today is not a holiday.

2) () pnrgq (i) ~pvq
() p—>~q () p—>q
V) ~pv~q

Two and Three marks questions:
H @O T (i) T (i) T (iv) F v T (vi) F

BEITH
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2) (1) pisT,qisErisF
(i) pisT,qisT,ris F

(i) pisT,qisFrisF
(iv) pisT,qisT,risF,sisT

3 |p| 9| ~p|] ~9q| ~par~q
T| T F F F
T| F F T F
F| T T F F
F| F T T T
@(p | q |pva|~p| PvadAr~q
T|T T F F
T|F T F F
F | T T T T
F | F F T F
@|p|[q|p>q9[~(pP—>9
T | T T F
T|F F T
F|T T F
F | F T F
™M|{p|a| ~q9 | pr~q
T| T F F
T|F T T
F|T F F
F|F T F
M|ip| a9 ~p ~pvq
T| T F T
T| F F F
F| T T T
F| F T T
M |p |9 |Pvqg | qAp (pva < (qap)
TI|T T T T
T | F T F F
F | T T F F
F |F F F T
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6.4 Tautology and Contradiction

Definition 1 : A compound proposition is said to be a Tautology if it is true for all possible
combinations of the truth values of'it’s components.

Definition 2 : A compound proposition is said to be a contradiction if it is false for all
possible comibinations of the truth values ofit’s components.

Example 7 :

WORKED EXAMPLES

Show that the proposition (p — q) <> (~ p v q) is a Tautology.

@
Solution: | p q pP—>q ~p | ~pVvq @<—>
T T T F T T
T F F F F T
F T T T T T
F F T T T T
The last column indicates that the given proposition is a Tautology.
Example 8:
Show that the proposition (p A Q) A ~ (p v q) is a contradiction.
®
Solution: | p q pAq pvq | ~(pvQq @/\
T T T T F F
AT | e F T F F
F T F T F F
F F F F T F
The last column indicates that the given proposition is a contradiction.
Example 9 :
Verify whether the proposition (p A ~ q) A (~p v q) is a contradiction or not.
® ®
Solution: | p q ~q pA~q ~p ~pvq AA B
T T F F F T F
T F T T F F F
F T F F T T F
F F T F T T F

Since the last column is all ‘F’, the given proposition is a contradiction.
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Example 10: Prove that [pv (p A1)] < [(p v q) A (p v 1) is a tautology.

® ®

r pv(gar)| p pvr | ®

Solution:
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The last column indicates that the given proposition is a Tautology.
Example 11: Find whether p — (~ p v q) is a tautology or a contradiction.

Solution:
pla| ~p|~pvq|p—>(~pVvQ
T|T]| F T T
T|F| F F F
F|T| T T T
F|F| T T T

The last column suggests that the proposition is neither a Tautology nor a contradiction.
6.5 Logical Equivalence

Two compound propositions ‘p’and ‘q’ involving the same components are said to be logically
equivalent, iftheir truth values are the same for each different combinations of'the truth values
oftheir components. We then write ‘p = q’ (read as ‘p is logically equivalent to q’).

Some of the important logically equivalent propositions are as follows:

1) Idempotent Laws (1) pvp=Ep (i) pAap=p
2) Law ofdoublenegation: ~ (~p)=p
3) Commutative Laws () pvgq=qvyp ()pAarq=qAap
4) Assmative Laws () pv(vn=(pvqgvr () pa(gar)=(pag)Aar
5) Distributive Laws c (1) pvan=ppvalpvr)
(i) par(@vr)=(pArqv(pAar)
6) De’Morgans Laws : () ~(prqQ=~pv~q (i) ~(pvg=~par~q

N ~P>9=pr~q
8 ~peqd=pPr~qv(@r~p)
All the above results may be verified by constructing their respective truth tables.
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WORKED EXAMPLES

Example 12 : Show that () ~(pArq@=~pv~q @ ~pve=~pr~q

(Verification of De’Morgans Laws)

Solution:
(i) 1 2 3 4 5 6 7
P | q prq | ~(prq | ~p ~q | ~pv~q
T| T T F F F F
T | F F T F T T
F | T F T T F T
F | F F T T T T
4th and 7th columns are identical.
~(pAg=~pv~q
Solution:
(ii) 1 2 3 4 5 6 7
Pl 9 pvq | ~(pva ~p ~q | ~pr~¢q
T|] T T F F F F
T| F T F F T F
F| T T F T F F
F| F F T T T T

4th and 7th columns are identical.

n~(pva=~pr~q
Example 13 :

Prove:~(p—>q)=p~r~q

Note : This result is useful in writing the negation of the given implication.

Solution:
1] 2 3 4 5 6
Pl 4 p->q|~pP—>9 | ~q pAr~q
T[T T F F F
T| F F T T T
F| T T F F F
F| F T F T F

Columns 4 and 6 are identical. Hence proved.
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Example 14:
Prove:p—>(@Arn=(p-oqQar(p—or)

Solution:
1 2 3 4 5 6 7 8
pP| a| r| gqar| pXqarn) | po>q| po>r| (po>g9a(p—or)
T T T T T T T T
T T F F F T F F
T F T F F F T F
T F F F F F F F
F T T T T T T T
F T F F T T T T
F F T F T T T T
F F F F T T T T

Columns 5 and 8 are identical, proving the logical equivalence ofthe given propositions.
Example 15:
Negate the following propositions:
@H~pvq (i) po>(@ar) (i) pr~q (V) po~q
Solution:
(1) ~(~pvq) =~(~p) A~q[using De’Morgans law]
= pA~q[using~(~p)=p]
S~(pv~@=pa~q
(i) ~[p—=>(@an] =par~(qnar)[using~({p—>q=pr~q]
=p A(~qv~r)[using De’Morgan’s laws]
S~p=>@an]=pa~qv~1)
(i) ~(pA~q)

~p v ~(~q) [using De’Morgan’s law]
= ~pvq[using ~(~p)=p]
L~(pA~q=~pvq
(iv) ~(p>~q=pAr~(~q) [using~(p>q)=pAr~q]
=pAq[using~(~p)=p]
L~(p—o>~q9=pnrq
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Example 16:
Negate the proposition:
“cow is big and it is black”.
Solution:
Let p : cow is big
q: cow is black
Given propositionis “p A q”
we know that: ~(pAaq)=~pv~q
Therefore, negation of the given proposition is “cow is not big or it is not black™.
Example 17:
Negate the proposition “If the number is real then it is either rational or irrational”
Solution:
Let p : The number is real.
q : The number is rational.
r : The number is irrational.
Then, given proposition is p — (q v r)
~[p—>@vnl=pa(~qa~r1)
Thus, the negation of the given proposition is “A number is real and it is not rational and not
irrational.”
This may also be stated as “A number is real but it is neither rational nor irrational”.
Example 18:
Negate : “If he is rich then he is happy”.
Solution:
Letp: Heisrich, q : He is happy.
we are given: p —q
~p>a=pr~q
we therefore get the negation as: “He is rich and he is not happy”’.
Example 19:

Negate : “6 is an even number or Jg is not rational”.
Solution:
Let p: 6 is an even number.
q: +/5 isrational.

The given propositionisp v ~q
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Then,~(pv~q)=~pAq

.. the negation of the given statement is “‘6 is not an even number and /5 is rational”.
Example 20 :

Negate : “A triangle is equiangular if and only if the corresponding sides are equal”.
Solution:

Consider p : A triangle is equiangular.

q : It’s corresponding sides are equal.
we are givenp <> q

we know that ~ (p <> q) =(p A ~q) v (q A ~p). Hence, the negation of the proposition
becomes “a triangle is equiangular and the corresponding sides are not equal or the triangle
is not equiangular and the corresponding sides are equal”.

6.6 Converse, Inverse and Contrapositive of a Conditional:
Given a conditional p — q,
(1) the conditional q — p is called the converse of p —q
(i) the conditional ~p — ~ q is called the inverse of p —q
(i) the conditionalis ~q —~pis called the contrapositive ofp —q

It may easily be verified thatq > p=~p —>~qandp >q=~q—>~p

WORKED EXAMPLES

Example 21 :

Write the converse, inverse and contrapositive of “If I work hard then I get
the grade.

Solution:
p : I work hard
q : I get the grade
p — q is the given proposition.
converse : q > p
ie., If I get the grade then I work hard.
inverse: ~p >~
ie., If1 do not work hard then I do not get the grade.
contrapositive: ~q > ~p
ie., IfTdo not get the grade then I do not work hard.
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Example 22 :

Write the converse, inverse and contrapositive of the implication “If x € (AUB)
thenx € Aorx € B”

Solution:
Letp:x e AUB
g:xeA
r:xeB
p — (q v 1) is the given proposition.
converse : (QVvr)—>Dp
jie.,Ifx € Aorx € B thenx € (AUB)
inverse: ~p >~(qQvr)=~p—>(~qAa~1)
ie., Ifx ¢ (AUB) thenx ¢ Aandx ¢ B
contrapositive : ~(qvr) > ~p=(~qA~1)>~D
ie.,If x ¢ Aandx ¢ B thenx ¢ (AUB).
Example 23 :

Write the converse, inverse and contrapositive of “If x is less than 1 then it is a
prime number”.

Solution:
p :xis less than 1
q : x is a prime number
The given propositionisp — q
converse : q > p
ie., Ifx is a prime number then it is less than 1.
inverse: ~p >~q
ie., Ifx is not less than 1 then it is not a prime number.
contrapositive : ~q —> ~p

ie., If x is not a prime number then it is not less than 1.
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EXERCISE 6.2

One mark questions:
1) Negate the following propositions:
(i) pv~q (i ~p—>q (i) ~pA~q
(iv)par~q V) ~p—>~q
2) Negate the following:
(i) 4isaneven integer or 7 is a prime number.
(i) He likes to run and he does not like to sit.
(i) He likes Mathematics and he does not like Logic.
(iv) If6isadivisor of 120 then 486 is not divisible by 6.
(v) If2 triangles are similar then their areas are equal.
(vi) Itiscoldoritis raining.
Two marks questions:
1) Negate:
») p—>(qar) (i) qv[~(pAD)]
(i) (p>gAr(@—>p) (@) p—>(qQa~r1)
2) Negate the following:
(1) Ifan integer is greater than 3 and less than 5 then it is a multiple of 5.
(i) If‘x’is divisible by ‘y’ then it is divisible by ‘a’ and ‘b’.
(i) Weather is fine and my friends are not coming or we do not go to a movie.
(iv) Ifatriangle is equilateral then it’s sides are equal and angles are equal.
(v) 14isadivisor of48 and 28 is not divisible by 82.
3) Determine whether the following propositions is a Tautology or a contradiction or neither.
@® (PArgdAa~p @ [~pA(pva)] @ (prq) —>(@Pva
(v) (pArq)—p (V)~par~q
Three marks questions:
1) Write the converse, inverse and contrapositive of the implications given below:
(i If x(x—2)=0thenx=2
(@ IfxeAnBthenx A and x B
(i) Ifthe questions are easy then students score better marks.

(iv) IfI get a seat then I will watch a cinema and have fun.
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(v) Ifoxygenisa gas then accountancy is easy or the child is brave.
(vi) If x>*=)*thenx=y
(vii) If 2 straight lines are parallel then they do not intersect.

Five marks questions:

1) Check whether the following propositions is a Tautology or a contradiction:
® Pr~)—=>@rq (i) [~pAr(Pv@]—>q
(iii) (p >q) <> (~p—>~q) (V) [~(P>~q]v(~peq)
V) ~pvae(v~q

2) Show that (p — q) <> (~q— ~p)is a Tautology.

3) Show that ~(p v q) = (~p A~q) is a Tautology.

4) Prove: [(p > q) A(q—T1)] = (p —>1)is aTautology.

5) Provethat (p v q) A (~p A~q) is a contradiction.

6) Show that (~p Aq) A(qAT)A(~q)is acontradiction.

7) Examine whether the following are logically equivalent:

(i) p<>qand(p—>qA(qQ—>p) (i) p>(q—>rand(p—>q) —>r
(i) (pA~q)vqgandpvq (v) p<>qand (~pv ) A(~qVvDp)
(V) pAqand~(p—>~q) M) ~(p<>qand(pA~q) v(qQAa~D)

(vii) pv(gar)and (pvq) A(pvr)
ANSWERS 6.2

One mark questions:

) ) ~pnaq (i) ~pA~q (i) pvq
(iv) ~pvq (V) ~pArq

2) (i) 4isnotaneven integerand 7 is not a prime number.
(i) He doesnot like to run or he likes to sit.
(i) He does not like Mathematics or he likes Logic.
(iv) 6isadivisor of 120 and 486 is divisible by 6.
(v) 2 triangles are similar and their areas are not equal.

(vi) Itisnot cold and it is not raining. (It is neither cold nor raining)
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Two marks questions:

)@ pa(~qv~r)
(i) (pA~q)v(qAr~p)

2) O
(ii)
(iif)
()

v)
3) @
()

Three marks questions:
: Ifx=2thenx (x—2)=0
cIfx (x—2)#0thenx =2

D @

(ii)

(i)

()

v)

(i) ~gAa(pAr)
(iv) pAa(~qvr)

An integer is greater than 3 and less than 5 but is not a multiple of 5.

‘x’ is divisible by ‘y’ and it is not divisible by ‘a’ and ‘b’.

Weather i not fine or my friends are coming and we go to a movie.

A triangle is equilateral and it’s sides are not equal or angles are not equal.

(A triangle is equilateral and neither it’s sides nor angles are equal).
14 is not a divisor 0f48 or 28 is divisible by 82.

contradiction

tautology

converse

mverse

contrapositive:
: Ifxe Aandx € Bthenx e AN B

: Ifxg AnBthenx ¢ Aorx ¢ B
contrapositive:

converse

mverse

converse

inverse

contrapositive:

converse

mverse

contrapositive:

converse

mverse

contrapositive:

(i1) neither (i) tautology

(v) neither

If x#2thenx(x—2)=0

IfxgAorx¢ Bthenx ¢ AN B

: Ifthe students score better marks then questions are easy.

: If the questions are not easy then students do not score better

marks.

If the students do not score better marks then questions are not
easy.

. IfT'watch a cinema and have fun then I get a seat.

: IfT do not get a seat then I will not watch a cinema or not have fun.

IfT will not watch a cinema or not have fun then I do not get a seat.

. Ifaccountancy is easy or the child is brave then oxygen is a gas.

: If oxygenis not a gas then accountancy is not easy and the child is not

brave.

Ifaccountancy is not easy and the child is not brave then oxygen is not
a gas.
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(vi) converse : If x =y then x* =)?
inverse s If X*#)* thenx#y
contrapositive: If x # y then x* # )?

(vi)) converse : If2 straight lines do not intersect then they are parallel.
inverse : If2 straight lines are not parallel then they intersect.
contrapositive: If?2 straight lines intersect then they are not parallel.

Five marks questions:
1) (i) Neither (i) Tautology (i) neither

(iv) neither (V) neither

7) (i) Logically equivalent (i) Not Logically equivalent
(i) Logically equivalent (iv) Logically equivalent
(v) Logically equivalent (vi) Logically equivalent

(vi) Logically equivalent
k ok ok ok ok







UNIT II - COMMERCIAL ARITHMETIC

Chapter Title No. of Teaching hrs.
7. RATIOS AND PROPORTIONS 10 hrs
8. BILL DISCOUNTING 06 hrs
9. STOCKS AND SHARES 04 hrs
10. LEARNING CURVE 04 hrs
11. LINEAR PROGRAMMING PROBLEMS 06 hrs
12. SALES TAX AND VALUE ADDED TAX 04 hrs
TOTAL TEACHING HOURS 34 hrs




Chapter
7 RATIO AND PROPORTIONS

7.1 Introduction:

Ratio, and proportions are extensively used in many branches of Science like Physics,
Chemistry and Mathematics etc.

7.2 Ratio

Ratio is a relationship between two quantities of the same kind with respect to their
magnitude and denotes how many times one of the quantities is contained in the other.

Expression of a ratio:

Ifthere are two quantities a and b, the relationship between them can be expressed as a
a
b
‘a’isto ‘b’=a:b

Antecedent and Consequent

fraction — where in the relationship between ‘@’ and ‘b’ is expressed as ‘how many times

P . . . .
If ; is aratio then p is called as antecedent and q is called as the consequent.

Example 1 :

2
It 3 is a ratio. Find the antecedent and consequent.

Solution :
2
If 3 IS a ratio

2 = antecedent

3 =consequent
Example 2 :

x gets asalary of ¥15000, y gets a salary of I5000. Find the ratio oftheir salaries.
Solution :
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Rules Related to Ratios:
I. Inverse Ratio (Reciprocal Ratio)

p . . q . . . p
If — is aratio then ; 1s called as the inverse ratio of ; .

Example 3 : Find the inverse ratio of 2:3
Solution :

Inverse Ratio 0f2:3=3:2
Example 4 :

A house consumes 20 kgs of rice and 5 kgs of wheat. Compare the consumption of
rice and wheat in the form of the ratio.

Solution :

=4:1

Rice 20 4
Wheat 5 1
Example 5 :
Mr. x completes a job in 2 hours and Mr. y completes the same job in 40 minutes.
Find the ratio in time taken.
Solution :
x has taken 2 hrs = 120 minutes

y has taken 40 minutes
x_ 1203 4,
y 40 1

II. Ratio of greater inequality:
A ratio of greater inequality is one in which the value of antecedent is greater than the value

of consequent. Thus § would be a ratio of greater inequality if p > q.

Ex: 3:2,54.
III. Ratio of lesser inequality:
A ratio oflesser inequality is one in which the value ofantecedent is lesser than the value of

the consequent. Thus 5 would be a ratio of lesser inequality ifp <q Ex: 2:3,4:5

IV. Compound ratio:
A compound ratio is one, which is obtained by multiplying the antecedent term with the
antecedent term, and the subsequent consequent term with the consequent terms of the
given ratios.
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Example 6 :
Find the compound ratio of 3:5and 4:7
Solution :

é><i=£=12:35
5 7 35

Example 7 :
Find the compound ratio of the ratios 1:2,2:3and 3 : 4

Solution :

X — X orl:4

[SHN )
AW
NG

N | —

Example 8 :
Determine the compound ratio of
(i) 1:2,2:3,3:4 and 4:5
(i) 3:5,2:7,1:3 and 4:9

:3,5:3and 7:8

Q|

1

i) 6: -,

(i) 6+ 3
Solution :

@) l><g><§><i=l orl:5
2 3 4 5 5

3 21 4 8
i) = X—X—-—X—=—— or 8:315
@) $X5X3%5=375

6 % 5 7
(]ﬂ) %XTBX§><§

18 1.5 7
= —X—=X=X—
1 9 3 8

- 2 35:12
= or3s:

V. Duplicate ratio:

A duplicate ratio is one which is obtained by taking the square ofthe respective terms ofthe
given ratio. i.e., duplicate ratio of 3 : 4is 32:4*0r9: 16
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Subduplicate ratio:

A Subduplicate ratio is the one which is obtained by taking the square roots of the respective
terms ofa given ratio. Thus if the givenratio is 4 : 9, then the sub-duplicate ratio is \/4 : /9
or2:3

Triplicate ratio:

A triplicate ratio is the one which is obtained by taking the cubes of the respective terms of
aratio. Thus ifthe given ratio is 1 : 2 then the triplicate ratio would be 1°: 2°or 1 : 8

Subtriplicate ratio:

A Subtriplicate ratio is the one which is obtained by taking the cube roots of the respective
terms in the given ratio. Thus if the givenratio is 8 : 27 then its sub-triplicate ratio would be

i/g : i/ﬁ =2:3
Continued ratio:

A continued ratio is the one which is obtained by taking the relation between the magnitude
of three or more quantities of the same kind. Thus the ratio of x : y:zand 3: 4 : 5 are
examples of a continued ratio.

For example the monthly incomes of A, B and C are ¥300, ¥500 and 800 respectively.
The ratio ofincomes is 300 : 500 : 800 or 3 : 5 : 8 which is a matter of continued ratio.

Example 9 :
Find the duplicate and triplicate ratios of the following:
@2:3 (i) 5:3 (iii) 9:4
Solution:
Given ratio Duplicate Triplicate
Q) 2:3 4:9 8:27
(i) 5:3 25:9 125:27
(i) 9:4 81:16 729 : 64
Example 10 :
Find the sub-duplicate and sub-triplicate ratio of 1 : 64
Solution:
Given ratio Sub-duplicate sub-triplicate
1:64 1:8 1:4

Example 11 :

Find the ratio between two numbers such as their sum is 50 and their
difference is 8.
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Solution:
Let the two numbers be x & y
x+y=50 (1)
x—y=38 2)
Adding eq" (1) & (2)

2x =58
58
LY== 29
substituting in eq" (1) we have
29 +y =50
y=50-29
y=21
x:y=29:21

Example 12 :
A ratio in the lowest terms is 3 : 7. If the difference between the quantities is 24.

Find the quantities.
Solution:
Let the two quantities be x & y

£=3—a = x=3a,y="7a
y Ta
Ta—3a=4a=24
4a =24
a==6
L x=3%x6=18 y=Ta=T7x6=42
.. the 2 quantities are 18 and 42.

Example 13 :
Two numbers are in the ratio 3 : 5 If5is added to each, they are in the ratio 22:35.

Find the numbers.

Solution:
Let the two numbers be x and y

(R

X
y
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if 5 is added to each, the new ratio is

3a+5 22
5a+5 35
105+ 175 = 110a + 110
65 = 5a
65
a=5
a=13

SLox=3a=3x%x13=39
y=5a=5%x13=065
.. the two numbrs are 39 and 65.
Example 14 :
What must be added to each term in the ratio 5 : 6, so that it becomes 8 : 9?
Solution:
Let the number x be added to each term in the ratio 5 : 6

54x 8

6+x=§
45 +9x =48 + 8x
x=48 —45

x=3

.. Number 3 must be added to each term in the ratio 5 : 6 so that it becomes 8 : 9
Example 15 :

Monthly incomes of A and B are in the ratio 2 : 3 and their monthly expenditure
are in the ratio 3 : 5. If each save 3100 per month. Find the monthly incomes of
A and B.

Solution:

Let the monthly incomes be 2x and 3x respectively, since their savings are I 100 each their
expenditure would be (2x — 100) and (3x— 100)

26-100 3
3x—100 5
5(2x — 100) = 3(3x — 100)
10x — 500 = 9x — 300
x=3%200
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Hence the monthly income of A=200 x 2 = 3400
the monthly income of B =200 x 3 = %600
Example 16 :
Ifa:5p=2:3
x:y=4:5
Find (Sax + 3by) = (10ax + 4by)
Solution :

Sax+3by

17by
3 _17
28by ~ 28 or 17:28

3

Example 17 :

Find the value of x if 32 : x=75: 50
Solution: 2273
olution : . " 350
_32x50 64

=2 0133
YT s T3

Example 18 :
Ifa:b=2:3andb:c=5:7andc:d=3:1finda:d

Solution :
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Example 19 :
The angles of a triangle in the ratio 2 : 3 : 4. Find the angles.

Solution :
Let the angles be 2x, 3x and 4x

2x + 3x + 4x =180
9x =180
x =20°
.. the 1st angle =2 x 20° =40°
2nd angle =3 x 20° = 60°
3rd angle =4 x 20° = 80°

Example 20 :
An article is sold at 20% gain on the cost price. Find the ratio of the selling price

and cost price.
Solution : Let the cost price of the article = x

Profit in Rs = 20% of x = — x==*
TOII S 00 100 5

Selling price = cost price + profit

6x

. SN
Selling price = x 5=

6
SP:CP=?x:x

Ratio of'selling price to cost price

(6)6)
5

X

Example 21 :
Divide ¥ 6000 in the ratio3:4:5

Solution :
Let the three amounts are 3x, 4x and 5x

3x +4x + 5x = 6000

12x = 6000
. x=@=500
12
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The three amounts are

3 x500=7%1500

4 x 500 =32000

5 x500=32500

Example 22 :
x:y=2:3fin P
Solution :
x_2
y 3
X _4 o4,
yZ 9 x_9y

8 2 2
—y*+5
9y y
2

9y y

53y 53
13y 13

. 2x2+5y2_5_3
. x2+y2 _13 or53:13

Example 23 :

Distribute 632 amongst A, B and C in such a way that ‘B’ will have 20% more
than ‘A’ and ‘C’ has 20% less than ‘B’.

Solution :

Express the money received by B and C as ratio

120
i.e., Breceives = 100 A IfA=100thenB =120
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80
C receives =100 B IfB =100, then C =80

B 100 5

c 80 4
A:B=5:6,B:C=5:4
A:B, B:C

5:6, 5:4

Multiply by 5, Multiply by 6
25:30,30:24
LAB:C=25:30:24
25x + 30x + 24x = 632

79x = 632
632
X—E Lox=8

.. Areceives 25 x 8 =3 200

A receives 30 x 8 =3 240

C receives 24 x § =% 192
Example 24 :

5
Rajeev planned his journey to Mumbai as follows. He will travel iy thofthe total distance

3
by an aeroplane 1 th ofthe remaining by Train and the remaining distance of200 km by

a car. What is the total distance to Mumbai?
Solution :
Let the total distance be x

5
Aecroplane travel 5" km
. 5
Remaining distance = | X — 9% km

4
= —xkm
9
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3.4 .1 .
He covers ng x | km by train= 3% km by train

He covers 200 km by car
Total Distance travelled by (Aeroplane + train + car)

5
.. Total distance x = §x + § +200

S5x+3x

x—=200=

Ox — 1800 = 8x
x = 1800 km
.. The total distance to Mumbai 1800 km.
Example 25 :

3 2 4
Divide 1,647 into three parts such that 7 th of the first, 3 rd of the second and 3 thof

the third are equal.
Solution :
Let the 3 parts be A, B and C

B
C
A:B=14:9 multipleby2 . A:B=28:18
B:C=6:5multipleby3 ..B:C=18:15
SLA:B:C=28:18:15
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. 28x + 18x + 15x = 1647

61x = 1647
1647
Y 61
L ox=27

.. Areceives =28 x 27 =% 756

B receives = 18 x 27 =3 486

Creceives = 15 x 27 =3 405
Example 26 :

x, y and z play cricket. The runs scored by x and y are in the ratio of 3 : 2. y’s
runs to z’s runs are in the ratio 3 : 2. Together they all score 342 runs. How

many runs did each score?

Solution :
x:y=3:2
y:z=3:2

x:y:z=9:6:4
So9x 4+ 6x + 4x =342

19x =342
342
x=—
19
x=18

s x scores =9 x 18 = 162 runs
y scores =6 x 18 = 108 runs
z scores =4 x 18 =72 runs

Example 27 :
Three numbers are in the ratio 2 : 3 : 4. If the sum of their squares is 1856. Find
the numbers.
Solution :
Let the 3 numbers be 2x, 3x and 4x
(2x)" +(3x)" +(4x)’ =1856 .. 29x* = 1856
,_ 1856
ST
X =064 SLx =8
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.. the 3 numbers are
Ist number 2 x 8 =16
2nd number 3 x 8§ =24
3rd number 4 x 8 =32

Example 28 :
% 5625is divided among A, B and C so that A receives one half as much as B and

C together receive and B receives one fourth of what A and C together receive.
Find the share of A, B and C

Solution:
GivenA+B +C=5625....... )

1
and A= 5 B+0O)

2A=B+C ... )
1

= — (A+C

B = (A+0)

4B=A+C ... 3)
from (1) & (2) we have
ButA+B+C=5625
A+2A=5625
3A=5625

A: @
3
A=%1875
A’S share is 1875
from (1) & (3) we have
B +4B =5625
5B =5625

5625
B=— . B=%1125

5
A’S share is ¥ 1875
B’s shareis¥ 1125
C’s share is ¥ 2625
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Example 29 :

The monthly incomes of A and B are in the ratio 9 : 7 and those of B and C are
is the ratio 3 : 2. If 10% of A’s income and 15% of C’s incomes differ by Rs. 18.
Find the incomes of A, B and C

Solution :
Let the income of A and B be 9x and 7x
B.C_3.2 E—E . C—Z_B
. =2 = C—2 L = 3
2 14x
- Csi = ZxTx= 2
C’s income 3>< x 3

10
10% of A’s income = 100 x9x=0.9x

15% of C’s income =£><14—x =0.7x
100 3

10% of A’s income - 15% C income =318
09x—-0.7x =18
0.2x =18
18
=7
180
=
x=7390

Hence A’sincome=9 x90=% 810
B’sincome=7 x90=% 630

14
¢’sincome is = 3 x90 =3 420

Example 30 :

The ratio of prices of two house was 16 : 23 two years later when the price of the
first had risen by 10% and that of second by T 477, the ratio of their prices
becomes 11 : 20. Find the original prices of the two houses.

Solution :
Let the prices of the two houses be 16x and 23x
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16x+1.6x _ﬂ
23x+47 20

320x + 32x =253x+ 5247
352x =253x + 5247

10
(.. 10% of 16x = @X16X=1.6X)

99x = 5247

547

Y7 799
x =53

The original price of 1st house = 16 x 53 =% 848
The original price of 2nd house =23 x 53 =% 1219

EXERcISE 7.1

One mark questions:

1.

9]

A Y

10.
11.
12.

If3: 5 is aratio, find the antecedent and consequent.

2. x gets asalary of ¥ 20000, y gets a salary of ¥ 5000. Find the ratio of their salaries.
3.
4

. A house consumes 30 kgs of wheat and 4 kg of sugar compare the consumption of wheat

Find the inverse ratio of4: 5

and sugar in the form of ratio.

Mr. x completes a job is 3 hours and Mr y completes the same job is 45 minutes represent
their time in ratio.

Find the compound ratio of3:4 and 4: 7

Find the compound ratio of 1:2,2:3and3:5
Find the duplicate ratio of 5 : 4

Find the triplicate ratio of 3 : 5

Find the subduplicate ratio of 9 : 49

Find the subtriplicate ratio of 125 : 64

Find the value of x of 5:20=3:x

2 marks questions

13.
14.

15.

Find the ratio between two numbers such that their sumis 40 and their difference is 8.

A ratio is the lowest term is 3 : 8. If the difference between the quantities is 25. Find the
quantities.

Two numbers are is the ratio 3 : 5. If 5 is added to each, they are is the ratio. 2 : 3 find the
numbers.

[243 |




16.
17.
18.
19.
20.
21.
22.
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What must be added to each term in the ratio 2 : 3 so that it becomes 5 : 6.

What must be added to each term in the ratio 4 : 5 so that is becomes 7 : 8.

What must be subtracted from each term in the ratio 7 : 4 so that it becomes 5 :2.
What must be subtracted from each term in the ratio 8 : 7 so that it becomes 4 : 3.
Ifa: b=2:3,b:c=3:5andc:d=5:7finda:d
Ifa:b=2:3andb:c=6:13Finda:b:c.

Ifa:b=3:4,b :¢c=8:15Finda:b:c

3 marks questions

23.

24.

25.

26.
27.

28.

29.

30.

31.
32.

Divide 1800 istheratio 3 :4 : 5
2x% 43y’
x4y’

Ifa:b=2:3andx:y=4:7

Ifx:y=3: 4find

. Sax+4by
Find 8ax +3by
The angles of a triangle are in the ratio 3 : 4 : 5. Find the angles.

An article is sold at 40% gain an the cost price. Find the ratio of the selling price and cost
price.

If the monthly incomes of A and B are is the ratio 3 : 4 and their expenditures are is the ratio
1 : 2. Ifeach saves ¥ 1000 find the monthly incomes.

Ifte monthly incomes of Aand B are in the ratio 3 : 4 and their expenditure are in the ratio
1 : 2. Ifeach saves ¥ 2000. Find their monthly incomes.

Two numbers are is the ratio 6 : 7. Ifthe difference of their squares to 117. Find the num-
bers.

Two numbers are is the ratio 3 : 4. Ifthe sum of their squares is 900 find the two numbers.

Ifx:y=3:4andy:z=7:9Findx:y:z

5 marks questions

33.

34.

35.

Divide 1890 is three parts such that three times of the first, five times of the second and six
times the third are equal.

Divide %3262 among X, y and z such that if ¥ 35, %15 and %12 are deducted from their
respective shares, the remainder are inthe ratio 3: 5 : 8.

) 23 43y’
Ifx : y=2: 3 Find the value of Py
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36.

37. If

38.

39.

40.

th
Divide 5880 is to three parts, such that ‘B’receive twice as ‘A’ and C receives P of what

B receives.

% +3y? _iF'
¥ +y 41 nx-y.

Divide 6000 into three parts is the ratio

N | —
W | —
N =

th th

.. 2 5
Divide 17,640 amany P, Q, R and S such that Q gets 3 of P, R gets 3 of Q and S gets

th

2
IE} ofthe sum of Q and R.

The Rajdhani express takes 18 hours to reach Delhi from Bhubaneshwar while Nilachala
Express takes 24 hours for the same of Delhi is 2880 kms from Bhubaneshwar find the ratio
between the average speeds of the two trains.

ANSWERS 7.1

1 mark question:
1) Antecedent =3, Consequent=>5 2) 4:1 3) 5:4 4)15:2
5)5:4 6)3:7 7)1:5 8)25:16 9) 27:125 10)3:7
11) 5:4 12)x =12
2 marks questions:

13

14.
15.
16.
17.
18.
19.

20.

21.
22.

3:2

Quantities are 15 and 40.

The numbers are 15 and 25.

3 must be added to each term is the ratio 2 : 3 so that it becomes 5 : 6.

3 must be added to each term is the ratio 4 : 5 so that it becomes 7 : 8.

2 must be subtracted from each term is the ratio 7 : 4 so that it becomes 5 : 2.

4 must be subtracted from each term in the ratio 8 : 7 so that it becomes 4 : 3.

a 2 3 5 2
=X =X —=—
d 3 5 7 7
a:b:c=4:6:13
a:b:c=6:8:15
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3 marks questions:

23.

24.

25.

26.
27.
28.
29.
30.

31.
32.

Ist part =% 450, 2nd part =% 600, 3rd part =% 750
2x* +3y° 66
X’ +y2 B 25
124
127

Ist angle 3 x 15°=45°, 2nd angle 4 x 15°=60°, 3rd angle 5 x 15°="75°
7:5

Monthly income of A=3 1500, Monthly income of B =3 2000

Monthly income of A=3 3000, Monthly income of B=3 4000

18 and 21 are the 2 numbers

18 and 24 are the 2 numbers

x:y:z=21:28:36.

5 marks questions:

33.
34.

35.

36.
37.
38.
39.
40.
7.3

@

Ist part ¥ 900, 2nd part X 540, 3rd part ¥ 450

x receives X 635, yreceives T 1015, zreceivesI 1612
108

35
A receives % 1260, B receives < 2520, Creceives 32100
x:y=5:4

A receives T 3000, B receives T 2000, C receives < 1000
P gets ¥ 10,080, Q gets ¥ 4032, R gets I 2520, S gets I 1008
4:3.

Proportion :
The term proportion may be definied as equality of two ratios as a : b=c : d which is usually
expressed as %=§ orad=bcora:b::c:d

For example theratio 2 : 3 is equal to the ratio 6 : 9 and hence it can be said that 2, 3, 6 and
9 are is proportion.

ie.2x9=3x6=18

Rules related to proportion

Mean proportion :

a, b and c are said to be in mean proportion if
a:b::b:c
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(ii)

(iii)

(iv)

)

(vi)

ie b*=ac

ie b= Jac

Forex: 1,3 and 9 are in mean proportionas 1:3::3:9

b= 1x9=9=3

Simple proportion :

When the number of related terms remains within four it is a case of simple proportion.
ie.arb::c:d

Forexample:2 :3::8:12

Compound proportion :

When the number ofrelated terms exceed four, it is case of compound proportion
a:b::c:d::e:f

eg:2:3::8:12::6:9

Continued proportion :

A continued proportion is the one is which there is a chain of ratios between the related
terms.

iLe.a:b=b:c=c:dandsoon
Forexample 1 :2=2:4=8:16 and so on
Direct proportion :

A direct proportion means a positive co-relation between the related terms where by an
increase in the value of one is followed by a proportionate increase in the value of another
and a decrease in the value of one is followed by a proportionate decrease in the value of
another.

Examples for
(i) The ratio between cost and quantity of articles.
(i) The height and weight ofa person.

Inverse proportion :

An inverse proportion means a negative co-relation between the two related terms where
by an increase in the value of one is followed by a proportionate decrease in the value of
another and vice versa.

Examples for
1. The ratio between the number of workers and amount of time
2. The ratio between supply and price
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7.4 Properties proportion :
(i) Invertendo :
According to this property Ifa : b = c: dtheninvertendoisbh:a =d: ¢

Proof':

QLo

a
b

LA.L

,_.
ST

e
“a

d
C

(i) Alternendo :
According to this property [fa : b=c:dthena:c=b.:d

b
Proof : % = g Multiplying both the side by

a b ¢ b

— X — = — X —
c

a_b

c d

(iii) Componendo:
According this propertya . b =c:d

+b c+d
thena+b=b::c +d=dor —— =5
b d
Proof: <=5
roof: - =-
Adding 1 to both the sides we have
fi1=541
b d
atb c+d
b d

(iv) Dividendo:
According to this propertyifa . b::c:d
a-b c—-d

thena—-b=b::c—d:dor b p
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a_c

b d

Subtracting 1 fromboth the sides

Proof

4 12
b
a-b c—-d
b d
(v) Componendo and Dividendo:
According to this property
Ifa:b::c:dthen
+b ctd
a+b=a—b::c+d.’c—d0ra =<
a-b c-d

Proof Bycomponendoifa:b::c:d

a+b c+d
then T (D)
.. La_c
By dividendo if P
a-b c—-d
then T 2)

Dividing componendo by dividendo

atb c+d
a-b c—d

Example 1 : Find the fourth proportional of 6, 14, 15
Solution: 6:14::15:x

We have

6x=15x%x14

_ 15x14  5x14
YT e T 2
x =35

Example 2 : Find the mean proportional of9 and 16
Solution:9:x::x:16
X =144 SLx=12
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Example 3 :
Find the 3rd proportional of 6 and 24
Solution: 6:24::24 : x

6x =24 x24
x =4x24
x =96
Example 4 :
. 3a+2b
Ifa:b=4:5.Find 3 —2b
Solution :
Let a = 4k, b = 5k
3(4k)+2(Sk) _ 12k+10k _ 22k _
3(4k)-2(5k) ~ 12k—-10k 2k
Example S :

Ifa:3:15=5:b:5. Find the values ofa and b
Solution :

Example 6 :
Ifa+b=a—-b=4:3Find the value of a and b

Solution :

a+b_f

a-b 3
Applying componendo and dividendo
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Example 7 :

2a+7b 2a-—"Tb
2c+7d  2c¢-7d

we=5 that
, = Provetha

Solution :

2
Multiplying by - on both the sides

Wetme 2222
eave7b 7d

Applying componendo and dividendo we have

2a+7b  2c+7d ~ 2a+7b _2a-7b
2a—-7b 2¢-7d Y 2¢+7d  2¢-7d
Example 8 :

2a 2b 3¢ 3d a b 4c 4dth thata b c:d
20 2b 3c 3d a b 4dc 4a O PrOVETMALasDisc:

Solution :
By applying componendo and dividendo we have

If

(2a+2b—-3c—-3d)+(2a—-2b—3c+3d) B (a+b—-4c—-4d)+(a+b—4c+4d)
(2Qa+2b—-3c-3d)-(2a-2b—-3c+3d  (a+b—4c—4d)—(a—b—4c+4d)

4a—6¢ _ 2a—8c
4b—6d 2b—8d
OR

2a—-3¢ a-4c
2b-3d b-4d

By applying alternendo

2a—3c¢ 2b-3d
ey =
a—4c b-4d
Subtracting 2 from both the sides

We h 2a 30_2_2b 3d_
¢ have a 4c b 4d




(Il PUC)

Example 9 :

24 —3c— 24 +8c 26 —3d — 25 +8d

a—4c b—4d

fe _ Bd_

a—4c b-4d

c d

a-4c b-4d
by applying Inventendo

a—4c b-cd
c d
adding 4 to both the sides

a 4c b 4d
+4= #
c d

a— A +4c b-4d+4d | a_
c d e

C

4

b
d

<
d

> |2

By applying alternendo we have

Four number are in proportion. The sum of the extremes is 54 and the sum of the
means is 36. If the ratio of their means is 2 : 1 Find the numbers.

Solution :
Let the numbers be a, b, ¢, d
a:b::c:d
at+d=54 (D)
b+c=36 . 2)

. 2 .
Given P b=2cin (2)
3¢=36 . c=12and b=24

. bc=288=ad
288
A= "7 3)
. 288
(3)in (1), 7 +d=54
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288 + d? = 54d
d?>—54d+288 =0
d*—48d + 68d +288 =0
d(d—48)-6(d—48)=0
(d—6)(d—48)=0
d=06or48

atd=54

Ifd=6 a=48
Ifd=48 a==6

. a,bcd are6,24,12,48
OR
a,b,c,d are 48,24,12, 6

Example 10 :
x+a x+b 2ab
Evaluate —+ where x=
x—a x-—b a+b
Solution :
x+a x+b
+

x—a x-b
By applying componendo and dividendo
We have

x+;{+x /{ x+b/+x ,b/
A+a- /+a A+b—£+b

2,20 x,x
2a 2b a b

. 2ab
Putting the value ofx = “2 e have
a+b

2ab N 2ab
a(a+b) b(a+b)

2ab* +24°h _2ab M
ab a + b abM




(Il PUC)

EXERCISE 7.2

One mark questions:
1. State which ofthe following are proportions.

1 2:3::6:9 @@ 1:3::4:15

@) 3:5::6:15 (v) 7:9::14:18
2. Find the fourth proportional to each of the following

(i) 4,5,24 (i) 6,12,15

. 111

(i) 1.5,4.5,3.5 (iv) 232
3. Find the mean proportional to each of the following

(i) land9 (i) 2and 8

L1 1 ‘

(i) 16 and — (iv) 0.8and 1.8
4. Find the third proportional to each of the following

(i) 4,6 (i) 3,12

. 2

(i) 2.4,3.6 (v) 23 ,4

3 marks questions

3a. 5b 3a 5b
3¢ 5d 3¢ 5d

a C
5. 1If ] then prove that

\/ 1+ x++1-
6. a =-2  find x
\/1 +x—+1—-x
7. Find the numbers which added to the terms numerator and denominator of 25 : 37 make it 5 : 6.

8. The ages ofa father and his for son in the ratio 6 : 1. After 14 years their age will be in the
ratio 8 : 3 what are their present ages?

5 marks questions

9. Four numbers formed by adding 1, 5, 10 and 15 to a certain number are in proportion.
Find the number?
10. A concrete mixture was made of cement, chips and sand. The ratio of the cement and chip
is the same as that of chips and the sand. If 144 bags of cement and 225 bags of sand were
used is the mixture. Find the number of bags of chips used in the mixture.
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ANSWERS 7.2

1 Mark answers

1
1. (i) and (iv) are proportions 2. (1) 30 (1) 30 (i) 10.5 (iv) 3
1
3. (1) 3 (ii) 4 (iii) 20 (1) 1.2 4. (1) 9 (ii) 48 (iii) 5.4 (iv) 6
3 Mark answers
2ab
6. x= PE 7. 35 8. Father’s age = 42 years, son’s age =7

5 Mark answers
9. 36, 40,45, 50 are the four numbers
10. 180 bags of chips were used in the mixture.
7.5 Time and work, Time and distance and mixtures
Note :
(i) Time to complete, a work varies directly as the amount of work and inversely as the
number of workers employed.
(i) Time taken to travel a certain distance varies directly as the distance but vaires inversely
as the speed.
Example 1 :
If 3120 maintain a family of 4 persons for 30 days. How long 3300 maintain a
family of 6 persons?

Solution :

Person Money Days
4 120 30
6 300 X

120:300=30=x
Money and days varies directly 120 :300=30:x
Person & days are ...... inversly 6:4=30:x

120 % 6 x x =300 x 4 x 30 = 20x6_30
= = 300x4 ¥
300 x 120
x= 126 <6 =50 days
255 |
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Example 2 :
500 workers can finish a work is 8 days. How many workers will finish the same
workin 5 days.

Solution :
Worker Days
500 8
X 5

First ratio of workers 1s 500 : x
2nd ratio of days 8 : 5
Here the number of workers and number of days are inversely proportional

500:x::5:8
5x =500 x 8
x =800

.. 800 workers will be required to finish the same work is 5 days.

Example 3 :
3 carpenters can earn 3360 is 6 days working at 9 hours a day. How much will 8
carpenters can earn is 12 days working 6 hours a day?

Solution :
Carpentar days hrs. earning
3 6 9 360
8 12 6 X

Ist ratio are carpenters 3 : 8 , 2nd ratio are days 6 : 12, 3rd ratio are hours 9 : 6
Here all are direct proportion to 360 : x
3x6x9xx=8x12x6x360

- 96/32XKX}6’640
¥ M xB
x =%1280

Hence 8 carpenters can earn ¥1280 in 12 days working at the rate of 6 hours per day
Example 4 :

A mixture contains milk and water in the ratio 5 : 1 on adding 5 litres of water, the
ratio of milk and water becomes 5 : 2, Find the quantity of milk in the orignial
mixture.

Solution :
Let the quantity of milk be 5x and water be x
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55
x+5 - 2
10x = 5x + 25
S5x =25
x=5
.. the quantity of milk =5 x 5 =25 litres
Example 5 :

A jar contains two liquids A and B in the ratio 7 : 5 when 9 litres of the mixture is
drawn and the jar is filled with the same quantity of B, the ratio of A and B becomes
7 : 9. Find the quantity of A in the jar initially.

Solution :
Let the quantities ofthe two liquids be 7x and 5x

7 5
Quantity of Aand B in 9 liter of mixture drawn in (E X 9) and (E X 9)

.. the new ratio of Aand B

7x—(7><9)
12 7

5x—(5><9)+9 ?
12

84x —63 7
" 60x—45+108 9
oo x =3 liters
.. Quantity of A= 7x =21 liters.

Example 6 :

Two taps fill a tank separately is 24 minutes and 40 minutes respectively and a
drain pipe can drain off 30 litres per minutes. If all the three pipes are opened the
tank fills in 60 minutes. What is the capacity of the tank?

Solution :

1
Tap 1 can fill e th of the tank in 1 minute

1
Tap 2 can fill 0 th ofthe tank in 1 mintue
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Let the drain pipe empty the tank in ‘x’ minute

th

— Inone minute the 3 pipes fill will be

X
( 1 I 1 ) 1
_t——— |=—
24 40 x,; 60
1 1 1 1
—_————_—_— =
24 40 60 x
10+6-4 1
240 x
11
240 x sox=20
.". the capacity of the tank =30 x 20 = 600 liters.
Example 7 :
If ten persons can do a job in 30 days. In how many days can fifteen persons do the
same job?
Solution :
Person Days
10 30
15 X

Ratio of persons=10: 15

Ratio ofdays =30 : x = x : 30 (inverse)

It is inverse proportion because more men will do job in lesser time
10:15::x:30

300 = 15x

300
=5
x =20 days
15 persons can do the same job is 20 days
Example 8 :

If 8 men and 16 boys can do a price of work in 6 days and 12 men and 24 boys can
do the same work in 8 days. In how many days can 16 men and 20 boys do it.
Solution :

8 men + 16 boys can do the job in 6 days, Multiply by 6
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48 men + 96 boys can do the Job in 1 day

Next 12 men and 24 boys can do the same job is 8 days

12 men + 24 boys can do it is 8§ days ~ x¥ 8

96 men + 192 boys can do the Same job is 1 day

Hence in doing one day’s work it may be stated that

48 men + 96 boys = 96 men + 192 boys

1 man =2 boys

.. 16 men + 20 boys = 32 boys + 20 boys = 52 boys can do the job in how many days.
This is the case of inverse proportion

Let the unknown quantity be x days

Boys Days

32 6

52 X
32:52::x:6
32x6=52x
12

52
x =3.7 days.

Example 9 :

If two men and four women can do a work s 33 days and 3 men and 5 women can do
the same work is 24 days. How long shall 5 men and 2 women take to do the same
work?

Solution :

2 men and 4 women can do a work in 33 days

66 men and 132 women can do (by x 33), workin 1 day ... (1)
Similarly 3 men and 5 women can do a work is 24 days (x 24)

72 men and 120 women cando aworkis 1 day ... 2)
From (1) and (2) we have

66 men + 132 women =72 men + 120 women
.. 1 man =2 women
Smen+2women= 10 women+2women=12women ... 3)

Let the required number of days be x

[259 |




(Il PUC)

2men+4 women =4 women +4 women=8 women  ........ 4)
W : 12W =x:33

12x=33 x 8

3x=33x2

x =22 days

Example 10 :
5 men each working 9 hours a day can finish a work is 30 days. How many men are

required to finish eight times the work is 25 days each working 8 hours a day?

Solution :
Men Hours days work

5 9 30 1

X 8 25 8
Hours:8:9=5:x (.. more men less hrs. Inverse proportion)
Days25:30=5men:xmen (.. more men less day Inverse proportion)
work, 1 : 8 =5x (.. more work more men direct proportion)

5 x 9 x }6 * x 8

xX= W=54men

.. 54 men are required to finish the work

Example 11 :
If 10 men or 20 boys can do a piece of work is 30 days, how long will 30 boys and 5
men take to do the same work?
Solution :
10 men can do a job is 30 days
1 men can do the jobis 30 x 10 =300 days

-+ 20 Boys work = 10 mens work

Co 300
20 men can do the jobin= 20 - 15 days .1 Boy's work = 10_ lmen
20 2

1
30 boys = §X30=15 men

(5+15=20men)
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Example 12 :
Two taps can separately fill a tank in 12 min and 15 minutes respectively. The tank

when full can be emptied by a drain pipe is 20 minutes. When the tank was empty,
all the three were opened simultaneously. In what time will the tank be filled up?

Solution :
th

Ist tap can fill % tank in 1 min.
1
2nd tap can fill 5 tank in 1 min.

1 . .
drain pipe drain out 20 ttank in 1 min.

n1m _(L+L_Lj
nAmn= 15, "15 20
15+12-9
180

18 lth
= — = — oftank will get filled

S 180 10
.". the tank will get filled in 10 minutes

Example 13 :
Walking 4 kmph a student reaches his college 5 minutes late and if he walks at 5

kmph, he reach is 2%, minites early. What is the distance from his house to the
college?

Solution :
Let the distance from his house to the college =x km

X

Time taken to cover x kms at 4 km ph = ) hrs.

Time to taken to cover x kms at 5 kmph = g hrs

From the given problem - Time taken to cover x km is he reach 5 min late
Time taken to cover x kmy he reach 2% early

X S5 _x 2%
4 60 5 60
X_ S _x 5
4 60 5 120




Xx_x_35.5
4 5 60 120
x 1045

20 120
x5

28 124
_15x2 30

AP 12

x =2.5km

.". the distance from his house to the college =2.5 km
Example 14 :
Two men ‘X’ and ‘Y’ starts from a place ‘A’ walking at 5 kms and 6 kms per hour
respectively. How many kilometer will they be apart at the end of S hours. If
(a) they walk in opposite directions and (b) they walk in the same direction?
Solution :
(a) Iftheywalk in opposite directions, their relative speed willbe 5+ 6 =11 km ph. In one
hour, they will be apart 11 kms. In 5 hous they will be apart by 5 x 11 =55 kms.
(b) Ifthey walk in the same direction their relative speed = 65 =1 kmph.
In one hour, they will be 1 km apart
In 5 hours, they will be 5 x 1 =15 kms.
They will be 5 kms apart.
Example 15 :

In a fort, there was ration for 560 soliders that would last the soldiers for 70 days
After 20 days, 60 soldiers left the fort. For how many days the remaining ration
can support the remaining soldiers?

Solution :
The remaining soldiers = 560 — 60 = 500
The remaining days = 70 — 20 = 50 days
The remaining food would have been sufficient for the soldiers for 50 days.

Since the number of soldiers is reduced to 500, the remaining food would now support
them for more than 50 days.

Soldiers days
560 50
500 X
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Ql.

Q2.

Q3.

Q4.

Q5.

Q6.

Q7.

Q8.

Q.

Q10.

.. Itis an Inverse Ratio
560:500= x:50

560 x50
X =
500

x =56 days
Hence the food would last for 56 days for the remaining soldiers.

EXERCISE 7.3

3 Mark Questions:
If ¥ 150 maintains a family of4 persons for 30 days. How long 600 maintain a family of 6
persons?

300 workers can finish a work in 8 days. How many workers will finish the same work in 5
days.

5 carpenters can earn I 540 in 6 days working 9 hours a day. How much will § carpenters
can earn in 12 days working 6 hours a day?

A mixture contains milk and water in the ratio 6 : 1 on adding 5 litres of water, the ratio of
milk and water becomes 7 : 2, find the quantity of milk in the original mixture.

5 Mark Questions:

Ajar contains two liquids X and Y in the ratio 7 : 5. When 6 litres of the mixture is drawn and
the jar in filled with the same quantity of Y, the ratio of X and Y becomes 7 : 9. Find the
quantity X in the jar initially.

Two taps fill a cistern separately in 20 minutes and 40 minutes respectively and a drain pipe
can drain off 30 litres per minute. Ifall the three pipes are opened, the cistern fills in 72
minutes what is the capacity of the cistern?

Iften persons can do a job in 60 days. In how many days can twenty persons do the same
job?

A can do a piece of work in 20 days, B in 30 days and C in 60 days. All of them began to
work together. However A left the job after 6 days and B quit work 6 days before the
completion of work. How many days did the work last?

8 men and 16 women can finish a job in 6 days but 12 men & 24 women can finish it in 8
days. How many days will 26 men and 20 women take to finish the job?

4 men or 12 boys can do a piece of work in 5 days by working 8 hours per day. In how
many days 2 men & 4 boys can do the same piece of work working 12 hours a day.
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Q.11 Arailwaytrain 100 metres long is running at the speed of 30 kmph. In what time will it pass
(1) a man standing near the line (ii) a bridge 100 metres long?

Q.12 The driver of a car is travelling at a speed of 36 kmph and spots a bus 80 metres ahead of
him. After 1 hour the bus is 120 metres behind the car. What is the speed ofthe bus?

ANSWERS 7.3

3 Mark Answers
1) 80 days 2) 480 days 3) 1152 4) 42 liters

5 MarkAnswers
5) 14 litres

6) 490.9 liters
7) 20 persons can do the same job in 30 days.
8) 15.6 days
9) 267 days
10) 4 days
11) (a) 12 sec (b) 24 sec
12) Bus speed = 35.8 kmph.
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Chapter
8 BILL DISCOUNTING

8.1 Bill of Exchange:

According to section 5 of the Indian Negotiable Instrument Act, 1881, “ABill of Exchange
is an instrument in writing containing an unconditional order, signed by the maker, directing a
certain person to pay a certain sum of money only to or to the order of a certain person or
the bearer of the instrument”. In essence, it is a negotiable instrument by which one person
agrees to pay another a sum of money at a specified date.

Specimen of a Bill of Exchange:
Example 1 :

Stamp Place : Bangalore
Date : 06-07-2013

Three months after date, pay to me or my order, the sum of Rs.25,000
(Rupees Twenty Five Thousand only) for the value received.

Rs. 25,000
Accepted
sd/- sd/-
Subhash Pranathi

Fig. 1
The negotiable instrument becomes receivable only after it is signed by the drawee
or his agent on the face of the instrument as shown above or on it’s back. The bill of
exchange should be written on a stamped paper of the court so that it becomes a legal
document.

A Bill of exchange can be

(1) realised by its holder on maturity or retirement of the same from the party liable on it.
(i) discounted by its holder with his banker before the due date.

(i) endorsed to a creditor by its holder before the due date.

(iv) renewed for a further period by a mutual agreement between the parties.

We now discuss the various terms associated with this procedure of Bill discounting.
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With respect to the bill ofexchange in Example (1) [Refer Fig. (1)]

1) Creditor (or Drawer) is Ms. Pranathi

2) Debtor (or Drawee) is Mr. Subhash

3) Drawing Date : Date on which the bill is drawn

For instance, 06-07-2013 in Example (1)

4) Bill period : The period after which the billis due
In Example (1), bill period is 3 months.

5) Grace period : The bill of exchange becomes legally due on a date 3
days after the due date. These 3 days is called the grace
period.

6) Legally due date : Legally due date ofa bill is calculated as follows:

Legally due date = Date of drawing
+ Bill period
+ Grace period

Thus, in Example (1),

Legally due date = 06-07-2013 — Dt ofdrawing
(t)0-3-0 —  Bill period
+)3-0-0 —  Grace period

= 09-10-2013
Note : Nominal due date = Date of drawing
+ Bill period
7) BillAmount : It is the amount due on the legal due date of a Bill.

Bill amount 1s also called face value or nominal value of the
bill. In Example (1), ¥ 25,000 is the face value.

Discount Date:

In order to meet one’s financial urgency, a bill may be cashed from a bank or a broker
before the bill falls legally due. This date on which the banker discounts the bill is the date of
discount.

Discount Period

It means the period of early payment on the bill or the unexpired period of the bill. It is
calculated by counting the number of days from the date of discount till the legal due date.
Discount period is otherwise called the unexpired period, denoted as ‘t’.

Let the Bill in Example (1) be discounted on 30-08-2013.
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8.4

8.5

Then the discounted period will be from 30-08-2013 to 09-10-2013.
The unexpired period is calculated as shown:
Discount Date : 30-08-2013, which is in August
.. Number of days remaining in August =31—30
=1lday ... (1)

Total Number of days in September ~ =30days ...... (2)
We have the legally due date as 09-10-2013, which is in October.
This means, the number of days considered in October =9 days ....... 3)
.. Totalnumber ofdays = (1)+(2)+(3)
1+ 30+ 9 days

= 40 days
ie., discount period = 40 days.

Discount Rate:

It is the SI charged by the banker for discounting the bill. It is the rate at which the face value
ofthe bill is discounted to its present value.

True Present Value (or Present Worth):

Present value ofa bill is the amount that would have to be invested today so as to obtain the
maturity value ofthe bill on the due date. It is calculated using the formula

_ F
1+tr

where t is the unexpired period in years,
r is the discount rate in percentages
and F is the face value of the bill in rupees.

With reference to Example (1), we have already computed the discount period (in
section 8.3) as 40 days

ie., t=40 days = 20 years
365
F=%25,000
Assuming »=15% = 0.15

25000

l+ﬂx0.15
365

we get P =

- P=%24,596.61
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8.7

(I PUC)

Discount

Discount on a bill can be allowed either to the debtor or to a banker who advances money
on the bill. It is classified into two types viz.,

(1) True Discount and (i) Banker’s Discount

(i) True Discount : It is basically the difference between face value and the present value
ofabill. It is the SI calculated on the present value of a bill, which is given by

where t is the unexpired period in years
1 is the discount rate in percentages.
In Example (1), we get

40
TD =24,596.61 x 365 % 0.15

TD =3 404.36

(i) Banker’s Discount: Bankers discount is the simple interest calculated on the face value
of'the bill, for the discount period, at the discount rate. It is calculated using

where F is the face value of the bill
t is the discount period
r is the discount rate.
Clearly, Banker’s discount is always greater than the True Discount.
In Example (1), F = 25000
t = 40 days
r =15%
40
. BD=25000 x 365 ¢ 0.15
. BD=%411

Banker’s Gain:
The difference between Banker’s discount and True discount is the Banker’s gain.

Thus, is Example (1),
BG=411-404.36
= BG=%6.64
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8.8 Discounted Value of the Bill:

The amount obtained after deducting the bankers discount from the face value ofthe bill is
called the discounted cash value ofthe bill.

Hence, Discounted value,
In Example (1), F =% 25,000
BD=%411
.. Discounted Value =25,000—-411 =% 24,589
Discounted value is also termed as the Banker’s present value.
We list below a few important formulae related to bill discounting:

F(tr)’
1y F=22xID 2) BG= 11‘D+ ”
) BG ) = r
BD-TD
3 L 4) Discounted Value = F(1 - t
) T+ ) Discounted Value = F(1 —tr)
5) Legally due date : Draw date + Bill period + 3 days grace
6) BD=Ftr
WORKED EXAMPLES
Example 2:
For X 512.50 due 6 months at 15% p.a., find the true present worth and discounted
cash value.
Solution:

Given F=%512.50

1
t=6m= 5 yr
r=15%=0.15
F 512.50

1+t 111015
2
ie., P=%476.44
1
Discounted value =F (1 —tr) =512.50 (1 5% 0. 15)
i.e., Discounted value =3 474.06
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Example 3:

Banker’s gain on a bill due after 6 months at 4% p.a. is ¥ 24. Find TD, BD, bill
amount and discounted value of the bill.

Solution:
GivenBG =324

1
t—6m—5y

r=4%=0.04
‘We have BG=TDtr

—  24=TD x %x0.04

TD =% 1200
Bankers gain, BG= BD—-TD
BD= BG+TD= 24+ 1200
ie., BD= %1224
Further, BD = Ftr

1224 = Fx %x0.04

= F = 61,200
Discountedvalue = F—BD= 61200 — 1224

.. Discounted value = ¥ 59,976
Example 4:

A Banker discounts a bill for a certain amount having 73 days to run before it

matures at 15% p.a. The discounted value of the bill is I970. What is the face value
of the bill? Also find the banker’s discount.

Solution:

- _ _ B
Given: t = 73 days= 365 Y

.
Le,t=2yr

r=15%=0.15
Discounted value = 3970
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Discounted value = F(1 —tr)

970= F 1—%><O.15

- F=13%1000
BD = F — Discounted value = 1000 — 970
.. BD= %30
Example 5:
A bill drawn for 3 months was legally due on 06-07-2009. Find the date of drawing of
the bill.
Solution:

Given Legally due date as 06-07-2007
Bill period = 3 months
We know that
Legally Due Date = Date of drawing
(+) Billperiod
(+) 3 days grace
Now, working backwards, we get
Date of drawing = Legally due date
(—) Bill period
(-) 3 days grace period
.. Date of drawing = 06-07-2009

()0 -3-0
()3 -0-0
=03 - 04 - 2009

Example 6 :

Abill of ¥1,460 was drawn on 1st April for 6 months after date and was discounted
at 5% p.a. for ¥ 1451. On what date was the bill discounted?

Sol. Legalduedate=01-04 — Date of drawing
+) 0- 6 — Bill period
+ 3 -0 — Graceperiod
=04-10
ie., Legal due date is 4 October.
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Given that F= 1460
Discounted value=31451
BD =1460 — 1451
BD =39
But, BD=Ftr
9=1460 x t x 0.05

9
= t= 73 years

9
—§X365 = t = 45 days

ie., the bill was discounted 45 days before the legally due date. Hence, we calculate
backwards to find the date of discount.

Legalduedate : 4 October

ie.,InOctober : 4 days

t

In September : 30 days
InAugust  : 11 days
45 days
which means the date of discount falls in the month of August.
Total number of days in August = 31
11
20

ie., date of discount is 20 August.
Example 7:
A bill of ¥5000 drawn on 10-4-1998 at 3 months was discounted on 1-5-1998
at 12% p.a. For what sum was the bill discounted and how much has the banker
gained in this?
Solution:
Here F=3%5000
Bill period = 3 months
.. Legally due date = 10 - 4 - 98 (Date of drawing)
(+) 0 — 3 — 0 (Billperiod)
+ 3 - 0 — 0 (Grace period)
=13-7-98
Date of discount = 1-5-98
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This means, the number of days from 1-5-98 to 13-7 - 98 becomes the unexpired period.
This may be calculated as follows:
1-5-98 to 13-7-98
.. Inmay =30 days (31 1)
In June = (+) 30 days
InJuly = (+) 13 (.. 13-7-98 is the due date legally)
Total =73 days

. 73
ie., t=73days= 365 Year

1
t= 5 year

Givenr = 12%
1
BD = Ftr= 5000 x 3 x 0.12

BD = %120
Discounted value = F—BD = 5000 — 120
.. Discounted value = 34,880
To find BG, we must first calculate P and TD.

F 5000

- 1+tr

1+2x0.12
5
je., P = T 4882.81

1
TD=Ptr=4882.81 x 3 x0.12

TD =X 117.18
.. BG=BD-TD=120-117.18
ie.,, BG=32.82
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Example 8:

1
The banker’s gain on a bill is 3 th of the banker’s discount and the rate of interest

is 20% p.a. Find the unexpired period of the bill.
Solution:

1
Given: BG= 5 BD, r=20%

BDxTD BDxTD

BG LB
5

we know that F =

= F=5TD

) 5( Ftr )
ie., F= 1+tr

= 1+tr=5tr
ie., 1 +tx02=5tx0.2
solving for t, we get

t =1.25 years.
Example 9 :

A bill for X 2920 drawn at 6 months was discounted on 10-4-97 for T 2916. If the
discounted rateis 5% p.a., on what date was the bill drawn?

Solution:
Given: F =13%2920

1
Bill period = 6m = 5y

r=5%
BD =F —discounted value =2920-2916
. BD=%4
Since BD =Ftr, we get
4 =2920 xtx0.05
= t = 10days
i.e., Legally due date is 10 days after 10-4-97
.. Legally due date is 20-4-97
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Thus, date of drawing = 20-4-97  (Legal due date)
(<) 0-6-0 (Bill Period)
(-) 3-0-0 (Grace period)
Date of drawing = 17-10-96
Example 10 :

The difference between BD and TD on a certain sum of money due in 6 months is ¥
27. Find the amount of the bill if the rate of interest is 6% p.a.

Solution:
Given: BD—-TD =27
ie., BG=1R%27
Since BG = TD. t.r, we get

6
27 = TD ) % 0.06

= TD=%900
Then BD = BG+TD
. BD =1%927

Now, BD = Ftr

6
= 927 =F><EXO.O6

F = %30,900
Example 11 :

A banker pays T 4520 on a bill of X 5000, 146 days before the legally due date. Find
the rate of discount charged by the banker.

Solution:
Given: F = 35000
Discounted value = ¥ 4520

t=146d _ 140
= ays = 35 year

r=7?
BD = F — Discounted value = 5000 — 4520
-.BD= %480
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146
BD=Ftr = 48025000><g Xr

= 1r=024
= 1=0.24x100

+ [r=24%]

Example 12 :

Sol.

The present worth of a bill due sometime hence is I 1100 and TD on the bill is 3110.
Find BD and BG.

Given P=3 1100
TD=%110
To find BD and BG
We know that TD=Ptr
- 110=1100 x tr
= tr=0.1 ... (1)
consider BG=TD x tr
BG=110x%0.1 [using (1)]

BG=X%11
BD=BG+TD
BD=%121

EXERcISE 8.1

One mark questions:
1) Abillwas drawn on 14-3-2013 for 3 months. When does the bill fall legally due?
2) Abill drawn for 3 months was legally due on 18-8-2012. Find the date of drawing of the

bill.

3) Find the present value of ¥ 750 due 4 months hence at 15% p.a.

4) Find the banker’s discount on a bill of ¥ 415 due 9 months hence at 15% p.a.
5) Define Banker’s Gain.

6) Define Banker’s Discount.

7) Find the present value of X 2320, due 2 years hence, at 8% per annum.

8) Find the BD onX 1015, payable after 3 months at 6% p.a.

1

9) Find the true discount on ¥ 1380, due 1 5 years after, at 10% p.a.
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Two marks questions:

1) TD onabill was ¥ 100 and BG was X 10. What is the face value of the bill?

2) A banker pays < 2380 on a bill of % 2500, 73 days before the legal due date. Find the rate
of discount charged by the banker.

3) The Banker’s discount and true discount on a sum of money due 3 months hence are
% 154.50 and ¥ 150 respectively. Find the sum of money and the rate of interest.

4) BD and BG on a certain bill due after sometime are ¥ 1250 and ¥ 50 respectively. Find the
face value of'the bill.
Five marks questions:

1) The difference between banker’s discount and true discount on a bill due after 6 months
at 4% interest p.a. is X 20. Find the true discount, banker’s discount and face value of
the bill.

2) The BG ona certain bill due 6 months hence is ¥ 10, the rate of interest being 10% p.a. Find
the face value of the bill and the true present value.

3) A banker discounts a bill for a certain amount having 32 days to run before it matures at
15% p.a. The discounted value of the bill is ¥ 995.90. What is the face value of the bill,
banker’s discount, true discount and banker’s gain?

4) Abill for ¥ 14,600 drawn at 3 months after date was discounted on 11-11-99 for ¥ 14,320.
Ifthe discount rate is 20% p.a., on what date was the bill drawn?

5) Abill for X 2920 was drawn on September 11 for 3 months ater date and was discounted at
16% p.a. for ¥ 2875.20. On what date was the bill discounted.

6) Abill for ¥ 3500 due for 3 months was drawn on 27 march 2012 and was discounted on 18
April 2012, at the rate of 7% p.a. Find the banker’s discount and discounted value of the
bill.

7) A bill for ¥ 12900 was drawn on 3 Feb 2004 at 6 months and discounted on 13 March
2004 at 8% p.a. For what sum was the bill discounted and how much did the banker gain in
this transaction?

1
8) The banker’s gain on a bill is 5 th ofthe banker’s discount, rate of interest being 10% p.a.

Find the unexpired period of the bill.

9) Abill for 2725.25 was drawn on 03-6-2010 and made payable 3 months after due date.
It was discounted on 15-6-2010 at 16% per annum. What is the discounted value of the bill
and how much did the banker gain?
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ANSWERS 8.1

One mark questions:

1) 17-6-2013 2) 15-5-2012 3) I714.28
4) T46.68 7) 2000 8) 1522
9) X 180
Two marks questions:
1) 1100 2) 24% 3) F=%5150, r=12%
4) ¥ 30,000
Five marks questions:
1) TD=1,000 2) F=3%4,200 3) F=%1009.17
BD=1,020 P= 34,000 BD=%13.27
F=51,000 TD=%13.09
BG=X0.18
4) 13 September 99 5) 9 November
6) BD=%49

Discounted value =3 3451

7) Discounted value =% 12,487.20
Bankers gain =312.8

8) 15 months (1.25 years)

9) Discounted value =3 2624.96
Banker’s gain =% 3.57

% %k sk ok sk




Chapter

0 STOCKS AND SHARES

9.1

9.2

Introduction :

Wouldn’t you love to be a business owner without ever having to show up at work? Imagine if
you could sit back, watch your company grow and collect the dividend cheques as the money
rolls in. This situation might sound like a dream, but its closer to reality than you might think.

As you’ve probably guessed we are talking about owning stocks or shares. This fabulous
category of financial instruments is, without a doubt, one of the greatest tools ever invented
for building wealth. Over the last few decades the average person’s interest in the stock
market has grown exponentially. What was once a toy of the rich has now turned into the
vehicle of choice of growing wealth. This demand coupled with advances in trading technology
has opened up the markets so that nowadays nearly anybody can own stocks.

The definition of a stock

Stock is a share in the ownership of a company. A stock is represented by a stock
certificate. This is a fancy piece of paper that is proofof your ownership. Intoday’s computer
age, you won’t actually get to see this document because your broker keeps these records
electronically, which is also known as holding shares “in street name”. This is done to make
the shares easier to trade. In the past when a person wanted to sell his or her shares, that
person physically took the certificates down to the broker. Now, trading with a click of the
mouse or a phone call makes life easier for everybody.

Whether you say shares, equity or stock it all means the same thing. In today’s financial
markets, the distinction between stocks and shares has been some what blurred. Generally,
these words are used interchangeably. However, the difference between the two words
comes fromthe context in which they are used. For example, “Stock” is a general term used
to describe the ownership certificates of any company, in general and ‘shares’refers to the
ownership certificates of a particular company. So, if investors say they own stocks, they
are generally referring to their overall ownership in one or more companies technically if
someone says that they own shares the question then becomes shares in which company?
Bottom line, stocks and shares are the same thing.

Being an Owner: Holding a company’s stock means that you are one of the many owners
(shareholders) of a company and as such, you have a claim to everything the company
owns. But, being a share holder ofa public company does not mean you have a say in the
day-to-day running ofthe business. Instead one vote per share to elect the board of directors
at annual meetings is the extent to which you have a say in the company. For instance being
a Microsoft shareholder does not mean you can call up Bill Gates and tell him how you think
the company should be run.

[279 |



(Il PUC)

9.3 Nominal Interest or dividend

Profits are sometimes paid out in the form of dividends. The more shares you own, the
larger the portion of the profits you get. However some companies pay out dividends
but many others do not. There is no obligation to pay out dividends even for those firms that
have traditionally given them. Without dividends an investor can make money on a stock
only through its appreciation in the open market. On the downside any stock may go
bankrupt, in which case your investment is worth nothing.

Limited Liability: As an owner ofa stock you are not personally liable if the company is
not able to pay its debts. Owning a stock means that, no matter what, the maximum value
you can lose is the value of your nvestment. Even if a company of which you are a shareholder
goes bankrupt, you can never lose your personal assets.

Although risk might sound all negative, there is also a bright side Taking on greater risk
demands a greater return on your investment. This is the reason why stocks have historically
out performed, other investments such as bonds or saving accounts. Over the long term, an
investment in stocks has historically had an average return of around 10-12%.

Nominal and market value of a share:

The original value of a share is called its nominal value or face value and the price
at which it is selling is called its market value.

a) When the market value of a share is higher than its nominal value, it is said to be at

premium or above par

b) When the market value of a share is equal to its nominal value the share is said to be at
par

¢) When the market value of a share is less than its market value it is said to be at discount
or below par.

Example
1. 8% stock at 125 means.

Asstock of face value 100 is being sold at 3125 (Market Value) and the nominal interest
obtained on this share is X 8.

2. 12% stock at 20 premium means face value is 100, Market Value is 120 and dividend is
312.

3. 7% stock at 10 discount means face value is 100, market value is 90 and interest is I 7
4. 10% stock at par means

Face value is 100, market value is 100, interest is 310.

Note: (1) Nominal interest or dividend is always declared on face value of share.

(2) The face value of a share canbe X 2, ¥ 5, X 10 etc. but if nothing is mentioned
in the problem then it is understood that the face value of one share is ¥ 100.
(3) MV means market value and FV means face value.
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Example 1:
What income can be obtained from I 8000 of 4% stock.
Solution:
4% stock means if the face value stock is ¥100 income or dividend obtained is 34.
Face Value Income
100 4
8000 ?
000 x 4
100

.. Income obtained is =3 320

Example 2:

How much stock can be purchased by investing ¥ 9600 in 3.5% stock at 120.
Solution:

Note here that ¥ 9600 is market value and we are required to find face value.

Face Value MV
100 120
? 9600
100 x 9600
.. Amount of stock = —1X20 =38000
Example 3:

How much does Maya realize by selling I 30,000 stock at 20 discount.
Solution:

Note here that Maya is selling stock worth ¥ 30,000. So here 30,000 is face value. Also
3 20 discount means cost 0100 stock is ¥ 80.

FV MV
100 80
30,000 ?
30,000 %80
.. Money obtained = — 100 324,000
Example 4 :

Ayush buys X 10,000 stock at 96 and sells when its price rises to ¥102. Find his gain.
Solution :

While Buying
FV MV
100 96
10,000 ?
10,000 % 96
Cost of stock = BT %9600 (Money spent)
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While Selling
FV MV
100 102
10,000 ?
Money obtained = 102 x10,900 =10,200
100
.. Gain= 10,200 — 9,600 =% 600
OR

Gain on X 100 share =102 -96 =6
.. gainon< 10,000 share =

FV gain
100 6
10,000 ?
_ 6x10,000 _ . o
100

Example S:

What is the market value of 12% stock when an investment of ¥ 6900 produces an
income of < 720.

Solution:

Given for an investment of% 6900 income is ¥ 720. We have to find the investment (market
value) which can earn an income of3 12.

MV Income
6900 720
? 12
6900 %12
.. Market value of share = T: =3 115

Example 6:
Sukanya holds T 8000 of 3% stock. She sells it at ¥ 110 and invests the proceeds in
5% stock. Thereby her income increases by < 260. Find the market price of 5%stock.
Solution: Case 1 : 3% stock

FV Income
100 3
8000 ?
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80003

Income obtained from 3% stock = 00 - 3240
To calculate cash obtained by selling 3% stock

FV MV

100 110

8000 ?
8000x%110

.. Cash obtained = 00 =3 8800

Case 2 : 5% stock

Money invested in 5% stock is 8800

Income obtained from 5% stock
=240+260=7% 500

To calculate Market value of ¥ 100 at 5% stock

MV Income
8800 500
? 5
5% 8800

.. Market value = =3 88

500
Example 7:
Raksha sells her 9,600 4% stock at a premium of 6. How much 3.5% stock at 4
discount can she buy from the sale proceeds of the former stock. What will be the
difference in her income.

Solution : Case 1 : 4% stock

FV Income
100 4
9600 ?
4 %9600
Income obtained = =384
100
By selling this stock
FV MV
100 106
9600 ?
9600 %106
Money obtained by selling = BT 310,176
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Case 2 : 3.5% stock
Money invested in 3.5% stock = 10,176

FV MV
100 96
? 10,176
stock purchased from sale proceeds is
10,176 100

=T o6 T 10,600

To calculate income
FV MV Income
100 96 3.5

10,600 10,176 ?

[Here 1st & 3rd column or 2nd & 3rd column may be used for calculation]

10,600 x3.5

.. Income from 3.5% stock = 100 371

Difference in Income =384 — 371
Hence income decreases by 13
Example 8:

A man sells 5000, 4'2% stock at 144 and invests the proceeds partly in 3% stock
at 90 and partly in 4% stock at 108. He thereby increases his income by I25. How
much of the proceeds were invested in each stock.

Solution: Case 1: 4% stock

FV MV Income
100 144 4.5
5000 ? ?

To calculate Income consider first and 3rd column

5000x 4.5

Income = o0 225 ... (D)

5000 x 144

Money obtained by selling at 144 = 00 - 7200

[consider first and second column]
Let the amount invested in 3% stock be x
Let the amount invested in 4% stock be 7200—x
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3
Income from 3% stock I, = 9—)06

dividend of one share X money invested

[Note income = market value of 1 share

4
Income from 4% stock I, = 108 (7200 —x)

given total income increases by < 25
L+ =225+25

3x | 4(7200-x) _

250
90 108
X 7200 — x 750
30 27

27x+2,16,000 —30x
810

2,16,000 — 3x =2,02,500

2,16,000 —2,02,500 = 3x

=250

13500
3 X
< x = 4500

Investment in 3% stock =% 4,500
Investment in 4% stock = 7200 — 4500 =% 2700
Example 9:

A person sells out T 4000 of 6.25 Government of India stock at 112.5 and re-invests
the proceeds in 8% railway debentures, thereby increasing his income by I50. At
what price did he buy the debentures.

Solution: Case 1 : 6.25 Govt. of India stock

To calculate mcome
FvV Income
100 6.25
4000 ?
4000 % 6.25
Income = 100 3250
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To calculate amount received by selling

FV MV
100 112.5
4000 ?
. 4000x112.5
Amount received = 00 =34500

Case 2: 8% railway debentures
given Income increases by 50
.. New Income =250 + 50 = 300

To calculate market value of ¥ 100 debenture

MV Income
? 8
4500 300
4500% 8
Market value = 300 3120

Example 10:

Rahul invests X 1,74,000 partly in 12% stock at 110 and partly in 15% stock at 86.
If the total income from both is 24,600, find the amount invested by Rahul in 12%

stock.
Solution : Let Amount invested in 12% stock be x. Then amount invested in 15% stock is
1,74,000—x.
Income from 12% stock
MV Income
110 12
X ?
12x
[ = 110
Income from 15% stock
MV Income
86 15
1,74,000x ?

[ (L74,000-0)15
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Given total income = 24,600

I +1,=24,600
12x 4 (174000 - x)x 15 = 24 600
110 86
12_x+174000><15_15_x:24’600
110 86 86
174000 %15 24600 15x  12x
86 86 110
2610000 —2115600 _ 1650x —1032x
86 T 86x110
494400x86 X110 _ o
86
88000 = x

.. Rahul invest 88000 in 12% stock.
Note : The nominal value or face value of a share is generally ¥ 10 or ¥ 25 or ¥ 100. If
nothing is mentioned in the problem then we assume the face value is ¥ 100.

Example 11:
Shreya holds 1200 shares of a company each of face value I 10. She sells 400
shares at the rate of ¥ 12 per share and the remaining at par. She invests the
proceeds in a share of I 100 at ¥ 80. Find the number of shares purchased by

Shreya.
Solution :
Amount received by selling 400 shares =400 x 12 =4800
Amount received by selling remaining 800 shares = 800 x 10 = 8000.
.. Total amount received = 4800 + 8000 = 12800
Cost of one share = 80
.. No. of shares purchased for ¥ 12800

12800 o
= —80 = snares.

9.4 Yield:
An investor before purchasing a stock also looks at the return or yield or actual
interest obtained on particular stock. The actual percentage income on investment is

called vield.
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Interest

Yield = Market Value

6
The yield on 6% stock at < 143 is yield = Ty %100

Inbrief a) Dividend — Annual income on ¥ 100 stock (face value)
b) Yield — Annual income on ¥ 100 investment (market value)
Example 12:

Mr. Sandeep invests 315000 cash partly in 3% stock at 75 and partly in 6%
debentures at 125 in such a way as to get a return on 4.5% for his money. How
much does he invest his money. How much does he invest in each.

Solution:

[Note here return of4.5% on 15000 invested means yield is 4.5%. However here total
income can be calculated without yield formula also]

4.5
Total Income = 100 x15000= ¥ 675

Let Amount Invested in 3% stock be x then amount invested in 6% debentures is 15000—x

3
Income from 3% stock I1 = [T XX

Income from 6% debenture I, = % X (15000 - x)
I +1=675
%x+%(15000—x) =675
0.04x + 0.048 (15000—x) = 675
0.04x + 720 — 0.048x = 675
720 — 675 = 0.048x —0.04x
45 =0.008x
x =3 5625
. Amount invested in 3% stock =3 5625
Amount invested in 6% debentures = ¥ 9375
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Example 13:

What is the market value of 6% stock if it earns an interest of 4.5% after deducting
the income tax of 4%

Solution:
Let the Market value of ¥ 100 stock be x
Then income =% 6

4
1 = —X6 =

Tax deduction 100 0.24

Net Income =6 -0.24 =3 5.76

Given yield after tax deduction=4.5%

Income

Yield = %100

4.5 = ﬂ><100
X

5.76 X100
-
.. Market value of 100 stock is ¥ 128
Example 14:
Which is better investment 7.5% stock at 125 or 5% stock at 80.
Solution:

=3 128

Here we need to calculate the yield and see which stock gives higher returns.

7.5
yield on 7.5% stock = 125 % 100=6%

5
yield on 5% stock = 20 x100=6.25%

.. 5% stock at 80 is better.
Example 15:

What rate of interest is obtained by investing in 9% stock at 180.
Solution : Rate ofinterest on money invested is yield itself.

interest

9
- vield = %100 = — %100 =59
yield 120 59,
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EXERCISE 9.1

One mark questions:

L.
2.
3.
4.
5.

Find the income obtained by investing I 3600 in 5% stock at 90.

How much stock at ¥ 75 can be bought for ¥ 3375

6% stock is being sold at 15 discount. How much money is required to buy I 6000 stock
Define yield.

What is the yield obtained when ¥ 5000, 3% stock is purchased at X 125

Two marks questions:

1.

What income can be obtained from an investment of ¥ 10,725 in 6.5% stock at 143. What
is the amount of stock purchased.

10% stock is quoted at ¥ 120. Find the rate of interest.
[Hint: here rate of interest means yield]
How much 0f8% stock at 96 can be purchased for ¥ 4800? Also find the income obtained.

. How much money will a man get by selling ¥ 6000 stock at 5% stock at 20 premium ?
. Abhi purchased 850 shares of a company the nominal value being I 10 each. Company

declared an annual dividend of 12%. How much dividend did Abhi receive.

Three marks questions:

L.

Rakshitha invests ¥ 15000 in a company paying 7% per annum, when a share of value I
100 is selling for ¥ 150. What is her annual income and what percentage does she get on her
money.

Which is a better investment

a) 8% stock at 110 or 9% stock at 98
b) 6%2% stock at 84 or 4% stock at 102
¢) 7% stock at 115 or 5% stock at 88
d) 4% stock at 118 or 6% stock at 124

. Aman invests equal sums of money in 4%, 5% and 6% stock, each stock being at par. If the

total income ofthe man is T 3,600. Find his total investment.

What is the market value of 9.5% stock when an investment of ¥ 12,400 produces an
income of ¥ 1472.5

. What is the quoted value of 12% stock if it earns an interest of 8% after deducting the

income tax of 8%.

Venu invested ¥ 5,02,950 in Infosys when price of X 5 shares was 3353. He sold shares
worth ¥ 500 when the price went upto 3583 and the remaining he sold when the price was
¥ 3253. How much did Venu gain.
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Ramesh has invested X 4,300 partly in 4.5% stock at I 72 and partly in 5% stock at ¥ 95.
Ifthe total income from both is ¥ 250, find the investment in both the types of stock

. Ramesh holds X 2,100 0f 3% stock. He sells at ¥ 121 and invests the proceeds in 5% stock.

Thereby his income increases by I 14. Find the market price of 5% stock.

. How much must be invested in 14.25% stock at 98 to produce the same income as would

be obtained by investing ¥ 9,975 in 15% stock at 105.

Astock yields 5% to an investor. A fall of I 5 in its price causes it to yield 52%. What was

its market value if the two income are equal.

Sanjana invests I 3240 in a stock at 108 and sells when the price falls to 104. How much

stock at 130 can Sanjana now buy.

A person invested 42000 partly in 5% stock at 125 and the remaining in 7.5% stock at 75.

Ifincome derived from the two stocks is the same. Find the respective investments in each

stock. Also find the total income.

If a person wishes to obtain 18% yield from his investment at what price should he buy

13.5% stock.

a) Ainvestsa sumofmoney in 5.5% stock at 90 and B an equal sum in 3.5% stock. If A’s
income is 10% more than B’s find the price of3.5% stock.

b) How much money has to be invested in 11.5% stock at 73 to obtain an income of
T 150 after a tax deduction at source 0f 20%.

a) Apersoninvests< 15000 partly in 3% stock at 75 and partly in 6% stock at 125. If the
income from both is ¥ 675 find his investment in the 2 types of stock.

b) At what price a person has bought 25% shares with face value 100 which has given
him 20% returns.

Rohan invested ¥ 55000 partly in 8% stock at 80 and partly in 12% stock at 150 in such a

way as to get a return 0£ 9% for his money. How much did Rohan invest in each.

Prathik sells out ¥ 6000 of 7.5% stock at 108 and reinvests the proceeds in 9% stock. If

Prathik’s income increases by 270. At what price did Prathik buy 9% stock.

Jane sells her X 12500, 4.5% stock at 94. How much 0f'9% stock at 125 can Jane purchase

from the sale proceeds of the former stock. what is the change in Jane’s income.

A man sells ¥ 25000, 13.5% stock when the shares were selling at a premium of 20. He

invests the proceeds partly in 15% stock at 75 and partly in 16% stock at 128. Find how

much he has invested in each stock if his income increases by ¥ 1875.

Nihal has ¥ 5 Maruthi shares worth ¥ 1000. He sells 120 shares when the shares are selling

at < 1400 and the remaining shares when the price goes upto ¥ 1600. He invests the proceeds

in T 10 Maruthi shares selling at ¥ 1184 find the number of ¥ 10 Maruthi shares purchased

by Nihal.
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ANSWERS 9.1

One mark questions:

1) 3200 2) %4500 stock 3)X 5100 4)2.4%
Two marks questions:
1) 487.5,% 7500 stock 2) 8.33%
3) 5000 stock, T 400 4)% 7200
5) 1020

Three marks questions:
1) 700,4.66%

2) a)9% stock b) 61%% stock
c) 7% stock d) 6% stock
3) 72000 4) T80 5)3 138
6) 18000 7) 2400, 1900 8) T 165
9) Y9800 10) T 55 11) 32400
12) % 30,000 in 5% stock, ¥ 12,000 in 7.5% stock. Income is 1200 + 1200 = 2400
13) 75

14) a)3 63 b) % 1190.21
15) a) 5625, ¥9375 b) T 125
16) %27,500 in 8%, % 27,500 in 12% 17) X 81
18) 9400 stock, ¥ 283.5 increase
19) ¥ 20,000, % 10,000
20) %250 =No. of shares
9.5 Brokerage :

Stock exchange is the name of the market where the transfer of stock are done through
brokers. The brokers charge a small fee as commission from both the buyers as well as from
the sellers. This commission is called brokerage. Brokerage is always calculated on the
market value.

a) While selling shares, since you have to pay brokerage the net amount received will be
market value — Brokerage.

b) While buying shares, since you have to pay brokerage, the total amount to be paid is market
value + brokerage.
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Example 16 :

Prashanth sold 25 Biocon shares when the market price was I 400 per share. He
then bought 10 Reliance shares which were selling at ¥ 800 per share. Brokerage
for each transaction was 0.25%. The balance amount he gave to his daughter Sonu
for shopping. How much did Sonu receive.

Solution :
Amount received by selling
Beocon shares =25 x 400 =% 10,000

0.25
Brokerage = 100 x10000 =% 25

Net Amount received = 10,000 — 25 =3 9975
Amount paid for Reliance shares =800 x 10 =3 8000

0.25
Brokerage = 100 > 8000 =% 20

Net Amount paid = 8000 + 20 =3 8020
Balance Amount = 9975 — 8020 =% 1955
.. Amount paid to Sonu for shopping is ¥ 1955
Example 17:

If a client buys shares worth 3 1,25,000 and sells shares worth 3 75,000 through a
broker assuming that the buying side brokerage is 0.5 and the selling side brokerage
is 0.25%. Find the total brokerage paid to the broker.

Solution:
Brokerage while buying

= %x 1,25,000
100

=3 625
Brokerage while selling

= 025 % 75,000
100

=187.5
.. Total brokerage = 625 + 187.5 =% 812.5
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EXERCISE 9.2

Three marks questions:

1.

A man owns 50 SBI shares which are now selling at the rate of 1800. He needs 50,000 for
his daughter’s education. He decides to sell25 SBI shares. The brokerage charged is 0.25%.
How much more money does he need to arrange after selling the share.

Rakshith decides to invest in TCS shares which are selling at 2020 per share. How much
money is required to purchase 10 shares if the brokerage is 0.5%

. Ritu purchased 200 HDFC shares when the price was 625 and then sold all the shares

when the price went upto 715. If the brokerage for each transaction was 1%. How much
did Ritu gain.
Ifa client buys shares worth ¥ 90,000 and sells shares worth ¥ 1,10,000 through a stock

broker calculate the brokerage payable to the stock broker if the brokerage rate is 0.5%
each side.

. Veena buys 100 shares of Karnataka bank at ¥ 101 per share. She pays ¥ 10,130.3 to her

broker. What is the total brokerage she paid and calculate the percentage rate of brokerage.

. Mr. Ravisold 2,250 stock at 75 and bought stock at 88.5 with the proceeds. How much

stock does he buy if the brokerage is 2% for selling and 1.5% for buying.

ANSWERS 9.2

1) T5112.5 2) 320301 3) 215320 4) T 1000
5) 0.3% 6) T 1841.02

skok ok ok sk
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Chapter
10 LEARNING CURVE

10.1 Introduction :

By studying learning curve, we acquire skill and knowledge of performing a particular task
repeatedly, we perfect the task and also gain efficiency in doing the same. This is called as
learning process. The theory of learning curve deals with labour efficiency.

10.2 Learning curve :

Definition : Learning curve is defined as the curvilinear relation between the decrease in
average labour hours per unit with increase in the total output.

10.3 Learning curve ratio :

The slope of the learning curve is called as the learning curve ratio. The learning curve ratio
is expressed as a percentage

Average Labour cost of first 2N units

Learning curve ratio =

Average labour cost of 1N units

Example 1 :

The average labour cost of a production for 100 units is ¥75. If the learning curve
ratio is 0.75. Find the average cost of production for 50 units.

Solution :
Average labour cost of 100 units = ¥ 75
Learning curve ratio = 0.75
Let the average cost of 50 units =3 x

Average cost of 2N units

Learning curve ratio = Average cost of N units
0.75= 7
x
75
x=—
0.75
7500
x=—01n
75
x =100

.". the average labour cost of 50 units =100
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Example 2 :

The average labour cost of 100 units is I 50. The learning curve ratio is 0.5. What
is the average labour cost of 200 units?

Solution :

Let the average labour cost of 200 units =x

Average labour cost of 2N units

Learning curve ratio = Average labour cost N units

X
50
0.5%x50=x
x=25
.. The average labour cost of 200 units =3 25

0.5

Example 3:

The average labour cost for the first 150 units of production by a factory is I 50
when the output was doubled to 300 units, the average labour cost was < 25. Find
the learning curve ratio and the learning curve percent.

Solution :

Average labour cost of 150 units =3 50
Average labour cost o300 units =3 25

Average cost of first 2N units

Learning curve ratio = Average cost of first N units
325
= —=0.5
350

Learning curve percent = 0.5 %100 =50%

10.4 Learning effect:

The effeciency in performance of a labourer increases by repeatedly doing the task. This is
due to the learning process and the learning effect improves the production. For example
80% learning effect means that when the cumulative output is doubled the cumulative average
labour hours per unit will be 80% of'the previous level.

The following tables show the learning effect of 90%, 80%, 70%, 60% and 50%
when the time required to produce 1 unitis 100 hrs.

[296 |



Table 1 : 90% learning effect
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Units Total output Cumulative average Total Average hours
produced inunits time per unit (hours) hours per additional
1 1 100 100 100
180-100
1 2 90% of 100 180 T=80
90 %100
oo
324 -180
2 4 90% of90 324 ? =72
90x90 _ .,
100
583.2324
4 8 90% of 81 =72.9 583.2 8_—4=64.8
1049.76 —583.2
8 16 80% 0f72.9=165.6 11049.76 70491766_ 8583 =
Table 2 : 80% learning effect
Units Total output Cumulative average Total Average hours
produced inunits time per unit (hours) hours per additional
1 1 100 100 100.00
1 2 80% of 100 = 80 160 60.00
2 4 80% of 80 = 64 256 48.00
4 8 80% of 64 =51.2 409.6 38.40
8 16 80% of 57.2 =40.96 655.3 30.72
Table 3 : 70% learning effect
Units Total output Cumulative average Total Average hours
produced inunits time per unit (hours) hours per additional
1 1 100 100 100.00
1 2 70% of 100 =70 140 40.00
2 4 70% of 70 =49 196 28.00
4 8 70% of49 =34.30 274.4 19.60
8 16 70% of34.30 384.16 13.72
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Table 4 : 60% learning effect

Units Total output Cumulative average Total Average hours
produced nunits time per unit (hours) hours per additional
1 1 100 100 100
1 2 60% of 100 = 60 120 20
2 4 60% of 60 =36 144 12
4 8 60% of36 =21.6 172.8 7.2
8 16 60% 0f21.6=12.96 207.36 4.32
Table 5 : 50% learning effect
Units Total output Cumulative average Total Average hours
produced inunits time per unit (hours) hours per additional
1 1 100 100 100.00
1 2 50% of 100 =50 100 00.00

Note : From this table it is clear that learning curve of 50% or less is mathematically not possible.
Generally 80% learning effect is commonly used in day to day life.
10.5 Learning curve equation

The equation represents learning curve equation. Here

y = Cumulative average time per unit
a =Time for first unit
x = Cumulative total number of units produced

log (learning effect)

b =index oflearning = log2

Taking log on both the sides of learning equation we have;
Which is a Linear Equation
logy=1loga+blogx

Table for the Graph

Total output in units Cumulative and time per unit
1 1000
2 800
4 640
8 512
16 409.6
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Graphical representation of the learning curve (80% learning effect)
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Example 4 : Total outputs (in units)

Give the formula for learning index.
Solution :

log (learning effect)

Learning index = log2

Example 5 :

The production manager of a company obtained the following equation for the
learning effect.

y — 1356 X‘0.3219

This function is based on the company’s experience for assembling the first 50
units of the product. Find the labour hours required to assemble 100 units.
Solution :

y=ax" Applylog on both sides
logy=Iloga+blogx

y= average cumulative time period
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a =time taken for I lot / I unit

x = cumulative total no. oflots

b =1Index of learning
where a=13564, X
logy=loga+blogx
logy=1og 1356 +-0.3219 log 2
logy=3.1324-0.3219 (0.3010)
logy=3.1324-0.0969
logy=3.0355

2,

y=Antilog 3.0355 =1085.18 hrs

b=-0.3219

Total time for 2 units =2 x 1085.18 hrs=2170.35 hrs.

Example 6 :
A Motor Company Ltd., has observed that a 90% learning effect applies to all
labour related costs. Whenever a new product is taken up for production, the
anticipated production to 320 units for the coming year. The production is done in
lots of 10 units each. Each lot requires 1000 hours at X 15/hour. Calculate the total

labour hours and labour cost to manufacture 320 units.

Solution : 1 cost=10 unit
Lots Total output Cumulative average Total
produced in Lots time per unit (hours) hours
1 1 1000 1000
1 2 90% of 1000 =900 1800
2 4 90% of900 =810 3240
4 8 90% of 810 =729 5832
8 16 90% of 729 = 656.1 10,497.6
16 32 90% of 656.1 =590.49 18,895.68

The total hours is 18,895.68 hrs. and the labour cost at

T 15 per hr = 18,895.68 x 15
=32,83,435.20

Example 7 :

An Engineering company has 80% learning effect and spends 500 hours for the
prototype. Estimate the labour cost of producing 7 engines of new order if the labour

cost is T 40 per hour.
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Solution : Units Total output Cumulative average Total
produced nunits time per unit (hours) hours
1 1 500 500
1 2 80% of 500 =400 800
2 4 80% of400 =320 1280
4 8 80% 320 =256 2048

Total hours of 8 engines  =2048
Total hours of 1 engine ~ =-500
Total hours for 7 engines = 1548 hrs.
Ifthe labour cost X 40 per hour.
Total labour cost of producing 7 engines = 1548 x 40 =3 61920
Example 8 :

The average labour cost for first 100 units produced by a firm is ¥ 25. When the
output was doubled to 200 units, the average labour cost was I 20. Determine
learning curve ratio and learning curve percent.

Average labour cost for 2 N units

Solution : Leamng curve ratio = Average labour cost for N units

25 5
Learning curve percent = 0.8 x 100 =80%

204 o3

Example 9 :

Xyz company supplies water tankers to the Government. The first water tanker
takes 20,000 labour hours. The government auditors suggest that there should be
90% learning effect rate. The management expects an order of 8 water tankers in
the next year. what will be the labour cost the company will incur at the rate of T 20

per hour ?
Solution :
Units Total output Cumulative average Total
produced nunits time per unit (hours) hours
1 1 20,000 20,000
1 2 90% 020,000 = 18,000 36,000
2 4 90% of 18,000 = 16,200 64,800
4 8 90% of 16,200 = 14,580 1,16,640
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Time taken for 8 water tankers = 116640 hrs.
Total cost the company will incur at the 20 per hour
= 116640 x 20 = ¥ 23,32,800
Example 10 :

A company requires 100 hours to produce the first 10 units at T 15 per hour. The
learning curve effect is 80%. Find the total labour cost to produce a total of 160
units.

Solution : Assume 10 unit=1 lot

Units Total output Cumulative average Total
produced inlots time per lot (hours) hours
1 1 100 100

1 2 80% of 100 = 80 160

2 4 80% of 80 = 64 256

4 8 80% of 64 =51.2 409.6

8 16 (160 unit) 80% of 51.2 =40.96 655.36

Time taken for 160 units = 655.36 hrs.
Total cost the company has to incur at the rate of 15 per hour
=655.36 x 15=7%9830.40

Exercisk 10.1
One mark questions: -
1. Define learning curve.
2. Write the formula for learning index.
3. Find the index of learning for 70% learning effect.
4. Find the index of learning for 80% learning effect.
5. Write the learning curve equation.
Five mark questions:
6. Anengineering company has 80% learning effect and spends 1000 hours to produce 1 lot

of'the product. Estimate the labour cost of producing 8 lots of the product ifthe labour cost
is ¥ 40 per hour.

7. ABC company required 1000 hours to produce first 30 engines. If the learning effect is
90%. Find the total labour cost at ¥ 20 per hour to produce total of 120 engines?

8. The production manager of a company obtained the following equation for the learning
effect.

y = 1400 x03
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10.

This function is based on the company’s experience for assembling the first 50 units of the
product. The company was asked to bid a new order of 100 additional units and the labour
cost for producing an additional 100 units at the rate of ¥ 20 per hour.

. Anaircraft manufacturer supplies aircraft engines to different airlines. They have just completed

an initial order for 30 engines involving a total of 6000 direct labour hours at ¥ 20 per hour.
They have been asked to bid for a prospective contract for a supply of 90 engines. It is
expected that there will be 80% learning effect. Estimate the labour cost for the new order.

A first sample batch of 50 units of product A took 80 hours to make. The company now
wishes to estimate the average time per unit will be if the total output of product A is 200
units and 80% learning rate applies.

ANSWERS 10.1

. Definition : Learning curve is the curvilinear relationship between the decrease in average

labour hours per unit with increase in the total output

Log (learning effect)

Learning index = log 2
Log (70%
Learning index = % =-0.5146
o log (80%)
Learning index = W =-0.3219

. Learning curve eq isy =a x*

y = Cumulative avg. time per unit

a = Time for 1st unit

x = Cumulative total number of units
b = Index oflearning

Units Total output Cumulative average Total
produced nunits time per unit (hours) hours
1 1 1000 1000

1 2 80% of 1000 = 800 1600

2 4 80% of 800 = 640 2560

4 8 80% of 640 =512 4096

Total hours to produce 8 lots =4096 hrs
Total labour cost at 40 per hr = 4096 x 40
=% 1,63,840
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7) Assume 1 lot=30 engine

Units Total output Cumulative average Total
produced nunits time per unit (hours) hours
1 1 1000 1000

1 2 90% of 1000 =900 1800

2 4 90% 01900 =810 3240

The total number of hours to produce 4 lot (120 engine) = 3240
The lab cost at 20 per hour = 3240 x 20 =% 64,800
8) y=1400 x 3
log y=1log 1400 —-0.3 log 2
logy=3.14612—(0.3) 0.4471
log y=3.14612— 0.14313
logy=3.05582
y=Antilog 3.00297
y=1007

Total labours hours for additional
100 unit =3021 — 1400 = 1621

The total labour hours= 1007 x 3=3021 hours
The labour cost at ¥ 20 per hr. = 1621 x 20 =% 32,420

9) 1 lot=30 engine
Lot Total output Cumulative average Total
produced n lot time per lot (hours) hours
1 1 6000 6000
1 2 80% of 6000 = 4800 9600
2 4 80% of4800 = 3840 15360
The total hours to manufacture 4 lots = 15360
~ 6000
9360
Total lab cost for 9360 hrs at ¥ 20 per hour =9360 x 20 = ¥1,87,200
10) Lot Total output Cumulative average Total
produced inLot time per Lot (hours) hours
1 1 80 80
1 2 80% of 80 = 64 128
2 4 80% of 64 =51.2 204.8
Total Labourhours = 204.8 (Assume 50 unit =1 lot)
kosk ok ok ok
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Chapter
1 1 LINEAR PROGRAMMING PROBLEMS

11.1 Introduction :

In the field of Business and Industrial world, decision making is a very important task. Any
organisation-big or small, has variety of resources like men, machine, money and material at
their disposal. However the supply of these resources may be limited. In such situations, the
management must find the best allocation ofthe available resources in order to maximize the
profit or minimize the cost etc., utilize the resources to the best possible extent. In these
contexts Linear Programming provides an optimal solution with the available information.

Linear Programming is a mathematical technique which deals with the optimization i.e.
minimization or maximization of activities subject to the available resources.

For instance :
(1) A biscuit manufacturing factory may be interested in taking decision regarding the type
ofbiscuits to be manufactured and the quantity produced so as to earn maximum profit.

(i) A factory having some machines to manufacture cars would like to know the best way
to utilize its machines so that maximum production is made possible in minimum time
available.

(i) A dietician may want to suggest food with certain basic vitamins and proteins. She may
like to know the best way to prescribe food with optimum requirement of vitamins and
proteins at the minimum cost.

These are few examples where Linear Programming provides an optimal solution. Linear
programming takes optimal decisions from the available set of choices. Programming
(or planning) refers to the process of determining a particular plan of action.

11.2 Definition:

Linear programming deals with the optimization ofa linear function of variables subject to a
set of linear constraints.

11.3 Formulation of Linear Programming problem
Consider the following steps for the construction of L.P.P. in a given situation.

Step 1 : Identify the unknown variables-also known as decision variables and denote them in
terms of algebraic symbols.

Step 2 : Identify the objective of the problem and represent it with Z.

Step 3 : Identify all the restrictions-also known as constraints. Represent them as equations or
inequations in terms of symbols.

Let us consider some examples in order to explain the formulation of L.P.P.
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WORKED EXAMPLES

Example 1 :
Production allocation problem
A manufacturer Akhil produces two types of models M, and M. Each model M|
requires 4 hours of grinding and 2 hours of polishing, whereas each model M, requires
2 hours of grinding and 6 hours of polishing. The manufacturer has 2 grinders and 3
polishers. Each grinder works for a maximum of 80 hours a week and each polisher
works for a maximum of 180 hours a week. Profit on a M modelisX 3 and ona M,
model is 4. Whatever is produced in a week is sold in the market. Formulate
L.P.P.

Solution :
Let ‘x” be the number of M, models and ‘y’ be the number of M,models. The weekly profit
of'the manufacturer is given by
Z =3x+4y which is the objective function. This is on the assumption that he has enough

grinders and polishers capacity to produce these number of models. Now in order to produce
these number of models, the total number of grinding hours needed per week is given by

4x+ 2y and the total number of polishing hours needed per week given by 2x+ 6y . Since
the manufacturer does not have more than 80 hours of grinding nor does he have 180 hours
ofpolishing, we must have

4x+2y <80

2x+6y <180

Also it is not possible for the manufacturer to produce a negative number of models, it is
obvious that we must also have x>0, y 2> 0. Hence the manufacturer’s allocation problem
can be put in the following mathematical form

To maximize the profit
z=3x+4y

Subject to the constraints
4x+2y <80
2x+6y <180
x20, y20

The above mathematical expression is known as mathematical formulation. From the above
in equations we find out the values of x and y. The values of x and y are substituted in the
objective function z. The maximum value of the objective function is known as optimal
value.
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Example 2 :
A resourceful home decorater Ananthu manufactures two tyes of lamps say A and
B. Both lamps go through two technicians, first a cutter and second a finisher. Lamp
‘A’ requires 2 hours of cutter’s time and 1 hour of finisher’s time. Lamp ' B' requires
1 hour of cutter’s time and 2 hours of the finisher’s time. The cutter has 104 hours

and the finisher has 76 hours of available time. Profit on a lamp ‘A’ is T 6 and profit

on a lamp ‘B’ is X 11. assuming that she can sell all that she produces, formulate
L.P.P.

Solution :

Let the manufacturer makes x and y lamps of type A and B respectively. Then the total profit
which is the objective function z is given by z=6x+11y . Total time of the cutter used in

preparing ‘x’ lamps of type A and ‘y’ lamps oftype B is 2x+ y . Since the cutter has only
104 hours, we have 2x+ y <104 . Similarly,
Total time of the finisher in preparing x lamps of type Aand y lamps of type Bis x+ 2y <76

Hence the decorater’s problemis to find x and y
which maximizes Z = 6x+11y subject to the constraints

2x+y <104
x+2y<76
x20, y20
Example 3:
(Diet problem)

Pratheek wants to decide the constituents of diet which will fulfill his daily
requirements of proteins, fats and carbohydrates at minimum cost. The combination
is made among 2 food products A and B whose contents are indicated below:

Food A B Minimum requirements
Proteins (mg) 5 2 800
Fats (mg) 6 5 200
Carbohydrates (mg) 4 3 700
Cost /Unitin < 70 50

Formulate L.P.P

Solution:
Let the number of units of food A be x and that of food B be y respectively.
Therefore objective function is given by
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Minimize z = 70x+ 50y
Subject to constraints:
S5x+2y 2800
6x+5y =200
4x+3y =700

where x,y20
Example 4:

Arvind, a chemist provides his customers at the least cost, the minimum daily
requirements of 2 vitamins A and B by using a mixture of 2 products M and N. The
amount of each vitamin in 1 gm of each product, the cost per gram of each product
and the minimum daily requirements are given below:

Products No. of units of each vitamin in one gram
of each product
Vitamin A | Vitamin B | Minimum requirement | Cost/gm of each
of each vitamin product

M 6 2 12 20

N 2 2 8 16
Formulate L.P.P

Solution :

Let the amount of product M be x and the amount of product N be y. Looking at the
table, we can formulate the L.P.P. problem as follows:

Objective function is to minimize z =20x+16y

Subject to the constraints 6x+2y >12
2x+2y =28
x,y20
Example S :

A company owned by Swathi can produce two types of high quality shoes. Each
shoe of the first kind requires thrice as much as time as the second kind. If all
shoes are of the second kind only, the company can produce a total of 600 pairs a
day. Only a maximum of 150 pairs of the first kind and 400 of the second kind can
be sold a day. If the profit per pair of the first kind is ¥400 and per pair of the
second kind is ¥150 then formulate L.P.P.

Solution :
Let the number of pair of shoes produced per day of the first kind requires 3 times as ofthe
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second kind and the maximum possible production of the second kind is 600 pairs, we
obtain the constraint : 3x+ y < 600

Next we have the sales constraint. Since only a maximum of 150 pairs of the first kind and
400 pairs of the second kind can be sold, we get x <150, y <400

Since neither production can be negative, we get x>0, y2>0
Since profits on the two kinds per pair are respectively 400 and X150, the objective of the
maximizing profit requires to maximize z =400x+150y .
Summarising we get the following L.P.P.
Maximize z=400x + 150y subject to the constraints
3x+y <600
x <150, y<400
x20, y20
Example 6:

A company owned by Vaishnavi wants to advertise its products in two magazines I
and II. Magazine I reaches 2000 potential customers and magazine Il reaches 3000
potential customers. The two magazines charge 3400 and 3600 per page. The
company can spend not more than 36000 per month on advertisement. The total
reach for the income group under 320,000 p.a. should not exceed 4000 potential
customers. The reach for this income group in the two magazine I and Il is 400 and
200. How many days should the advertisement be placed in the two magazines to
reach the maximum.

Formulate L.P.P.
Solution :

Letx and y be the number of days on which the advertisement is placed in the two magazines
Iand I respectively.

Then the required LPP will be:
Maximise z =2000x +3000y
Subject to the constraints:
400x + 600y < 6000
400x + 200y < 20000
x,y20
Example 7 :

A producer named Samarth has 30 and 17 units of labour and capital respectively
which he can use to produce two types of goods A and B. To produce one unit of A,
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2 units of labour and 3 units of capital are required. Similarly 3 units of labour and
1 unit of capital is required to produce 1 unit of B. If A and B are priced at T100 and
%120 per unit respectively how should the producer use his resources to maximize
the total revenue.

Form a LPP to maximize his revenue.

Solution:
The above information is given in the following table:
Goods Labour Capital Cost (in %)
A 2 3 100
B 3 1 120
Available units 30 17

Let x be the number of units of A and y be the number of units of B produced.
Mathematical formulation of given problem is as follows:
Maximise z =100x+120y
Subject to the constraints
2x+3y <30
3x+y<17
x,y20
Example 8 :

A soft drink firm owned by Ektha has two bottling plants one located at P and the
other located at Q. Each plant produces three different soft drinks A,B and C. The
capacities of two plants in number of bottles per day are as follows:

Product Plant P Plant Q
A 3000 1000
B 2000 6000
C 1000 1000

A market survey indicates that during the month of April, there wil be a demand for
24000 bottles of A, 48000 bottles of B, 16000 bottles of C. The cost of running the
two plants P and Q are respectively 36000 and I8000 per day.

Formulate L.P.P.
Solution :

Let us suppose that the plants P and Q should run for x days and y days respectively, then
the total cost of running the two plants is ¥ 6000x + 8000y. The following table helps us in
formulating the problem.
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Plant | No. of working Production Cost of running
days A B C
P X 3000x 2000x 1000x 6000x
Q y 1000y 6000y 1000y 8000y
Our problem is to find x and y, so that the cost z = 6000x + 8000y is minimum subject to
constramts
x20, y20
3000x+1000y = 24000
2000x+ 6000y = 48000
1000x+1000y 216000
Example 9:

Yatharth runs a company which manufactures two products A and B. Product A is
sold at 3200 per unit and takes 30 minutes to make. Product B is sold at 300 per
unit and takes 1 hour to make. There is a permanent order of 14 units of product A
and 16 units of product B. The working week for the production of both A and B
consists of 40 hours and the weekly turnover must not be less than 310,000. If the
profit on each unit of product A is 20 and on product B is 30, then formulate
L.P.P.

Solution :
Let x units of product A and y units of product B be manufactured.

The problem is to maximise P =20x+30y
Subject to constraints
x20, y20
x214, y=216
200x 4300y 210000

1
—x+1y<40
5 y

11.3.1 General Linear programming problem
A problem in linear programming is formulated mathematically by first identifying a set of
decision variables say x,,x,, x;......x, which are subjected to certain linear constraints written
in the form of inequalities
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ayX, an, Xy e alnxn( , )bl
Ay Xp Ay Xy e ay,%, ( > )b2
A, X, A, Xy amnx”( , )bm

where the coefficients ajjand b, b,, b, ..... b_are constants and the non-negative constraints

aregivenby x, 0,x, 0,x, 0O..x, 0
The aim of this mathematical formulation is to optimize a linear expression
Z X, CyXy CyXy . ¢, x, foragivenconstraints c,, c,.....c

This is called as the objective function. Thus the optimisation (maximization or minimization)
of'the objective function is called the General Linear Programming problem.

11.3.2  Structure of Linear Programming Model:

The general structure of Linear Programming model consists of three basic components or
elements.

1) Objective function: This is the function which is to be maximised or minimised in the
problem. This function is always a linear function consisting of variables. It is denoted
by ‘Z’.

2) Decision variables : These are the variables which affect the value ofthe objective
function. These variables are denoted by x,,x,, x;....x

3) Constraints : These are the conditions existing with regard to the decision variables.
These constraints will be in the form of linear inequalities.

Also there exists some other terminologies which are as follows:

(i) Feasible region : while solving the linear programming problem by graphical method,
every constraint is satisfied by a part of the co-ordinate plane. The region ofthe cartesian
plane which is the intersection of all these parts, thus representing the region which
satisfies all the constraints is called the feasible region.

(i) Feasible solution : A solution which is a set of real values which satisfies all the
constraints is called Feasible solution.

(i) Optimalsolution : The feasible solution which achieves the objective on hand that is
either maximizes or minimizes the objective function as the case may be is the optimal
solution. It optimizes the objective. In the graphical method this solution occurs at one
of'the corners of the feasible region.
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ExErcrise 11.1

Four mark questions:

1)

2)

3)

4)

S)

Smaran being a manufacturer produces nuts and bolts for industrial machinery. It takes
1 hour of work on machine A and 3 hours on machine B to produce a package ofnuts
while it takes 3 hours on machine A and 1 hour on machine B to produce a package of
bolts. He earns a profit of 32.50 per package on nuts and ¥ 1 per package on bolts.
Forma linear programming problem to maximize his profit, it he operates each machine
for at most 12 hours a day.

Vishal consumes two types of food, A and B everyday to obtain minimum 8 units of
protein, 12 units carbohydrates and 9 units of fat which is his daily requirements. 1kg of
food A contains 2, 6, 1 units of protein, carbohydrates and fat respectively. 1 kg of food
B contains 1, 1 and 3 units of protein, carbohydrates and fat respectively. Food A cost
%8 per kg and food B cost ¥ 5 per kg. Form an L.P.P. to find how many kilogram of
each food should he buy daily to minimize his cost of food and still meet minimal nutritional
requirements.

Archana, a dietician wishes to mix two types of foods F1 and F2 in such a way that the
vitamin contents of the mixture contains at least 6 units of vitamin A and 8 units of
vitamin B. Food F1 contains 2 units/kg of vitamin A and 3 units/kg of vitamin B while
food F2 contains 3 units/kg of vitamin A and 4 units/kg of vitamin B. Food F1 costs 350
per kg and food F2 costs ¥75 per kg. Formulate the problem as L.P.P. to minimize the
cost of the mixture.

A furniture maker Jatin has 6 units of wood and 28 hours of free time in which he will
make decorative screens. Two models have sold well in the past, so he will restrict
himselfto those two. He estimates that model 1 requires 2 units of wood and 7 hours of
time. Model 2 requires 1 unit of wood and 8 hours of time. The prices ofthe models are
%120 and X 80 respectively. Formulate LPP to determine how many screens of each
model should the furniture maker assemble if the wishes to maximize his sales revenue.

A firm owned by Sheshnag manufactures two types of products A and B and sell them
at a profit of 2 on type A and I3 on type B. Each product is processed on machines
M1 and M2. Type A requires one minute of processing time on M1 and two minutes on
M2. Type B requires one minute oftime on M1 and one minute on M2. The machine
M1 is available for not more than 6 hours 40 minutes while M2 is available for 10 hours
during any working day. Formulate the L.P.P. in order to find how many products of
each type should the firm produce each day so that profit is maximum.
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Shreya company produces 2 types of shoes A and B. A is of superior type and B is of
ordinary type. Each shoe of'the first kind requires thrice as much time as the second
kind. Ifall shoes are of the second kind only, the company can produce a total of 650
pairs a day. Only a maximum of 150 pairs of the first kind and 400 of the second kind
can be sold per day. Ifthe profit per pair of the first kind is 400 and per pair of the
second kind is ¥150. Find the optimal product mix to be produced to maximize the
profit by formulating on L.P.P. model.

Producer Rahul has 50 and 85 units of labour and capital respectively which he can use
to produce two types of goods A and B. To produce one unit of A, 1 unit of labour and
2 units of capital are required. Similarly 3 units of labour and 2 units of capital is required
to produce 1 unit of B. If Aand B are priced at 3100 and X150 per unit respectively,
how should the producer use his resources to maximize the total revenue. Formulate the
L.P.P. to maximize his total revenue?

Nikhil pesticide company must produce 200 kg mixture consisting of chemicals A and
B daily. A cost %3 per kg and B cost I8 per kg. Maximum 80 kg of chemical A and
atleast 60 kg. of chemical B should be used. Formulate L.P.P. model to minimize the
cost.

ANSWERS 11.1

. Maximize, z=2.5x+y 2. Minimize, z=8x+5y
subject to the constraints; subject to the constraints;
2x+y=8
x+3y=<12 6x+y>12
<
3x+y=12 x+3y=9
>
x,y20 x,y20
. Minimize, z = 50x+ 75y 4. Maximize, z=120x+80y
subject to constraints; 2x+3y =6 subject to constraints; 2x+y <6
Ix+4y>8 7x+8y <28
x,y=20 x,y=20
. Maximize, z=2x+3y 6. Maximize, z=400x+150y
subject to constraints, x+ y < 400 subject to constraints, 3x+y <650
2x+y <600 x<150
X320 <400
x,y20
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7.

11.4

Maximize, z =100x+150y 8. Minimize, z =3x+8y

subject to constraints;  x+ y <50 subject to constraints; x+ y =200
2x+2y <85 x<80
x,y20 y260
x,y20

Graphical solutions for Linear Programming problems:

The graphical method of solving a Linear Programming problem consists of the following
steps.

Step 1: Represent the given problem in mathematical form i.e. formulate linear programming
for the given problem.

Step 2: Represent the given constraints as equalities onx, y (or x,,x,... ) i.e. consider each
inequality constraint as equation. Plot each equation on the graph as each will geometrically
represent a straight line.

Step 3: Mark the region. Ifthe inequality constraint corresponding to the line is <, then the
region below the line lying in the first quadrant (due to the non-negativity of the variables) is
shaded. This region includes the origin. For the inequality constraint > sign, the region above
the line in the first quadrant is shaded. The points lying in common region will satisfy all the
constraints simultaneously. The common region thus obtained is called the feasible region.

Step 4 : Measure the values of the two decision variables x and y graphically at each ofthe
vertices of the feasible region. The values of x and y at one of'the vertices represents optimal
solution.

Step 5: Calculate the value of the objective function of the corner points on the feasible
region and select the one which gives the optimal solution i.e. in the case of maximization
problem, optimal point corresponds to the corner point at which the objective function has
a maximum value and in the case of minimization, the corner point which gives the objective
function the minimum value is the optimal solution.

Note:

1) Stretch the objective function line till the extreme points of the feasible region. In the
maximization case, this line will stop farthest from the origin and passing through atleast
one corner of the feasible region. In the minimization case, this line will stop nearest to
the origin and passing through atleast one corner of the feasible region.
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The following illustrations demonstrates how L.P.P. solutions can be obtained by
the graphical method.

Example 1:

A company owned by shree group produces two products P and Q. Each P requires
4 hours of grinding and 2 hours of polishing and each Q requires 2 hours of grinding
and S hours of polishing. The total available hours for grinding is 20 hours and for
polishing is 24 hours. Profit per unit of Pis 36 and that of Q is I8. Formulate L.P.P.
and solve graphically.

Solution :

Let 'x' be the units of P manufactured and 'y' be the units of Q manufactured. Consider the
table formed as per the given details.

Products Grinding hours Polishing hours Profit per unit
P 4 2 6
Q 2 5 8
Availability of time 20 24
Formulation of L.P.P. can be done as follows
Maximise, z = 6x + 8y.
Subject to constraints  4x+2y <20
2x+5y<24
x,y=20

The given L.P.P. can be solved graphically by following the steps as given below.

Step 1: The given constraints in the form ofinequalities to be converted in the equations
format and then draw the graph ofthe obtained lines equations.

Refering to the given details, we get the equations 4x + 2y =20 and 2x + 5y =24 from the

constraints.

Now to draw the graph ofthe above lines first construct the table.

4x + 2y =120 2x + 5y =24
X 0 5 X 0 12
y 10 0 y 4.8 0
(0,10) (5,0) (0,48) (12,0)

Using the obtained points we can draw the graph of'the lines separately.
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Step 2: Since both the given constraints are "less than on equal to" type the shading ofthe
graph to be done in such a way that origin is to be included i.e. the part below the obtained
lines to be shaded. Where over lapping of the shaded region occurs, we get feasible region
step (1) and (2) are together shown in the graph which is drawn below.

b 4
T Scale
Along x and y axis
Icm=>5 units

Note: Shading direction of the given lines is shown by the arrow marks. The region OABC
is the feasible region where we find the overlapping ofthe shades (arrow marks) and this
region gives the corner points O(0,0), A(0,4.8), B(3.3, 3.5) and C(5, 0)

Step 3: Optimal solution is obtained by substituing the values of x and y of the corner points
in the objective function.

At 0(0,0),Z=6(0) +8(0)=0
At A(0,4.8), Z=6(0)+ 8(4.8)=38.4
AtB(3.3,3.5),Z=6(3.3) +8(3.5)=47.8
At C(5,0),Z=6(5)+ 8(0)=30
Step 4: Thus the optimal solution ofthe graphical problem is obtained as
When x =3.3 and y = 3.5 the maximum value of Z = 47.8
Example 2:

A diet for Sahana must contain at least 4000 units of vitamins, 50 units of minerals
and 1400 calories. Two foods A and B available at a cost of ¥5 and < 4 per unit
respectively. If one unit of A contains 200 units of vitamin, 1 unit of mineral and 40
calories and one unit of food B contains 100 units of vitamins, 2 unit of minerals and
40 calories, find by graphical method what combination of foods be used to have
least (minimum) cost.
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Solution:

Variables Food Unit content of Cost per unit (3)
Vitamins | Minerals | Calories
X A 200 1 40 5
y B 100 2 40 4
Minimum requirement 400 50 1400

x = number of units of food A, y =number of units of food B.

We shall formulate a Linear Programming model minimize z=5x+4y , subject to the
constraints 200x 100y 4000;x 2y 50;40x 40y 1400 x,y=0

The above constraints can now be written as 2x y 40;x 2y 50;x y 35and
x20,y 20 indicates that the region is to lie in the first quadrant only.

As already stated in example 1 in equalities are to be graphed taking them as equalities. To
draw the graph of 2x+y =40, put x=0, we get i.e. A(0,40) as a point. Similarly put
y=0,we getx=201.e. B(20,0) is another point joining the point A (0, 40) and B (20,0)
by a line, we obtain the line graph 2x + y =40 . Any point (x, y) lying one or above the line
2x+y =40satisfies the constraint 2x+y>40. Similarly to draw the graph of
x+2y =50, y=25ie C(0,25) is a point and put y =0, x =50 ie D(50,0) is another point.
Joining these two points by a line, we obtain the graph of x+ 2y =50 . Finally we have

x +y=35,put x=0,y=35 and then put y=0,x=35. So E (0,35) and F(35, 0) are the
points on the line x +y=35. Now plot all the points as shown in the figure.

A . Eachdiv. on x axis = 5 units
xt+y=35 405040 Each div. ony axis =5 units
0 35 1N 2x +y =40
35 0
304 x 0 20
5 y | 40 0
sk x+2y=150
0 50
151
25 0

10 15 2\ 25 30
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The set of points {(x, y): x >0, y > 0} satisfying all the constraints constitute a feasible region
which is shown as shaded region in the figure.
Solving 2x y 40,x y 35 wegetx=15,y=30 .. G=(5, 30), Also by solving
x +2y=50and x +y =35, we get x=20, y=15 .. H=(20, 15).
We observe that the feasible region is unbounded on the upper side. But since the objective
function z = 5x+4y is to be minimized, the optimum solution to the problem shall be located
only at one of the extreme points A, G, H, D.
We shall evaluate the objective function z = 5x + 4y at these extreme points.

At A (0, 40) z= 5x + 4y =5(0) + 4(40) = 160

At G (5,30) z=5x+4y=5(5)+4(30)= 145

At H (20, 15) z=5x + 4y =5(20) + 4(15) = 160

At D(50, 0) z= 5x + 4y = 5(50) + 4(0) =250
Since the minimum value of the objective function z = 145 occurs at the extreme point
G(5, 30) we conclude that the optimum solution to the given LPP is x =5, y =30 and

minimum z= 145. Hence to have least cost, the diet should contain 5 units of food A and 30
units of food B.

Note : Cross check: Solving equations 2x +y =40, x + 2y =50 and x +y = 35 by pair we
get G=(5,30) and H = (20, 15) Graphically also this must be correct.

Example 3:
Solve the following LPP graphically maximize z = 6x + 8y, subject to the constraints
4x+2y<20
2x+5y<24 and x>0,y>0
Mark the feasible region.
Solution :

Consider the first constraint 4x+ 2y < 20, taking it as equality we get 4x +2y =20

20
putx =0, we get 2y=20—>y=?=10

20
put y=0, we get 4X=20—>x=7=5

. 4x + 2y =20 passes through the points A(0, 10) and B(5, 0)
Similarly for the 2nd constraint 2x + 5y =24

24
putx =0, we get 5y=24—>y:?=4_8
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24
puty=0,weget 2x 24 x > 12
.. 2x + 5y =24 passes through the points C(0, 48) and D(12,0)
Plot each equation on the graph. The shaded portion in the figure represent the feasible
region which is bounded by the two axes and the two lines,

4x+2y=20 and 2x+5y =24

The shaded area OCEB represents the set ofall feasible solutions.
Each div. on x axis = 1 unit
Each div. on y axis = 1 unit

ﬁr
2x+y=10
, y 10 0
9T 2x+ 5y =24
8+ 4x +2y =20 X 0 12
ik y | 48 0
6 -
\ (0,4.8)
4+ Ho»
,L,'b 5\ %5&\6 i@%
3 $O e
_ >
24 2%+ 5y =24
N _
24 (5,0) D(12,0)
Ol 1 2 3 4B N~
A
YI
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Solving 4x+2y =20 and

2x+5y =24
wegety=35andx=3.2
thus E=(3.2, 3.5)
The four extreme points of the feasible region are 0(0,0), C(0,4.8), E(3.2, 3.5) and B(5,0)
Now we have to evaluate the objective function z = 6x + 8y at these extreme points.
AtO(0,0) ;z=16(0)+8(0)=0
At C(0,4.8);z=6(0)+ 8(4.8)=38.4
AtE (3.2,3.5 ;z=6(3.2)+8(3.5)=19.2+28=47.2
AtB(5,0) ;z=6(5)+8(0)=30

Thus the optimum solution to the given problem occurs at E(3.2,3.5)iex=3.2,y=3.5
with the objective function value 47.2

.. Optimal solution is obtained when x =3.2 and y=3.5

Example 4 :
Maximize z =—x+ 2y subject to the constraints:
x23, x+y25x+2y26,y20,x2>0
Solution :
Our problem is to maximize
z==x+2y
subject to the constraints
x 3,x y 5x 2y 6
x20,y20

First consider the lines x = 3, which passes through A(3,0) and is parallel to y axis. Then
x +y =5, which passes through the points B(5,0) and C(0,5) and the line x+2y =6 if
drawn is found to be passing through D(6,0) and E(0,3).

3
Lines BC and DE meet at R(4,1); BC meets AT in Q(3,2) and DE meets AT in P(iz) )

Feasible region is shown shaded in the figure. Note that the point D(6,0) lies in this region
3
but O (0,0) and P (3,5) do not lie in this region.
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The corner points which are to be examined for optimum solution are D(6,0) R(4,1) and
Q(3.2).
We find from the graph drawn below:
AtD(6,0) =>z=-6+2%x0= -6
AtR4,1)=>z=4+2x1= -2
AtQ@3,2) z=-3+2x2=1
Hence it appears that max z=1 at (6, 0)
Since the feasible region is unbounded
we find the graph of the inequality — x + 2y > 1

As the halfplane represented by this inequality has points common with the feasible region,
therefore 1 is not the maximum value ofz. Thus z has no maximum value.

A Each div. on x axis = 1 unit
xty=>5 Each div. on y axis = 1 unit
X 0 5
y 5 0 7T
6+
+2y=
xX+2y=6 5\;
X 0 6
y 0 4

Example S : Solve graphically
Maximize 7 = x+y, subject to the constraints; 2x—y+12>20, x+ y<3, x<2 and

x,y20.

33

Solution: Z =3 B(2,1) C(—,

. 5)0(0’ 0)

Consider the lines 2x—y+1=0,x +y=3and x=2. Lines 2x — y+1=0 passes through

-1 33 33
—01],(0,1)and | -7 | whereas the line x +y = 3 passes through (0,3), | 7>7 |, (2,1)
2 2°2 2°2
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and (3,0). Line x =2 is parallel to y axis and passes through (2,1). We find lines 2x—y+1=0

33
and x+ y =3 meet at B(E’E) and the lines x+ y =3 and x = 2 meet at C(2,1) whereas

lines x = 2 meets the x axis at (2,0) and the line 2x — y +1=0 meets the y axis at A(0,1) and

33
0(0,0). Thus the corner points A(0,1), B(E’E) , C(2,1), D(2,0) determines the feasible

region as shaded below.
To find the optimal solution we find

atA(01)z=1,at C(2,1) z=3

33
at B(E’E) z=3,at D(2,0)z=2 Z, the objective function is
having the maximum value 3
at 0(0,0) z=0 at the point (2,1)
Y
2x—-y—1 T
X 0 Ve ©,3) :
Y +1 0 / 33
6(53)
x+y=3 .
02 / S
X 0 3 \\\
y 3 0 ca
S
0, 1)
' D N30 :
ST 0,0 i 2,0 X
() ™0 i \
Y

Example 6 :

Varsha electric appliance company produces two items, Refrigerator and ranges
production takes place in two separate departments. Refrigerator are produced is
department I and ranges in department II. The company’s two product are produced
and sold on a weekly basis. The weekly production cannot exceed 25 refrigerators
and 35 ranges in department I1, because of limited available facilities in these two
departments. The company regularly employs a total of 60 workers in the two
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departments. A refrigerator requires 2 man-week of labour, while a range requires
1 man week of labour. A refrigerator contributes a profit of ¥ 60 and a range
contributes a profit of I 40. How many units of refrigerators and ranges should the
company produce to realise maximum profit?

Solution:

Formulation ofthe problem: Let x and y represent the number of refrigerators and ranges
produced and sold every week.

Since a refrigerator contributes a profit of I 60 and a range contributes a profit of I 40, the
objective function will be

Maximise z = 60x + 40y
The first constraint is of the available facilities in the two departments. By data x <25, y <35

The second constraint is of labour. Since a refrigerator requires 2 man week of labour and a
range requires 1 man week of labour,

2x + y <60 is the constraint
Also x and y cannot be negative, we have x>0, y=0.
Consolidating all the above data, the final LPP will be
Maximise z =60x+40y subjectto x 25,y 35, 2x y 60,x 0,y O

We first draw the constraints treating all ofthem as inequalities.

Since the origin satisfies all three of these inequalities, we consider the intersection o the
areas in the I quadrant on that side of the halfplane determined by these lines containing the
origin as the feasible region. In the adjoining graph, this area is represented by OABCD.

J 2x+y <60
X 0 30
1 y 60 0
(12.5,35)
D|(0,35
PRSERER L 5) ;
30
25 3
20 S
15 \IB(25,10)
10
0 05 RS
PLUSL)) S ——— >X
O s 10 15 20 \
v
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we evaluate the value ofthe objective function z at each ofthe corners of'this region.
At0(0,) z=0
AtA(25,0) z=1500
At B(25,10) z=1900
At C(12.5,35)z= 2150
At D (0,35) z=1400
Clearly z is maximum at C(12.5, 35)

Since product of'either product cannot be in fractional value, 12 refrigerators and 35 ranges
should be produced to earn maximum profit.

Example 7:

A firm owned by Vaidhyanathan plans to purchase atleast 200 quintals of scrap
containing high quality metal X and low quality metal Y. It decides that the scrap to
be purchased must contain atleast 100 quintals of X and not more than 35 quintals
of Y. The firm can purchase the scrap from two supplies A and B in unlimited quan-
tities. The percentage of X and Y in terms of weight is the scraps supplied by A and
B is given below.

Metals Supplier A Supplier B
X 25% 75%
Y 10% 20%

The price of A’s scrap is 3200 per quintal and that of B’s is Y400 per quintal. Formu-
late this problem as a L.P.P. and solve to determine the quantities to be bought
from the two suppliers to minimize the total purchase cost.

Solution :

Let ‘x’and ‘y’ be the number of quintals of scrap bought by the suppliers A and B respec-
tively. Since the firm is to minimise the cost of purchase and each quintal form supplier A cost
¥ 2000 and that from B costs ¥400, the objective is to minimise
C =200x + 400y

Since it must buy atleast 200 quintals
X+2200

Also, the minimum of metal X in the scrap bought is to be 100 quintals. Since scrap from
supplier A contains 25% and that from B contains 75% of metal X, we must have

0.25x+0.75y 2100
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Similarly, the scrap must not contain more than 35 quintals of metal y. Since the scrap from
supplier A contains 10% of’y and that from B contains 20% of'y, we get

0.10x+0.20y <35

Also since the purchases cannot be negative x,y >0
Consolidating, we arrive at the following L.P.P. minimise C =200x + 400y subject to
x+y=200
0.25x+0.75y 2100
10x+0.20y <35
x,y20

Drawing the graph of each ofthe inequality constraints treating them as equalities we find the
corner points as G(100, 100) H(250,50) and I(50, 150). Graph is shown below with the
proper markings of the points.

We then evaluate the objective function C at these points.

At G (100, 100) C=200(100) +400(100) = 60,000

At H (250, 50) C=200(250) +400(50) = 70,000

At1(50,150) C=200(50)+400(150)

= 70,000

Since cost is minimum at G(100, 100) that is the optimal point and hence it is recommended
that 100 quintals of scrap should be bought by each of the suppliers A and B to minimise the
cost of buying.

Scale : Construction of lines
y
Eachdiv. onxaxis=50units 1) x +y =200
Each div. ony axis =25 units X 0 200
\ 0,200)
17‘5’ o y | 200 0
150- 50,150)
23 I = 2) 0.25x + 0.75y =100
100+ X 400 0
;5)" y 0 133
e § e 3) 10x+ 20y =35
- \ - X 350 0
5 y 0 175
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Example 8 :

A co-operative society of farmers presided by Lalith has 50 hectare of land to grow
two crops X and Y. The profits from crop X and Y per hectare are estimated as
310,500 and %9000 respectively. To control weeds a liquid herbicide has to be used
for crops X and Y at the rate of 20 litres and 10 litres per hectare. Further not more
than 800 litres of herbicide should be used in order to protect fish and wild life using
a pond which collects, drainage from this land. How much land should be allocated
to each crop so as to maximise the total profit of the society? Also find the maxi-
mum profit.

Solution :
Let ‘x” hectare of land be allocated to crop X and Y hectare of land to crop Y.
Obviously x>0, y=>0
profit per hectare on crop x =310,500
profit per hectare on crop y =3 9000
Therefore total profit = 10500x + 9000y
Formulation of the problem is as follows
Maximise z =10500x+9000y
Subject to the constraints
x+y<50(1)
20x+10y <800 which can be otherwise

written as 2x+ y < 80 (2)
x20,y20(3)

Let us draw the graph of'the system of inequalities (1) to (3). The feasible region OABC is
shown in the figure.

Now z=10500x+ 9000y

At 0(0,0),z=0

At A(40, 0), z=420000

At B(30, 20), z=495000
At C (0, 50) ,z=450000

.. zismaximum at B(30, 20)

.. land allocated to crop X =30 hectare
land allocated to crop Y = 20 hectare

.. maximum profit =3450000
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X Scale : Construction of lines
(0,30)" Along xand y ?Xis x+y=50
1 cm= 10 units x 0 50
Y 50 0
@
(O’ISB x+y=50
\\ 0 40
R x
¢ 80 0
*\\\\ y
\\\‘\\ 20)
20 ‘\“::“ Feasible Region
D0 N
SR
RN
il “‘.‘\“_‘.‘c?“\ W00
Ol 10 20 30 A

Example 9 :
Arjun wants to invest at most 312,000 in Bonds A and B. According to the rule, he
has to invest atleast 32000 in Bond A and atleast T4000 in Bond B. If the rates of
interest on Bonds A and B respectively are 8% and 10% per annum formulate
the problem as L.P.P. and solve if graphically for maximum interest.

Solution :
Let Arjun invest inbond A= x

Arjun invests inbond B=%y

Then interest in bond A= 8% of x

VN P
100 100

Interest inbond B=10% of y

10
=2 =010
100" Y

Let Z be the yearly income of Arjun
Then L.P.P. is to maximize, z=0.08x+0.10y
subjectto x+ y <12000
x>2000
y = 4000
x,y20
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Draw the lines x = 2000, y = 4000 and x + y = 12000
The shaded region ABC represents the feasible region.
I, =-08(2000) + -10(4000) =X 560
L, =-08(8000) + -10(4000) =X 1040
I.=-08(2000) +-10(10000) =X 1160
The interest is maximum at C(2000, 10000) and the maximum interest is ¥1160

Construction oflines using table

y
A : Scale
Aong x-axis 1 cm= 2000 units
1200%(0’ 120?\0) Aong y-axis 1 cm= 2000 units
C(2000,10000)
10000+ ( ) X +y=12000
80004 Feasible region x 0 12000
y [12000 | o0
6000 (0, 12000) (12000, 0)
) (8000, 4000)
4000]  A](2000, 4000) B -
2000+
. (12000, 0)
X : ' . . >X
O] 2000 4000 6000 8000 10000 12000\
y, v

EXERcISE 11.2

Five marks questions:
I. Solve the following linear programming problems using graphical method.

1) Maximise z=60x+15y subject to
x+y<50
3x+y<90

x,y20
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2) Maximise z =5x+ 3y subject to
3x+5y<15
5x+2y<10
x20,y20
3) Minimise z =3x+ 5y subject to
x+3y23
x+yz2
x,y=20
4) Minimise z = x —7y+190 subject to
x+y<8
x 5y 5x y 4x 0,y 0

Kellogg is anew cereal formed from a mixture of bran and rice that contains atleast 88gm of
protein and atleast 36 milligram of'iron per kg. knowing that bran contains 80 gm of protein
and 40 milligram of iron per kilogram and that rice contains 100gm of protein and 30 milli-
gram of iron per kilogram, find the minimum cost of producing this new cereal if bran cost I5
per kilogram and rice cost 34 per kilogram.

A firm owned by Abhirami has to transport 1200 packages using large vans which can carry
200 packages each and small vans which can take 80 packages each. The cost for engaging
each large van is Y400 and each small van is ¥200. Not more than ¥3000 is to be spent on
the job and the number oflarge vans cannot exceed the number of small vans. Solve this
L.P.P. graphically to find the minimum cost.

There are two types of fertilisers F and F,. F, consists of 10% nitrogen and 6% phosphoric
acid and F consists of 5% nitrogen and 10% phosphoric acid. After testing the soil condi-
tions, a farmer Vaidhya finds that he needs atleast 14kg ofnitrogen and 14kg of phosphoric
acid for the crop. If F, costs 36 per kgand F, costs IS5 per kg, determine how much of each
type of fertilizer should be used so that nutrient requirements are met at a minimum cost.
Solve graphically.

A Television company owned by Priyanka and Bhavana operates two assembly lines, line |
and line I1. Each of'line is used to assemble the components of three types of television:
colour standard and economy. The expected daily production on each line is as follows:
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9)

10)

11)

TV model Linel Line Il
Colour 3 1
Standard 1 1
Economy 2 6

The daily running costs fro two lines average 6000 for line I and ¥4000 for line II. It is
given that company must produce atleast 24 colour, 16 standard and 48 economy TV sets
for which an order is pending. Formulate L.P.P. and solve graphically determining the num-
ber of days the two lines should be run to meet the requirements.

Old hens can be bought at ¥2 each and young ones at ¥5 each. The old hens lay 3 eggs per
week and the young ones lay 5 eggs per week, each egg being worth 30 paise. A hen cost
%1 per week to feed. Deepthi has only I80 to spend for hens. How many hens ofeach kind
should Deepthi buy to give a profit of more than I6 per week assuming that Deepthi cannot
house more than 20 hens. Solve graphically.

A company owned by Viswa Narayana concentrates on two grades of paper A and B,
produced on a paper machine. Because of raw material restrictions, not more than 400
tonnes of grade A and 300 tonnes of grade B can be produced in a week. There are 160
production hours in a week. It requires 0.2 hour and 0.4 hour to produce one tonne of
products A and B respectively with corresponding profits 0f 320 and 50 per tonne. Find
the optimum product mix using the graphical method.

A company owned by Navya manufactures two types of cloth, using three different colours
of wool. One yard length oftype A cloth required 4 0z (ounce) of red wool, 5 0z of green
wool, 3 0z (ounce) of yellow wool. One yard length of type B cloth requires 5 0z red wool,
2 oz of green wool and 8 0z of yellow wool. The wool available for manufacture is 1000 oz
ofred wool 1000 oz of green wool and 1200 oz of yellow wool. The manufactures can
make a profit ofI5 on one yard of type A cloth and X3 on one yard oftype B cloth. Find the
best combination of the quantities of type A and Type B cloth which gives him maximum
profit by solving the L.P.P. by graphical method.

ANSWERS 11.2

L 1)Z =1800whenx=30andy=0
23 20 45
2)Z = T when =T and =19
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3)Z .7 oL
min | AL (2 ’ 2)
4) Minimum value ofz= 155 whenx=0and y=15
5) Minimum cost is ¥4.60 when 0.6kg of bran and 0.4 kg of rice are mixed
6) Min z=400x+200y subjectto 5x+2y>30, 2x+ y<15, x<y, x<0, y<0
Minimum value of z=32600 whenx =4,y =5
7) Minimum value of z= 1000 when x =100 and y =80
8) Z . =72000 whenx =4 and y=12
9) Z  =I8whenx=0andy=16
10) Z_ =%19,000 when x =200 and y = 300
11) Z_ = 1000 when x =200 and y =0

sfeskskeosk




Chapter

12 SALES TAX AND VALUE ADDED TAX

12.1

12.2

Introduction :

The developmental activities done by the government to the public by collecting revenue
from various sources from the public in the form of various type of taxes. Among them the
sales tax and value added tax plays a vital role in revenue to the government. At each stage
of'the transaction of the goods from the manufactures, distributors, whole saler and retailer
till to customer, sales tax (ST) and the value added tax (VAT) Exist. In this chapter we
discuss and solve the problem in detail.

Sales Tax :

Definition : On the purchase of some items, we have to pay certain amount at a
specified rate. This amount is called 'Sales Tax'.

» Therate of sales tax depends upon the nature of goods purchased. Some items of daily
use are completely exempted from sales tax eg : Match boxes, salt etc.

» Sales Tax is one ofthe indirect taxes as it affects all individual indirectly. Other examples
of indirect taxes are excise duty, custom duty etc. State Government levis tax on sales
of'goods within the state.

* Calculation of'sales tax involves the use of the concept of percentage. The rate of sales
tax is different for different items. Sales tax collected by the state government is used
for the development of'the state as well as to meet the expenses like payment to its
employees, health, education etc.

Important formulae
1. Profit =Selling price - Cost price =SP —CP
2. Loss=Cost price - Selling price = CP — SP
Profit . .
3. Profit%= %100 7. Total amount to be paid = marked price +
sales tax on marked price = MP + ST% on MP
4. Loss% = Loss %100 8. Discount = discount % of MP
' CP
100 + Gain% 9 ST°/=S—T><100
5. Sp=— A% cp ' °” MP
100
— 0,
6. SP= 100 — Loss% % CP
100
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Note :
(i) Marked price = Market price = Printed price = List price = Sale price = MP
(ii) Sales Tax is always found on MP
(iii) Discount is Calculated on MP
(iv) ST% is found on new marked price (after discount)

WORKED EXAMPLES
Example 1 :
Sharath paid T 40 sales tax on a pair of shoes worth T 500. Find the rate of sales
tax?

ST
ion: S.T% = —x100
Solution : S.T% MP

40
= = %100 = §°
500 8%

Example 2 :

The price of a washing machine inclusive of sales tax is ¥ 13,530. If the sales tax is
10%. Find the basic price.
Solution : Suppose the basic price (MP) of the washing machine =% x
.. totalamount paid =MP + ST% of MP
13530 =x + 10% of x

13530 = x + 12
7 100
13530 =x + —
0
10x+x 1lx
13530 = 10 _E
13530 %10
x = o x = %12,300

11
Example 3 :

Gopal purchased a scooter costing < 32,450. If the rate of sales tax is 9%. Calculate
the total amount payable by him?

Solution: Total amount paid = MP + ST% of MP
=32,450 + 9% 0f 32,450
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9
= + ——x32450
32,450 100

= 32450+ 9 x 32450
Total amount paid =% 35,370.50
Example 4 :

A colour T.V is marked for sale for ¥17,600 which include sales tax at 10%. Calculate
the sales tax in I?

Solution : SP =% 17,600, ST% =10%, ST=?, MP =x
Total amount to be paid (SP) =MP + ST% of MP
17600 =x+10% ofx

10
17600 =x+ —x

100
17600 =x+ —
BRET!
17600 = 10xtx _llx - 1760010
- 10 - 10 SoX = 1
x =% 16,000
- S.T =SP-MP

= 17600 — 16000 =X 1,600
Example 5 :

Sanju goes to a shop to buy a Bicycle quoted at ¥ 2,000. The rate of sales tax is
12% on it. He asks the shopkeeper for a rebate on the price of the bicycle to such
an extent that he has to pay T 2,016 inclusive of sales tax. Find the rebate percentage
on the price of the bicycle.

Solution : Let SP =%2016
ST =12%
MP =% x Rebate % =?
Amount paid=SP =MP + 12% of MP

2016 = +£x
7 100

2016 = 100x+12x
100

2016 x 100 = 112x
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~2016x100
12

.. Rebate =2000— 1800

X =% 1,800

=3200
Rebate 200
. = ————  x100 = ——
- Rebate Quoted price X 2000 100
=10%

Example 6 :
A shopkeeper announces a discount of 10% on a T.V set. The marked price of the
T.Vis ¥ 22,000. How much will a customer have to pay for buying the T.V set if the
rate of sales tax is 8%.

Solution :
MP =% 22,000
ST=8% Discount =10% of M.P
. 10
Total amount paid =? kT % 22000 =% 2,200
.. New MP =22,000 — 2,200
=%19,800
.. Amount to be paid =MP + ST% on MP
= 19800 + 8% of 19800
=19800 + i><19800
B 100
=19800 + (8 x 198) =% 21,384
Example 7 :

Mr. Govind buys a tape recorder for < 10,260 including sales tax. If the list price of
the tape recorder in ¥ 9,500. Find the rate of sales tax charged?

Solution:
SP =10,260 selling price = list price (MP) + ST% on MP
MP =% 9500, ST = x%
10,260 =9,500 + x% 09,500
10,260 — 9500 = x% of 9500
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760 = x %9500
100
760 =95x
760
X = E
= ST =8%

Example 8 :

Sohail goes to purchase a motorcycle which is priced at 35,640 including 10% as
sales tax. How was the actual rate of sales tax at the time of purchase is 7%. Find
the extra profit made by the shopkeeper if he still charges the original list price?

Solution: Purchase price = S.P =7 35,640
M.P =X x
ST =10%

S.T at the time of purchase = 7%
Project =?
SP =MP + ST% of MP
35,640 =x+10% of x

35,640 =x+ I()_x
AT TET 100
x 10x+x 1lx
= + — = = —
35,640 =x 10 10 10
_35640%10
x 11
x =3%32,400

Amount to be paid = 32,400 + 7% of 32400
7% 32400
100
= 32400 + 2268
— % 34,668
.". profit made by the shopkeeper = 35640 — 34668 =3 972

= 32,400 +
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Example 9 :

A shopkeeper announces a discount 0of 10% on a washing machine set. The marked
price of the washing machine is ¥ 12000. How much will a customer have to pay for
buying the washing machine set if the rate of sales tax is 8%?

Solution: Discount =10%
M.P =% 12000
ST =8%
Amount paid =SP=?
Discount 0f10% on MP = 10% of 12000

10
= —x12000 =
100 1200
New M.P = 12000 - 1200 =%10,800
.. Total amount to be paid = 10,800 + 8% of 10,800

8
= ——x10,800
10,800 + 106

=10,800 + 864 =% 11,664
Example 10 :

A shopkeeper purchases an Audio system for ¥ 3,000 and sells it off at a gain of
15%. He also charges a sales tax 0of 10% on the selling price. Calculate the amount
that the buyer will pay to the shopkeeper.

Solution: Costprice =< 3,000
Gain (profit) = 15% of cost price
 15%3000
ST o0
=3 450

.. S.P =C.P+Gain
=3000 + 450 =% 3450
.". Total amount to be paid =S.P +S.T% of SP
=3450+ 10% of 3450

14 %3454
= 3450 + W

=3450 +345=% 3,795
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Example 11:

When the rate of sales tax is decreased from 9% to 7%. For a Radio, Rahul has to
pay 3632 less for it. What is the listed price of the radio?
Solution: Assumethe M.P =% x

Total amount paid when S.Tis9% = x+ S.T% onx

9x

=Xx+—

100
. . . 7x
Again total amount paid when ST is 7% =x+S.T% onx = x+ 100

.". Total amount paid when ST is 9% = Total amount paid when ST is 7% + 632
Ox Tx
— =|x+—|+632
o (x 100)

100x +9x _ 100x+ 7x 4632
100 100

109x  107x 632

_+_
100 100 1 (Take LCM)

~ 107x+632(100)
100
109x  107x+ 63200
100 100
109x — 107x = 63200
2x = 63200
63200
X 2

MP =%31,600

Example 12:
If the rate of sales tax is 5% Sushma has to pay < 7,140 for the steel cupboard.
What amount she has to pay if the sales tax is increased by 2%.
Solution: Let the MP of cupboard =% x
ST =5%
Amount paid by Sushma at 5% ST =% 7140
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.. 7140 =M.P+S.T% on MP
7140 =x+ 5% ofx

7140 —x+ X
7 00

7140 = 100x + 5x
100
714000 = 105 x
714000

x = s =% 6,800

.- [MP =%6.800

Sales tax charges =5+2=7%
Total amount to be paid by Sushma = 6800 + 7% of 6800

7% 6800
= 6800 + T 6800 + 476 =3 7276

Example 13:

Chandana purchases an article for < 5,400 which include 10% rebate on the marked
price and 20% sales tax on the remaining price. Find the marked price of the article?

Solution:
Let the marked price ofthe article = X x

Rebate = —2x=|X
ebate = 190 " (10

- Remaini e =y X 10x—x 9x
.. Remaining price = 10 10 10

.. Total amount to be paid = Remaining price + ST% on remaining price

(purchase price)

9x 9x
= —+4+20% of —
400 = g *207%olyg

_ox,| 20 ox

=10 |10 10
5
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54x

SoX

. M.P
Example 14 :

Basic Mathematics

9x 9x
= 4=
10 50

45x+9x _&
50 50

= 5400 x 50

100
_ 3400%50
54

- =500

Sharath goes to a departmental store and purchase the following articles
(1) Araincoat for 3300 S.T @ 10%
(i) A pair of shoes for ¥ 460 S.T@ 9%

(i) Food article for ¥ 450 S.T@5%

(iv) Cloth for X 800 ST@1%
Calculate total amount of the bill.
Solution : Purchase price of Raincoat

Similary, purchase price of shoe

Purchase price of food article

Purchase price of clothes

.. Total amount of the bill

=300+ S.T% 300
=300+ 10% of 300

10 2
=300 + %x}ﬁ(f = 300+30=2%330

9
= — X% 460
460 + (100 )

=460 +41.40 =% 501.40
=450 +22.50 = 472.50

8

1x 800
=800 +

100

=800+ 8 =% 808
=% (330 +501.40 + 4 72.50 + 808)

=3[2,111.90
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Example 15 :
Following purchases were made from a store
Item List price %) No. of item Rate of ST
Tape recorder 10,900 2 10%
Suitcase 4,200 1 5%
Raincoat 400 3 7%
Mixer 2,500 X 2%

Total amount paid by Raju is ¥ 34,774. Find the number of mixers bought.
Solution:
Amount to be paid for 2 tape recorder
=2[10,900 + 10% 10,900]

2 10,900+£><10900
100

=2 x[10,900 + 1090]

=2x 11,990 =% 23,980
Similarly, amount to be paid for 1 suitcase

=4200 + 5% (4200)

5
= 4200 + -=x 4200 = 4200 + 210 = 4410

Amount to be paid for 3 Raincoats
=3[400 + 7% (400)]

_ 3 4004 /2400

=3x428=X1284
Amount to be paid for 'x' mixers
=x[2500 + 2% (2500)]

2%x2500
100
x (2500 + 50) = 2550 x

.". Total amount paid = total amount of all the articles
34,774 =23980 +4410 + 1284 + 2550 x

x(2500 +
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34,774 =29,674 + 2550 x
oo 2550 x =34,774 -29674

2550 x =5100
L SH00
SoX m

.. number of mixers bought =2

ExERrcIsE 12.1

2 Marks question:

. Abhishek purchase a bicycle costing I12,000. If the rate of sales tax is 9%. Calculate the

total amount payable by him.

2. Ramu paid? 60 as sales tax on a Titan Raga watch worth ¥1200. Find the rate of'sales tax.

II.

—

12.3

. Refrigerator is marked for sale for ¥ 17,000 which include sales tax at 10% Calculate the

salestaxin¥

3 Marks question:

. Bharath bought a shirt for X 336, including 12% sales tax and a necktie for ¥110 including

10% sales tax. Find the printed price of shirt and necktie together.

A furniture dealers sold furniture for ¥ 21,000 and added 5% S.T to the quoted price. The
customer agrees to buy it for ¥ 21,000 including S.T. find the discount he received.

. A shopkeeper sells an item at the price of ¥ 810 including ST of 8% what should a customer

pay for the same item ifthe ST is reduced to 6%.

. The price of T.V set inclusive of sales tax of 9% is ¥ 13.407. Find its marked price. Ifthe

S.T is increased to 13% how much more does the customer Sneha pay for the T.V.

ANSWERS 12.1

1. 213,080 2. 5% 3. 31545.45
1. %400 2. 1000 3. 795
4. ¥12,300, T 492

Value Added Tax (VAT)

Itis neither a new tax nor in addition to the existing sales tax. It is the replacement
of sales tax.

Note:

(1 VAT is a form of sales tax only. The only difference in that it is collected in stages rather
than at one point from the sales of goods.

(i) In VAT, the firm seller pays the first point oftax to the government and sub sequent
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seller pays tax to the government on the value added by them, leading to a total tax
exactly to the last point tax paid by the customer.

(i) Advantage of VAT : (i) It reduces the scope of under evalution
(i) It provide a broad base tax system.
(iv) VAT paid by the shopkeeper = VAT% of (selling price - Shopkeeper purchase price)
(v) VAT =VAT% (selling price - cost price)
Example 1: Let the rate of sales tax be 10% suppose a trader Siddharth

Step 1 : Buys a Radio from a factory owner Venkatesh for 1000 then the tax paid by the
trader to the factory owner.

10
=10% of 1000 = @ x1090° =%100. So the factory owner Venkatesh pay I100 to the
government as a tax.

Step 2 : It is trader sell the Radio to a consumer for ¥ 1500 then the tax paid by the

10
consumer to the trader = 10% of 1500 = %X 1500 = 150

Hence the trader has added I500 in value of the radio so he will pay tax to the government
only on the added value

10x500
100

Total tax paid to the government = ¥100 by factory owner + X 50 by trader

Le., 10% of 500 = 50

=R 150 tax paid by the consumer

Example 2 :
Let rate of sales tax be 5%

Producer trader 1 trader 2 consumer
Sale price %1000 %1200 %1600
Tax charged by producer by trader 1 by trade 2

_3 T;?YOO =50 | =2 >;(1)f)00 60 | =2 X&;{fm =280| Tax paid
Tax paid to by producer by trader by trader 2 by the
Government %50 310 =(60-50) | %20 consumer

(80 —60) %80

Total tax paid by the consumer =380
Total tax collected by the govt =3 (50 + 10 +20) =380
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Note : The tax is collected at different stages

Input tax : Tax paid by a dealer on the purchase of good for resale (subject to tax under
VAT) during any fixed tax period is called input tax.

Output tax : The tax charged by dealers on the sales of good during any fixed period is
called output tax.

Computation of VAT : Net tax to be paid by the dealer = (output tax) — (Input tax)

WORKED EXAMPLES

Example 1 :

A shopkeeper purchase an article for 7,000 and sell it to a customer for 8,200. If the
VAT rate is 6%. Find the VAT paid by the shopkeeper?

Solution: VAT paid by the shopkeeper = VAT % of (customer price - shopkeeper price)
=VAT% of (SP- CP)
6% (8200 —7000)

6x(1200)
=——— =372
100
Example 2 :
Mr. Arya purchase an article for ¥ 3,100 and sell it to Mr. Aravind for I 4,250.
Mr. Aravind in turn sells it to Mr. Anil for T 5,000. If the VAT levied 10%. Find the
VAT levied on Arya and Aravind?

Solution:
VAT paid by Arya = 10% of (4,250 —3,100)

1 115
= —ﬂx g =3115
100
VAT paid by Aravind = 10% of % (5,000 — 4250)

~10%750
100

=375

Example 3 :

A shopkeeper purchased an item of ¥100 at 8% VAT and sell it at T 120 to a
customer and the customer also pay 8% VAT to the shopkeeper. How much amount
did the shopkeeper deposit to the government as VAT?
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Shopkeeper Customer
Solution: C.P %100 %120
8x1 8%120
VAT 8%, VAT | 23190 go | Bx120_, o
100 100
Tax charged : VAT 38 3(9.60 8) 1.60

Total tax paid to government = (8 + 1.60) =3 9.60
Example 4 :

A shopkeeper buys a mobile set at a discount rate of 20% from the wholesaler, the
printed price of the mobile set being 31,600 and the rate of sales tax is 6%. The
shopkeeper sells it to the buyer at the printed price and charges tax at the same
rate.

Find (i) the price at which the mobile set can be bought from whole saler
(ii) the VAT paid by the shopkeeper.
Solution: (i) Price at which the mobile net can be bought
=80% of 1,600 + 6% VAT of 1280

801600 N 6x1280
100 100
=1,280 +76.8
=3 1356.80
(1) for whole saler's VAT = 6% of 1,280

61280
100

=% 76.80
for buyer VAT = 6% of 1600

~ 6x1600
100

=396

VAT paid by shopkeeper = for buyer VAT for whole sale VAT
=96 -76.80
=%19.20
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Example S :
Assume that the profit of 20 at each stage of the selling chain. The manufacture 'A’
the sale distributer B, the whole saler C and the retailer D live in the same state

where the rate of VAT is 8%. The cost price of 'A' in commodity is 200. Find the
amount of VAT if A sells to B. B sells to C and C sells to D. Also find the selling

price of D.
Solution:
Manufacture Distributer Whole saler Retailer
A B C D
cost price 3200 3220 3240 3200
selling price 3220 3240 3260 3280
VAT =8% 8% 220
Tax charged — =17.60 319.20 320.80 322.40
VAT 317.60 (19.20-17.60) 31.60 31.60
31.60

.. Total VAT = (17.60 + 1.60 + 1.60 + 1.60) =% 22.40
Actual selling price of D =3260 + 320 + 22.40 =3302.40

EXERCISE 12.2

I. 2 and 3 mark question

1. A shopkeeper purchase an article for ¥ 9,000 and sell it to a customer for 10,500. Ifthe
VAT rate is 4%. Find the VAT paid by the shopkeeper?

2. Ashopkeeper purchased an electric iron of 1000 at 8% VAT from the whole saler and sell
it to the customer 0f31400 at 8% VAT.

Find
(a) amount paid by the customer
(b) the VAT to be paid by the shopkeeper

3. A shopkeeper bought a TV at a discount of 30% of the listed price of 324,000. The
shopkeeper offer a discount of 10% of'the listed price to the customer. Ifthe VAT is 10%.
Find

(1) the amount paid by the customer.

(i) the VAT to be paid by the shopkeeper.
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4. Mohan a owner ofa departmental store purchased an article 0% 1,500 at 4% VAT and sell
itat ¥ 1,700 to the customer at 4% VAT. How much amount did the shopkeeper deposit to
the government as VAT.

5. Sanju a owner of jewellary shop purchased a ear ring of ¥ 2,000 at 12% VAT and sells it at
2,300 to the customer Radhika. If Radhika also pays 12% VAT to the shopkeepr how
much did the shopkeeper deposit to the government as VAT?

6. 'A'is manufacture of electric iron. The cost price of each electric iron in ¥1,600. He sells to
'B'and 'B'sells to 'C' and 'C' sells to 'D' the retailer. The tax rate is 12.5% and the profit is
T 150 at each stage of'the selling chain. Find the

() the total amount of VAT and

(i) the amount that the purchased will have to pay.

ANSWERS 12.2

1. %60 2. T1512 and 332 3. 23,760, 3480
4. %8 5. 336 6. (1)3256.25 (i) T 2,475
sksksksk
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Chapter
]3 HEIGHTS AND DISTANCES

13.1 Introduction :

One of the important practical applications of Trigonometry is to find the heights and distances
ofvisible inaccessible objects such as the top of a Tower, the summit of a hill, two ships at
sea and so an, from the position of the observer without actually measuring it. To solve these,
we often use the terms angle of elevation and angle of depression, which are defined below.

13.2 Angle of Elevation and Angle of Depression : 5

Angle of Elevation : The angle between the horizontal line drawn
through the observer’s eye and the line joining, the eye of the observer
to any object is called the Angle of Elevation ofthe object, when the

. . . tion
object is at a higher level than the eye. Angle of EIVEE

A
Angle of depression : The angle between the horizontal line drawn ©

through the observer’s eye and the line joining the eye of the observer A
to any object is called the Angle of depression of the object when © "\ Angle of depressjon
the object is at a lower level then the eye.

Note : In all the problems, objects such as mountains, towers, trees
etc. are considered to be linear and unless, otherwise mentioned the B
height of the observer is neglected.

WORKED EXAMPLES

Example 1:
The angle of elevation of the top of a tower at a distance of 200 metres from its foot
is 60°, find the height of the tower.

Solution:

Let 0 be the position of the observer and AB denote the Tower. Let the heights ofthe Tower
be h.

We have [40B = 60°, OB =200m

From the right angled triangle ABO, we get

h h
= — =V3=——
tan 60 200 NE) 200 A

0o 200 m

A
|
h
|

B

= h=200~/3 metres
Hence the height of the Tower is 2003/3 metres
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Example 2:
Find the angle of elevation of the sun’s rays from a point on the ground at a distance

of 1 metre from the foot of tower /3 m height.

Solution:
Let AB be the height of the tower & 4B =+/3 m A
OB=1m& |A0B="?
V3
: . 3
From the right angled triangle 4OB we have tan 6 = R B o

tanf=+3 = 6 =60°
.. The angle of elevation is 60°
Example 3:
Find the angle of elevation of the Sun when the length of the shadow of a pole is /3
times the height of the pole.
Solution:

A
Let AB be the height ofthe pole
Let AB=h, OB= /3 histhe h
length of the shadow
From the right angled triang] B s
rom the right angled triangle A0
tan = =30°

1
NEVINE)
.. The angle of elevation is 30°

Example 4:

From a ship’s mast head 50 metres high, the angle of depression of a boat is ob-
served to be 30°. Find its distance from the ship.

Solution:
Let AB is mast head ofa ship AB = 50 metres
O be the position of the boat

we have |40B = 30°

From the right angled triangle

50
ABO we have tan30°=—
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I 50
— = x 503 metres
3oox
.. The distance from the ship = 50+/3 metres
Example S:

A Ladder leaning against a wall makes an angle of 60° with the ground, the foot of
the ladder 36m away from the wall. Find the length of the ladder.

Solution:
Let AO be the ladder

A
By data, BO =36m, |40B = 60°
0

36 '
From a right angled triangle cos60°= 0
136 B =0
—=2 = 40=T2m 36m
2 A0
.. The length of'the ladder = 72 metres.

Example 6:

A Kkite flying at a height of h is tied to a thread which is 50m long. Assuming that
there is no kink in the thread and it makes an angle of 30° with the ground. Find the
height of the Kkite.

Solution:
Let AB =h s the height of the kite
Give AO = 50m,
From the right angled triangle ABO

h 50m
. o_ h
sin 30 %0

LN AL LY . B SUVANG
2 50 2

.. The height of the kite is 25m
Example 7:

A person standing on the bank of a river observes that the angle subtended by a

tree on the opposite bank is 60°. When he returns 40 metres from the bank, he

finds the angle to be 30°. Find the height of the tree and the breadth of the river.
Solution:

Let AB =h be the height of the tree,

BC =x be the breadth of the river.
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By data |40B =30°, | ACB = 60°
OC=40m
From right angled triangle ACB we get

h h
tan60°= = =~/3 ==
2 X
60N 30
h By —SC—4m—o0

Sx= (1)

Again fromright angled triangle AOB
hoo1 b
x 3 40 x
= h\/g =40+ x
= x=hS3 =40 . ()

From equations 1 and 2 we get

tan 30°

h_h3-40
NE) 1

h=~3(h/3-40)
h=3h—40\3
40\/5 =2h =>h= 20\/5 metres

th_i_zoﬁ
NN

.. The height ofthe tree is 20./3 metres and the breadth of the river is 20 metres.

=20 metres

Example 8:

The angles of elevation of the top of a tower from the base and the top of a building
are 60° and 30°. The building is 20 metres high. Find the height of the tower.

Solution: D
Let AB be building and CD represent the tower \'
(N

Let BE be the horizontal drawn through the point B E T
By data |EBD = 30°,|CAD = 60° and AB =20 metres 20mt

c 600l

A
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From the right angled triangle ADC. We have

DC DC
tan 60° = —:>\/_=—

AC AC
DC
= AC=—
7y e )
DE DE
Again from the right angled triangle DEB we have, tan30°= 7B ac (. EB=AC)
1 DE
—=——=AC=DE-3
Rac” NEI )
[But, DE=DC—-EC (EC=AB=20)
DE = DC - 20]
From equations 1and 2 we get
DC
= - DE3
NG}
DC
—==(DC-201\3
NG ( )
— DC =3(DC - 20)
DC=3DC-60
2DC =60

— DC = 30 metres
.. The height of the tower = 30 metres.
Example 9:

The angles of elevation of the Summit of a hill from the top and the bottom of a
tower are 30° and 60° respectively. If the height of the tower is h, show that the

. L
height of the hill is EY

A
Solution:
Let AB represents the height of the hill, CD represents E \&; C
the height of the tower |
Bydata, |[4DB 60°,|ACE 30° B 600|h
DC=h b
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From the right angled triangle ABD we have

., AB AB AB
tan60=—:>\f=E:>BD=— (1)

\/5 ...........
Again from the right angled triangle AEC

tan?sO"zE—£

EC  BD
| _AB-EB _ 1 _AB—h
3 BD 3  BD

BD =+[3(AB - h)

48

=+3(4AB—-h
ﬁf(B )

AB =3 (AB—h)
AB =3 AB—3h

3h
3h—24B = AB="7

3h
.. The height of the hill = >

Example 10:

A person is at the top of a tower 75 feet high, from there he observes a vertical pole

and finds the angles of depressions of the top and the bottom of the pole which are
30° and 60° respectively. Find the height of the pole.

Solution:

Let AB represent the tower and CD represents the vertical pole. Let AX be the horizonatal
drawn through A.
By data [X4D = 60° ARG 600 X

XAC =30° . WV
Also AB=75ft. LetCD=h="? \
Since AX is parallel to AC we have ACE = XAC ‘h

60°
Again as AX is parallel to BD, we have |ADB =| XAD = 60° D
AB 75
i i tan 60°= — =—
From the right angled triangle ADB tan 3D =3 3D
75
= BD = N (1)
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Again from the right angled Ale AEC, we have
AE _ AE

tan30° =~ = " EC=
an ZC - BD (.. EC=BD)
L ﬂ AB—-EB 75-CD
J3 BD BD BD

1 75-CD

—= BD=+/3 (75-CD
N R V3 ( ) @)
From Eq™ 1 and 2 we get

75 \/—

—=~/3(75-CD

NG ( )
75=3(75-h) = 3h=75x2

h= 75><2:>h=50ﬁ

.". height of the vertical pole = 50ft
Example 11:
Two towers of height 14m and 25m stand on level ground. The angles of elevation

of their tops from a point on the line joining their feet are 45° and 60° respectively.
Find the distance between the towers.

Solution:
Let AB=25m & DE = 14mare two towers

By data |ACB = 60°, |DCE = 45° A
LetBC=x& CE=y,x+y=7? b

fromright |led Ale ABC 2om 14m

25 25 ° °
tan 60°= == = /3 = =2 B 60 45 E
X X x C y

Again fromright angled Ale DCE

tan45"=&:>1=E

Y y
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From Eq" (1) and Eq"(2) we get
25 14 25+143
SN

. 25+144/3
Hence the distance between the towers = T metres.

Example 12:

The angles of depressions of two boats as observed from the mast head of a ship
50m high are 45° and 30°. What is the distance between the boats if they are on the

same side of the mast head in line with it?

Solution:

Let AB be the mast head, C and D denote the positions of the boats
Given 4B =50m | XAC = 45°

|.XAD = 30°
Also |BCA=45° (.. BD||AX)

A 300
BDA=30° (.. BD||AX)
From the right angled triangle ABC 50m
o AB _
we get tan45 —BC=>BC—50 ...... (1) 5 49N 30
C—x—D

Again, from a right angled triangle ABD

tan30° AB 50 ( CD x)
BD BC+x
1 50
— BC 503
3 BCtx *

BC 5083 x e (2)

From equations 1 & 2 we get 50 = 504/3 — x
X= 50(\/5— 1) metres

Hence, the distance between the boats is 50(+/3 —1) metres
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Exercise 13.1

Two Mark Questions:
I 1) The angle of elevation ofthe top of a tower at a distance 500 metres from its foot is
30°. Find the height of the tower.

2)  Theangle ofelevation of the top of a chimney at a distance of 100 metres from a foot
is 30°. Find its height.

3)  Froma ship a mast head 40 metres high the angle of depression of'a boat is observed
to be 45°. Find its distance from the ship.

1

4)  What is the angle of elevation of the sun when the length of the shadow ofa pole is NG
times the height of the pole?

5)  Find the angle of elevation of the sun when the shadow ofa tower 75 metres high is
25./3 metres long.

6)  Akite flying at a height ofh is tied to a thread which is 500m long. Assuming that there
is no kink in the thread and H makes an angle of 30° with the ground. Find the height
of'the kite.

7)  Aladder leaning against a wall makes an angle of 60° with the ground. The foot of the
ladder is 6m away from the wall. Find the length ofthe ladder.

8)  Find the angle of elevation ofthe Sun’s rays from a point on the ground at a distance of

3./3 m, from the foot of tower 3m high.

Four or Five marks questions:

9)
10)

11)

12)

13)

The angles of elevation ofthe top of'a tower from the base and the top of'a building are
60° and 45°. The building is 20 metres high. Find the height of the tower.

The shadow ofa tower standing on a level plane is found to be 50 metres longer when
Sun’s altitude is 30°. Than when it is 60°. Find the height ofthe tower.

An aeroplane when flying at a heights of 2000 metres passes vertically above another
plane at an instant when their angles of elevation from the same point of observation
are 60° and 45° respectively. Find the distance between the aeroplanes.

From a point on the line joining the feet of two poles of equal heights, the angles of
elevation of the tops of the poles are observed to be 30° and 60°. If the distance
between the poles is a Find (i) the height of the poles (ii) the position ofthe point of
observation.

The angles of elevation of the top of a tower from two points distant a and b (a<b)
fromits foot and the same straight line from it are 30° and 60°. Show that the height of

the tower is \/gp .
[ 359 l




14)

15)

16)

17)

18)

20)

1)

7) 12 mts 8)30° 9 103+1mts  10)433mts  11)

12) ()
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A flag staff'stands upon the top of a building. At a distance of 20 metres the angles of
elevation of the top of the flag staff and building are 60° & 45° respectively. Find the
height of'the flag staff.

From the top ofa cliff, the angles of depression of two boats in the same vertical plane
as the observer are 30° and 45°. If the distance between the boats is 100 metres, find
the height of'the cliff.

From a point A due north of the tower, the elevation ofthe top of the tower is 60°.
From a point B due south, the elevation is 45°, if AB = 100 metres. Show that the

height of the tower is 50+/3(+/3 —1) metres.

A person at the top ofa hill observes that the angles of depression of two consecative
kilometres stones on a road leading to the foot of the hill and in the same vertical plane
containing the position ofthe observer are 30° and 60°. Find the height of'the hill.
The angle of elevation of a tower from a point on the ground is 30°. At a point on the
horizontal line passing through the foot of the tower and 100 metres nearer it, the angle
ofelevation is found to be 60° . Find the height of the tower and the distance ofthe first
point from the tower.

A person is at the top of a tower 75 feet high from there he observes a vertical pole
and finds the angles of depressions ofthe top and the bottom of the pole which are 30°
and 60° respectively. Find the height of the pole.

ANSWERS 13.1

50043 100
3

mts 2) 5 mis 3)40mts  4)60°  5)60° 6)250 mts

2000(+/3 - 1)

— " metres
3

a3 ... 3a 2043

4

(i) - 13) Jab 14) == ms 15 +50(1+3)
NG

16) 50(x/3+1)mts 17) 73 kms  18) 32(v3+1) mts, 3243 mts

19) 504/3 mts, 150 mts 20) 50 feet

sk ok sk ok sk




Chapter COMPOUND ANGLES, MULTIPLE ANGLES,

14 SUB MULTIPLE ANGLES AND

TRANSFORMATION FORMULAE

14.1

14.2

Introduction:

The algebraic sum of two of more angles is called compound angles. Thus A+ B, A—B, A
+B+C,A+B-C............ etc are all Compound Angles.

Alis a given angle, then the angles 2A, 3A, 4A...... etc are called Multiple Angles.

A A
A is a given angle then 530 etc are called Sub Multiple angles.

The transformation formulae which we derive here transforms the product of two trigonometric
function in to sum or difference of two trigonometric functions and vice versa.
Trigonometrical ratios of Compound Angles

IfA and B are the two angles then (A+ B) and (A —B) are called compound angles let us
now find the trigonometric ratios of (A + B) and (A — B) and use them to find the T—ratios of
other compound angles.

Trigonometric ratios of (A + B)

(wtihout proof)

1. sin(A+B)=sinAcosB+cosAsinB
2. cos(A+B)=cosA.cosB—sinAsinB

tanA + tan B
3. tan(A+B)= 1— tanA tanB

Trigonometric - Ratios of (A—B)
4. sin(A—B)=sinA cosB—cosAsinB
5. cos(A—B)=cosA cosB+sinA Sin B

tanA —tan B
6. tan(A-B)= 1+ tanA tanB
Note : (i) We can find the T- ratios of (A— B) by replacing B by - B in T-Ratio's of (A+ B) using

The results sin (—0) =—sin®
cos (—0) =+ cos0
tan (—0) =—tan®
(i) sin(A+B)=#sinA+sinB
But sin (A+B)=sinAcos B+ cosAsinB

[Se1 |
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WORKED EXAMPLES
Example 1:
p that cot (A + B) = cotA.cotB —1
rove that cot ( )= cotB + cot A
Solution:
_
LH.S= COt(A+ B) = tan(A+B)
_ 1
"~ tanA+tanB
1-tan AtanB
B l-tanA.tan B
tan A +tanB

Divide both Numerator and Denominator by tan A. tan B.

cotA.cotB—-1
cotB+cotA

RHS

cotA.cotB-1

t(A+B)=
CO( i ) cotB+cotA

Similarly we can prove

_ cotA.cotB+1
cot (A-B)= cotB—cotA
Example 2:
Find the values of sin 75°, cos 75° and tan 75°
Solution:
(1) sin(75°) = sin (45°+ 30°)
=sin45°. cos 30° + cos 45° sin 30°
NEI
272 22
NG R V3 +1
22 22 22

, J3+1
;.osin 75° = 2\/5
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(i) cos 75°=cos (45°+ 30°)
=co0s 45. cos 30 —sin 45 sin 30

111
272 22
N
T2 22
_3-1
22
-1
cos 75°= 2\/5

(i) tan 75°=tan (45°+ 30°)

_ tan45+tan30°
"~ 1—tan45.tan30°

(3+1) 3+1+243

DU

Sotan75°= 2+4/3
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Example 3:
Find the value of sin 15°, cos 15° and tan 15°.
Solution:
(1) sin 15° = sin (45° —30°)
= sin 45°. c0s30° — cos45°. sin 30°

N

(i1) cos 15° = cos (45° —30°)
= c0s 45° cos 30° + sin45° sin30

1 V3 11
= =t
2°2 272
2
: 15°—ﬁ+1
.. COS = 2\/5

(iii) tan15° = tan (45° — 30°)

tan45 —tan30°
1 tan45.tan30

1‘7 3ot B
1+1.$ BB
I364I
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2 2-43

stan15°=2_f3
Example 4:

4 5
If sinA=g and sinB=E where A and B are acute angles. Find sin (A + B),

sin (A — B), cos (A + B), cos (A —B), tan (A + B), tan (A — B)

Solution:
4 5 16 3
Given: sinA= — . cosA =+ sin®A 1/1 — =
5 25 5
5 25 12
Al i nB=— B = +l-sin®’B=,/1-—=2Z
so given sin T cos v -1
OR
Opp=4| \Hyp=5 Hyp? = Opp’ + Adj?
“ Adj = \Hyp’-Opp’ = 5> —4* =3
Adj=3 ,
[[Madj = (13> -5 =12
. _ Adj 3
Opp =5 Hyp=13 -~ COSA = Hyp 5
Opp _4 12 5
AdJ:12 tanA = Adj 3,COSB_E, tanB—E

(i) sin(A+B)=sinAcosB+cosA.sinB
_412 35 48 15_63
5713 5713 65 65 65

63
ssin(A+B)=
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(ii) sin(A—B)=sinA.cos B—cosA.sin B
41235 48 1533

5713 5713 65 65 65

33
sin (A—B)= P

(iii) cos (A+ B)=cos Acos B—sinA. sin B
_312 45
513 5713
~36-20_16
65 25

16
.. cos(A+B)= 55

(iv) cos(A—B)=cosA.cos B+sinA.sinB

=2 2422
513 513
36 20

= — 4 —

65 65

36420 56

65 65

56
.. cos(A—B)= I

sin(A +B)

(v) tan(A+B)= m




' sin(A - B)
(vi)tan(A-B)= m
33
65 33
- 5_76_%
65
Stan(A-B)= g

Example 5:

Basic Matihhematics

1 2
Iftan A= 5 and tan (A-B) = 7 find tan B and tan (A + B).

Solution:
tan A — tanB
w.k.t. tan(A—B) = L+ ton A tanB
Z - % —tanB
7 1+ l tan B
2
2 _ 1-2tanB
7  2+tanB

4+2tanB=7-14tan B

2tanB+14tanB=7 -4

16 6

l6tanB=3

oL tan 6

A+B) = tanA tanB
tan ( )= l—tanA.tanB

22
S tan(A+B)= 29

13 33
.
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Example 6:
If A+ B =45°S.T (1 + tan A) (1 + tan B) = 2 and hence deduce tan A= /2 1.
IfA=B
Solution:
Given: (A+B)=45°
: tan (A + B) = tan 45°

tanA +tanB |
1—tanA.tanB

tanA+tanB=1—-tanA. tan B

tanA+tan B +tanA.tan B =1

Add 1 to both sides we get

l+tanA+tanB+tanA.tanB=1+1
(1+tanA)+tanB (1 +tanA)=2
(1+tanA) (1 +tanB)=2
GivenA=B

(1+tanA) (1 +tanA) =2
(1+tanA)* =2

1 +tanA = +/2
But A is an acute angle and therefore tan A is positive
l+tanA = /»
tanA = \/E -1
Example 7:
cos2A sin2A
Show that - =cos3A
seCA  cosecA
Solution:
L.H.S. = cos2A. —sin2A
S secA cosecA

=cos 2A. cos A—sin 2A. sin A [using cos (A + B) formula]
=cos (2A+A)

=cos 3A

=RHS
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Example 8:
S.T cos (A —B) cos (A + B) —sin (A — B). sin (A + B) =cos2A
Solution:
Take A—-B=X, A+B=Y inthe LHS
S LHS=cos XcosY-sinX.sinY
=cos (X+Y)
= cos(A—B/+A+B()

=cos2A=R.H.S
Example 9:

T T (= K -1
S.Teos| T4 a].cos [ Z-a|—sin [Z+a). [——A]=_
cos[3+A] cos[3 ] sm(3 )sm 3 >
Solution:
Take£+A:X&E—A=Y
3 3
S LHS=cosX.cosY—-sin X.sinY

=cos (X+Y)

T T
= —+ K+——
cos 3 ,13( 3 /3(
27 o
= cos?=c0s120 =cos[180 —60] = — cos 60°

— —=RHS
2

Example 10:

S.T sin 2A. cos A + cos 2A. sin A = sin 4A.cos A — cos 4A —sin A
Solution:

LHS =sin2 A.cosA+ cos2 A.sinA [ Using Compound Angle Formula]

=sin(2A+ A)=sin 3A (1)
RHS =sin 4A. cos A—cos 4A. sin A
=sin (4A—A) =sin 3A 2)
From (1) and (2) we get
LHS=RHS
[369 |
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Example 11:

S.T cot 26 + tan O = cosec 20
Solution:

L.H.S. =cot20 + tan6

_ 0820  sin®
sin20 cosO

cos2 .cos sin2 sin

sin20.cos 6

_ cos(26— 0)
~ sin20.cosO

__ ses®
B sin26.pe§6

cosec2 R.H.S

sin 20
Example 12:

1 2
IftanA= 3 tanB = [T then find cot(A — B).
Solution:

1
Given: tanA= 3 =cot A=3

tan B = %:N:O'[B—Z
anb=3 2

It cot (A_B) = cotBcotA +1
wk.t cot(A=B)= cotB—cotA
z.3+1 2+1
27 2
=4 —
7, 16
2 2
_21+2 23
T 7-6 1
.. cot(A—B)=23




Example 13:
Prove that (i) tan (45° + A) = T 20 A
rove that (i) tan (. )= | —tan A
Solution:
(i) LHS=tan (45 +A)
B tan45°+tan A
"~ 1-tand5°.tan A
_ 1+tan A — RHS
1-tan A
(i) Try yourself
Example 14:

Basic Matihhematics

(i) tan (45—-A) =

1—tanA

1+tan A

If A+ B+ C=180°and tan A=1, tan B =2, show that tan C =3.

Solution:
Given: A+ B+ C =180°
=A+B=180-C
.~ tan (A+B)=tan (180 - C)

tan A +tanB — tan C

l-tanA.tanB an
E — t C
=2 an

3
I =—tanC = tanC=3

Example 15:

P.T tan 2A. tan3A. tanSA = tan5A — tan3A — tan2A

Solution:
Consider, tanSA=tan (2A+3A)

tan2A + tan3A
1—tan2A.tan3A

tanSA =

tan 2A +tan 3A=tan5A (1 —tan2A. tan3A)

tan 2A +tan 3A=tan5SA—tan2 A. tan3A. tan5A
tan 2A.tan 3A.tanSA=tan5A —tan 3A —tan2A

[371 |
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Example 16:

5
IftanA— —,tanB=— S.,T.A+B=

Solution:

Consider, tan (A+ B) =

tan(A+B)=

= A+B=

NN

5
17. If sin A= BcosB

Find (i) sin (A +B)

—4

11 Z
5,1 5546
tanA+tanB ¢ 11 66
l-tanAtanB l—él 66 -5
611 66

=1

ENEN

(11) cos (A+B)

( tan

3
§<A<75 and 7r<B<7”

&3

£

(v) tan (A +B) (vi) tan (A -B)

Solution:

(iii) sin (A - B)

(iv) cos (A —B)

By the given data angle A lies in II quadrant and angle B lies in [1I quadrant

Opp
Given: snA= 3= adj=+13" =5" =/144 =12
yp’
—-12 ..
. CosA= EER (—ve sign s taken) (--

-4
Also, cosB= < opp =5 —4> =9 =3

. -3 .. o
smB= 5 (sin B is negative in III quadrant)

(i) sin (A +B)=sinA. cos B+ cosA.sin B

5 4

1375

_ 20
65

-12 -3
5

>

13

36 _16

65 65

cos Ais negative in II quadrant)
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(ii) cos (A +B)= cosA. cos B—sinA.sin B
_ 124 5 3

13°5 135

48 15 63

—_—— =

65 65 65

sinA. cos B—cosAsinB

(iii) sin(A—B)
12 4 5 3

— =
13 "5 13°5

48 15 33

65 65 65

sin(A+B) B lyg{ _ 16

(v) tan(A+B)= cos(A+B)_67g§_63

sin(A - B) 5/5 —56
(vi) tan(A—B) = )
cosA-B %5

Example 18:

P.T cos A+ cos (120° + A) + cos (120°—-A) =0
Solution:

LHS =cos A+ cos (120° + A) + cos (120°—A)

= cosA+coleO.cosA—sin12ﬁsinA+ c0s120.cos A + sifi 120sin A
=cosA+2.cos 120°.cosA

=cos A+ 2.cos (180°—60°). cos A

cos A+ 2.(—c0s60°) cos A

= cosA—Z/.%.cosA:pe{/(—MzozRHS
Example 19:
S.Ttan (45+A) tan (45-A)=1
Solution:

B tan45 tanA tan45 tanA
LHS = 1-tan45.tan A J\ 1+ tan45.tan A

=1=RHS (. tan45=1)
373 |
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Example 20:
P.T sin (A + B). sin (A — B) = sin’A —sin’B
Solution:
LHS = (sinA. cos B+ cos A. sinB) (sinA.cosB — cosA.sinB)
= sin*A.cos’B — cos?A.sin’B [using (a + b) (a — b) =a*— b*]
=sin’A (1-sin’B) — (1 —sin*A) sin’B
= sin? A —sin> A.si” B —sin> B+sin’ A. s’ B
= sin’A —sin’B =RHS
Note : It is always useful to remember the following

Results :(i) sin 15° = cos 75° = ~—= i) cos 15°=si 750_J§+1
esults :(1) sin =cos = 0h (1) cos =sin =5h
i} . 1-\3 Bl
(i) cos 105°= 2 (iv) sin 105°= 2

EXxERcIsk 14.1

Two marks questions:

I. 1. Obtain the values of the trigonometric functions of 75°, 15° and 105° and prove that
(1) tan 75°+cot 75°=4

. i 1nse o L
(i) sin 105° + cos 105° = NG
(iii) sec 15°+ cosec 15°= 2./

3 4
2. If sinA = 5> cos B =3 find sin (A + B) and cos (A — B). Where A and B are acute

angles.

5 24
3. IfcosA= 1308 B= 25 find cos (A + B) and sin (A—B). A and B are acute angles.

17 5
4. Ifsec A= g - cosec B= 1 find sec (A+ B). cosec (A—B), A and B are acute angles.




10.

11.

12.

13. P.T

14.

15.

16.

3 -8 n T
inA=— =— —<A<T —<B<m
Ifsin A 5,cosB 702 and >

Find the values of sin (A + B) and cos (A — B)

-12

7 T 3n
IfsinA= E,cosB= —— where —<A<T and 7t<B<7

13 2
Find the values of:
(1) sin (A +B) (i) cos (A +B)
(iv) cos (A—B) (v)tan (A +B)

1 1
IftanA= 5 tan B = 3’ Find tan (A + B), tan (A— B)

1 1
. tan(A—B)= 7,tanA= > show that A+ B =45°

. IftanA= Y4, tan (A+B) =}/ find tan B.

3 1
tan A= 1 andtan B= 7 S.Ttan(A+B)=1

5 1
IftanA= s andtan(A+B)=1S.TtanB= 11

Iftan o= .
n+1

1 T

= — _|_ fp—

and tan 3 a1 STa+p 4

cos2A  sin2A
+

=COSA .,
secA  cosecA

P.T sin (45°+A) +cos (45°+A) = /2 cosA

PT cos(A g) L(cosA sinA)

NG

P.T cos( /¢ +Al.cos( /¢ —A)—sin(£+A).sin(§—A) :%

Basic Matihhematics

(iii) sin (A —B)
(vi) tan (A —B)
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Five marks questions:
II. Prove the following

sin(A + B)
cosA.cosB

17. =tan A +tanB

sin(A - B)
sin A sinB
19. S.T cos (A+ B) cos (A—B) =cos’ A —sin’B = cos’B — sin’A
20. sin (A +B) sin (A —B) = cos’B — cos?A.

18. =cotB—cotA

21. cos E—A —sin E+A =0
4 4

22. sin(g—A).cos(%+A)+cos(§—A).Sin(%+A):1

23. tan 15°+cot 15°=4

24. sin 105° + cos 105° = cos 45°

25. cot2A+tan A=cosec 2 A

26. P.TtanAtan3A.tan4A=tan4 A—tan 3A—tanA.

27. P.T cos (45°—A). cos (45°—B) —sin (45° — A) sin (45° — B) =sin (A+ B)
sin(A-B)

28. S.T
2cosA.cosB
29. cos (120°+A) +cos (120°—-A)=—cos A

sin(A +B) _tanA+tanB
sin(A—B) " tanA —tanB

30.

ANSWERS 14.1

B+13-1 \[—\/' 1 V3+1 \[-\/'+1 1-3 1443
L Lonon? Yonn? Yol v iow

) 2 ; 3625 , 3585
T 25’ " 3257325 T 36713
s M7 5, 36323 204 253 36 204
" 85785 32573257 325 73257323 253
1
—_ _ o _2
7. 17 8. A+B=45 9. ~%,
[376 |
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14.3 Multiple angles :
IfAis the given angle then the angles 2A, 3A, 4A - etc are called multiple angles.
I. Trigonometric Ratios of 2A :
Using compound angle formulae, we get multiple angles formula as follows
(1) wk.t. sin(A+B) =sinA.cos B+ cosAsinB
putB =A
sin(A+A) =sinA. cosA+cos Asin A
sin2A =2 sinA. cosA

|sin2A = 25inA.cosA|

(1) w.k.t. cos (A+B) =cosA. cos B—sinA. sin B
putB =A
cos (A+A) =cosA.cosA—sinA. sinA

cos 2A =cos*’A—sin’A

|cosZA=cos2A—sin2A| — (1)

we can express cos 2A in to other useful forms using the identily sin’A + cos’A= 1
Fromeq" (1) cos2A =cos*A —sin’A
=cos’A — (1 —cos?A)
= c0s’A — 1 + cos’A

=2cos’A—-1

" lcos2A = 2cos’ A — 1

Again from (1) CoS2A = Cos’A —sin’A
=(1—sin*A) —sin’A
=1-2sin’A

|cos2A =1-2sin’ A|

Hence cos2A = cos’A —sinA =1 — 2sin*A =2 cos’A — 1
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i tan (A 4+ B) = tanA +tan B
(iif) tan ( )= 1—tan A.TanB

put B =A

tanA +tan B
tan(A+A) = 1—tan A.TanA

an2A — 2tan A
an 1—tan® A

II. Trigonometric rotios of 3A
(i) Prove that sin3A =3sinA—-4sin3 A
LHS =sin3A =sin(A+2A)
=sinA. cos2A + sin2A. cos A
=sin A (1 —2 sin’A) + (2 sin A.cosA). cosA
=sinA — 2sin*A + 2sinA (cos?A)
=sin A—2si’A+ 2 sin A (1 —sin’A)
=sinA—2sin’A+2sin A2 sin’A
=3 sin A—4sin’A

|sin3A =3sin A —4sin’ A|
(ii) Prove that c0s3A =4 cos3A—3 cos A
LHS =cos3A =cos(A+2A)

=cos A. cos’A—sinA. sin2 A
=c0sA (2 cos2A—1)—sinA (2 sinA. cosA)
=2c0s’A—cos A—2 sin* A. cos A
=2 cos’ A—cosA—2 cos A (1- cos?A)
=2cos’ A—cosA—2cosA+2cos’A
=4 cos’A—3cosA

|cos3A = 4cos’ A—300sA|

378 |
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3tan A —tan® A
1-3tan* A
LHS=tan3 A =tan(A +2A)

(iii) Provethat tan3A =

tan A +tan 2A
1—tanAtan2A

2tan A

1—tan* A
2tan A
1—tan® A

tan A +

1—tan A

tan A(I —tan” A)+2tan A
1—tan* A —2tan’ A

tan A —tan’ A+ 2tan A
1-3tan’* A

_ 3tanA—tan’ A
1-3tan* A

3tan A —tan® A

- [tan3A = >
1-3tan” A

III. To express sin2A and cos2A in terms of tanA

2tan A

P that in2A = ———
rove tha sin [+ tan’ A

LHS=sin2A =2sinAcosA

2si
= SmA.cos2A
cosA

rsec’ A=1+tan’ A
2tan A

= - sin A

1+tan® A & =tanA

cos A

2tan A

L [sin2A=———
1+tan” A

[379 |
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ii) P.T 2A =
(i) cos 1+tan® A

LHS =cos2A = cos*A —sin* A= cos?A |-

1—tan’ A

sin* A
cos’ A

= cos’A (1 —tan’A)

_ 1—tan* A
sec’ A
_1—tan2A
1+tan* A
2
- 0052A=w
1+tan” A

List of Multiple angles formulae

(/)2sin Acos A

(if) 2tan A
l+tan® A

(1) sin2A=

'(i) cos” A —sin” A
(if)2cos* A -1
(2) cos2A=1(jii)l - 2sin* A
1—tan’ A
1+tan® A

(v)

2tan A
(3) tan2A= T—tnlA

(4) sin3 A=3sinA—4sin’A
(5) cos3A=4cos’A—3cosA

3tan A —tan’ A

(6) tan3 A= _3tn’A
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14.4 Sub multiple angles :

AAA
2737

If 'A'is an angle then are called submultiple angle

A
In multiple angle formulae, replace 2A by A and A by 5o we get sub multiple angle formulae

as follows:
. sin2A =2 sinA.cosA

s.sinA = 2sin (é).cos (é)
2 2

Hence all the multiple angle formula of"2A' can be changed as follows

List of Half Angle Formulae or Submultiple Angles Formulae (Without Proof &

Problem)
[ (A A
) Zsm(?) cos(z)
(1) sinA= ztan(A)
(i) _\2J
2 A
I+tan"| —
()

A
. 2 a2

i) cos” — —sin® —
@ 5 >

(if) 2cos’ (%) -1

(2) cosA= (iii)l—zsinz(z)

1—tan2(

1+tan2(

2tan(A)
2

(3) tanA= T AN
1- tan2 (7)

>

>

S
SNe— [ Ne—

(iv)

[\
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Note : The above all formulae are very useful in the problems of differentiation and integration
Note : If sin2A=2sinAcosA
then for sin4 A multiply 'A' by 2 on both sides
sin4A=2sin2 Acos 2A
[lly sin 6A=2sin3 A. cos 3 A Multiply 'A' by 3 on both sides

Similarly we can find cos 4A, cos 6A, tan4A .......... etc by multiplying 'A' by respective
positive number on both in all the above formula

‘WORKED EXAMPLES

Example 1:

cos2A
T ————=tan{(45+ A
P.T 1—sin2A ( )
Solution:

cos2A

LHS = 1= GoA

~ cos’A-sin’ A
1-2sin AcosA

(cosA sinA)(cosA sinA)

= (cosA —sinA) by cos Ato both NR andDNR

~ I+tanA
l—tan A

= tan (45° + A) = RHS

Example 2:

_Sin30___ no. Hence deduce the value of sin 15°
1+2cos20

Solution:

sin30

LHS = 1+2cos26

_ 3sin®—4sin’ 0
1+2(1-2sin’0)




3-4sin’0
(3-4sin’0)
= sinf——=
(3-4sin6)
=sin 0 = RHS
Put6=15°
. . 1
Then sin30 = sin 45° = 7
c0s 20 = cos 30° = g
g S0
A 1+2cos20
n 150 S04
-  142c0s30°
L
21 Bl
= L 23 2(VE+1) 3-d (Multiply and divide by (+/3 - 1)
Z
o LB-1 -1
T V20-) 22

Example 3 :

P. T cos*0 — sin*0 = c0s20
Solution:

LHS = cos*0 — sin*0
= (c0s’0)* — (sin’0)’
= (c0s?0? - sin%0) (cos?0 + sin’0)
=co0s20 x 1
=co0s20 =RHS
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Example 4 :

1—cos2A
T P

sn2zA @anA

Solution:

1—cos* A _ 1—(1—2sin2A)

LHS = : R T—
sin” A 2sin Acos A

_ I -1 +2sin’ A
2sin A.cos A

Zsin/A
M.COSA
sin A

= oS A =tanA=RHS

Example S :

3
P.T cos’A + sinA=1— Zsin2 (24)
Solution:
LHS = (cos?A)* + (sin’A)*
= (cos’A +sin’A)’* — 3cos?A.sin’A (cos*A + sin’A)
=13 —3cos’A. sin’A (1)

(2cosAsin A)2
4

—1_3 (Divide & Multiply by 4)

1- %sinz 2A = RHS
Example 6:

1—cos2A +sin2A

A =tanA
1+ cos2A+sin2A

Solution:

~ 1—cos2A +sin2A

LHS = 1+ cos2A +sin2A

~ 2sin® A+2sinA.cosA
2cos” A+ 2sin A.cos A

[T384 |
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2sin A (sin A+cosA)

- 2cos A (cos nA)

B ZsinA
B ZcosA

=tanA=RHS

Example 7:
P.T (sinA+cosA)*=1+sin2 A
Solution:
LHS = (sin A + cos A)?
= sin*A + cos’A + 2sin A cos A
=1+sin2A=RHS

Example 8:
P.T sinA +sin2A — tan A
1+ cos A+ cos2A
Solution:
sinA sin2A sinA  2sinAcosA
LHS = 1 cosA +cos2A I cosA 2cos’A [
sin AW
 cos A£1/+2«eoﬁ5
sin A =tan A =RHS
cosA
Example 9:
cotA tan A
cot A —cot3A tanA —tan3A
Solution:
S cotA N tan A
LHS =73 1 tan A — tan 3A
tanA tan3A

(cotA.tan A)tan3A N tan A
tan3A tan A (tan3A tanA)

[385 |
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_ 1xtan3A B tan A
~ tan3A tanA tan3A tanA

Example 10:

P.T sec (45° + A). sec (45° — A) =2 sec 2A
Solution:

LHS = sec (45° + A). sec (90° — (45° + A)]

1
cos(45°+A).sin(45°+A)

2 2
= 2.5in(45°+A).cos(45°+A)  sin2(45°+A)

- 2 2 2sec2A RHS

~ sin(90°4+2A)  cos2A

Example 11:

Find the value of 4 cos*10° — 3 cos 10°
Solution:

Consider cos3A=4cos’ A—3 cos A

Put A=10° 2. 4 c0s’10° -3 cos 10°=cos 3.10° = cos 30° = g
Example 12:

P.Ttan (§+A)—tan(§ - A) =2tan2A
Solution:

T T
—tan —+A —tan ——A
LHS 4 4

tan— tanA tanz tan A
B l—tanA.tanA 1+tanA.tanA
[ 386 1
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1+tan A _l—tanA B (l+tanA)2 —(l—tanA)2

l—tanA 1+tanA 1> —tan* A

l+tan’ A+ 2tanA —1—tan* A +2tan A

1-tan* A

4tan A 2tan A

= 2. 2.tan2A RHS

lI-tan’A 1-tan’ A
Example 13:

1+ tan® (45°—0

= 20
ST 1 " tan? (45°-0) cosee
Solution:
-2 o__
L+ s1n2(45 O)
cos (45" —9)
LHS = . sin®(45°-0)
cos’ (45°-9)
cos’(45° ) sin’(45° )
~ cos®(45° ) sin*(45° )
_r
- cos2(45°— 6)
B 1
B cos(90° —29)
1
" sin20
= cosec20 =RHS
Example 14:
tan(A+B)+tan(A - B)
PTtan2 A=
1—tan (A + B).tan (A —B)
Solution:

LHS=tan2 A=tan [(A+B) + (A-B)]

tan(A + B)+tan(A - B) _ RHS
1 tan(A B).tan(A B)_

L

[387 |
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Example 15:
1 , 1
If 2 cosO = (x"‘;) S.T 2 cos 20 = (x +?)

Solution:
LHS =2 cos20=2 (2 cos’0— 1)
=4 cos’0—-2=(2cosB)*-2

= +12 =2 L+2,»€L—2
= | X _2_x—|—x2 . ,%

X
, 1
=X +—2=RHS
X
Example 16 :
pT - SM3A  _ Gih Aand hence find sin30°
. 1+2c052A—sm and hence find sin
Solution:
LHS = sin3A 3sinA —4sin’ A
1+2cos2A 1+2(l—2sin2A)
sinA(3—4smm” A
= M:smAzRHs
3—4sin” A
. sin3-(30°) _ sin90°
SIn30°= 175 cos2 (30 ) 1 2cos60
L1
_ 1 2
= 1+Z.—
Z
Example 17 :
sec8A—1 tan8A
sec4A—1 tan2A
Solution:
1—cos8A
sec8A —1 1—cos8A cos4A
LHS = _ _cos8A

secdA—1 1—-cos4A  cos8A  1-cosdA
cos4A

[T388 |




2sin4A  cos4A
cos8A 2sin’2A

(2sin4A.cos4A) sin4A

COS8A "2sin2Asin 2A

_ sin8A  2.sir2A cos2A
~ cos8A " 2sir2A. sin2A

=tan 8 A. cot 2A

Example 18 :

sin3A  cos3A 5
sin A coOs A

Solution:

sin3A _cos 3A
sin A cosA

Basic Matihhematics

sin A

cosA

(35inA—4sin3 A)_(4cos3 A—3cosA)

=3 —4sin’A -4 cos’A+3
=6—4 (cos’A +sin’A)
=6-4=2=RHS
Example 19:
Express cos 4 A in terms of sin A
Solution:
cos 4A =cos 2.(2A) =1 -2 sin*(2A)
=1-2(2sinAcosAJ?
=1 -8 sin’ A cos’A
cos 4A =1 —8sin’A (1 —sin’A)
. cos 4A =1 — 8sin’A + 8sin*A
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Example 20 :
. 12 . .
If sin 0 = B and 0 is acute find sin26, c0s20, tan26
Find (i) sin26, (ii) cos26, (iii) tan20
Solution:

144 [25 5
=+/1 sin’ 1 — = =
cos 0 V' 169 V169 13

12 5 120
i =2 si =2 ——=—
sin20 =2 sin O cos O 313169
144 -119
= _ 2 = 1—2 —_— =
cos20=1-2sin*0 (169) 169
sin260 120
tan20 =" 26~ 119

EXERCcISE 14.2

Two marks questions:

1
1. IfsinA= — findsin2 A

[\

2. IfcosA= g find cos 2 A

1
3. IftanA= ﬁ findtan2 A
. 3 .
4. IfsinA= 3 find sin3A
4
5. IfcosA= 3 find cos 3 A

3
6. iftanA= 1 findtan3 A

7. Find the value of 3 sin 10°—4 sin*10°

12
8. IfcotA= 5 and A is acute find sin3A and cos3A.

[T390 |




tan(A — B)+tanB
9. S TtanA= 1_tan(A—B)tanB

cos2A cosA—sinA

10. PTl sin2A  cosA sinA
1 PT1+sin20_1+tan9
) c0s20 1—tan®
sin A +sin 2A
=tan A
12. P'T1+c0sA+cos2A an
sin 26
————— =tan0
13. P'T1+c0s26 an

14. P.T (sinA—cosA)*=1-sin2 A
15. P.T cos'0 —sin*0 = 2cos?0 — 1
cos’ A —sin’ A 1.
—— X =14+ —=sin2A
16. PT cosA —sin A M
Five marks questions:

Prove the following

1+cos2A +sin2A
1—cos2A +sin2A

cotA

cos3A
2. Seos2A—1 cos A and hence find cos 15

1—cos2A +sin2A
1+cos2A +sin2A

tan A

3.
4. cos®A + sin®A = 1—Zsm2(2A)

sin360 _cos 30 )
sin@  cos®
6. sec (45°+ A). sec (45°—A) =2sec 2A

7 cotA tan A
" cotA cot3A tanA tan3A
cos2A
. PT ————=tan(45°-A
8. PT 1+sin2A ( )

Basic Mathematics
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11.

12.

14.5
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1 1
. Iftano =z, tan B = 7 P.T tan 2o + B) =45°

3

b—a
b+a
P.T tan 20 —tanO = tan0. sec 20

=—sin20

If tan? (45° + 0) = % PT

cos3¢
PTcos2o—tanoo= ————
coso.sin2¢
ANSWERS 14.2
3 1 117
1.7 2. > 3. \/5 4. 125
5 ﬁ 6 ﬁ . 1 g —-828 2035
" 125 T 44 "2 " 21977 2197

Transformation Formulae:

Transformation formulae are the formulae used to convert the product of two trigononetric
functions into sum or of difference. And sum of difference into product of two function as
follows.

wk.t sin (A+ B)=sinA. cos B+ cosA. sin B—— (1)
sin (A—B) =sinA. cos B—cosA.sinB———(2)
cos (A+B)=cosA. cos B—sinA. sinB——(3)
cos (A—B)=cosA. cos B+sinA. sinB——(4)

Adding (1) and (2) we get

sin (A+ B) +sin (A—B)=2sinA.cos B——(5)

. sinA.cos B= % sin(A + B)+sin(A - B)

Subtracting (2) from (1), we get
2 cos A.sin B=sin (A+ B)—sin (A—B) ——(6)

s cosA.smB= % sin(A + B)—sin(A - B)

Similarly adding (3) and (4), we get:
2 cosA.cosB=cos(A+B)+cos(A—B)——(7)

cosA.cosB= % cos(A+B)+cos(A-B)

I392I
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subtracting (4) from (3), we get
-2 sinA. sin B=cos (A+ B) —cos (A—B)——(8)

1
.. sinA. sin B= > [cos (A+ B)—cos (A—B)]

Hence the transformation formulae from product into sum or difference are

1. sinA. cosB=% sin(A +B)+sin(A - B)
I . .

2. cosA.sinB= 5 sin(A +B)—sin(A - B)
1

3. cosA.cosB= cos(A +B)+cos(A-B)

4. sinA. sinB=% cos(A —B)—cos(A+B)

In the above formulae 5, 6, 7 and 8. Let us take A+ B =C and A— B =D. So we get|

_C+D
2
product of two functions as follows:

. ({C+D C-D
5. sinC+sinD=2Sln( 5 ).cos( )

C-D . . . —
A andB= - then we get the sum or difference of trigonometric functions into

2
. . C+D) . (C-D
6. sinC—-smnD =2 cos .sin
2 2
C+D C-D
7. cos C +cos D = 2cos .cos
2 2
.. C+D . C-D
8. cos C—cos D= —2sin .sin
2 2
I %BI
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Trigonometrical identities in a triangle:
IfA, B and C are the three angles of a triangle. Then A+ B + C = 180° and we have the

following useful relation.
I A+B+C =180° é—E+E—90°
- 272 2
AB_gp C
2 2
_(A+BY . (., C
A+B =180°-C sin =sin (90 ——)
2 2
. {A+B C
sin(A+B) =sin (180 -C) e = cos—
, A+B - C
sin(A+B) = sinC " cos ) =sins
Also sin(B+C) =sinA
sin(C+A) =sinB
Il A+B+C =180°
A+B =180°-C

cos (A+B) =cos (180°~C) (cosis 2™ quadrant is negative)
cos(A+B) =—cosC

Also cos(B+C) =—cosA
cos(C+A) =—cosB

I A+B+C =180°
A+B =180°-C

tan (A+B) =tan (180°~C) (- tan 0 in 2" quadrant is negative)
tan(A+B) =—tanC

Also tan(B+C) =—tan A
tan(C+A) =—tanB
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WORKED EXAMPLES
Example 1:
Express the following as sum or difference of two trigonometric functions.
(i) sin 4A.cos 2A (ii) cos 65° cos 15°
(i) cos ?sin? (iv) sin%.sin%
Solution:

Ir. ,
0) sin4A,cos2A:E[sm(4A 2A) sin(4A 2A)]
= %[sin6A+sin2A]
1
(i) cos 65°.cos15° = E[cos(65° 15°) cos(65° 15°)]

= %[cos 80°+cos 50°]

. (79) . (39) 1 . 7 3 .73
(i) cos| — |.sin| — |= = sin —+— —sin ——"—
2 2 2 2 2 2 2
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Example 2:
Express the following as product of two functions.
(i) sin 56 + sin O (ii) sin 40 —sin 30
(iii) cos 4A +cos 2A (iv) cos 10° — cos 50°

Solution:
Jeo*5)
.COS
2

=2 sin 30. cos 20

(i) sin40—sin30 =2 cos(4e;39).sin(40;36)

. (5
(i) sin56+sin6 = 2sm(

0

70 .
= 2cos—.sin—
2 2

4A+2A 4A —2A
Ccos >

(iii) cos4A + cos2A = 2cos

=2cos3A.cos A

. {10°+50°
(iv) cos 10°—cos 50°= —2s1n(T)' sin ( .

=—2.s1in30°. sin (-20°)
= —2(1)(—sin200)
- \2

=sin 20°
Example 3:

Prove the following

sin4A +sin2A — tan3A.cof A
sin4A —sin2A
Solution:
sin4A +sin2A
LHS = ————~

sin4A —sin2A




7 (4A ZA) (4A ZA)
Sin 2 .COS

2
- 4A 2AY . (4A 2A
ZCOS 2 .S1n 2

_ SINSACOSA  3A cotA RHS
cos3A.sin A

Example 4 :

cos2y—cos2x

=tan(x—
sin2x +sin2y ( y)
Solution:
~ cos2y—cos2x
LHS = sin2x+sin2y
+2x _
Zsin(% ].sin(zx 2y)
_ 2 2
2x+ _
Zsin( /2"//\(:08(2)6 2y\
2 2
sin(x—y)
~ cos(x—y) = tan (x —y) = RHS
Example 5:
€0s75° +cos15°
sin 75° —sin15°
Solution:
c0s75°+ cos15°
LHS= ————7—

sin 75° —sin15°

Basic Mothematics
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Example 6:
oS —— 0 —cos —+0 =+/2sin0
4 4
Solution:

LHS = cos z—Ot —Cos E+Oc
5= 4 4

T T
=—2sin 4 sin 4
2 2

= —2sin%.sin(—0ﬁ) = 2.Lsin0£ =+/2sin¢, = RHS

J2

~a

N |
S

Example 7:

cos 130° + cos 110° + cos 10° =0
Solution:

LHS = (cos 130° + cos 10°) + cos 110°

= 2cos 130210 .COS 130210 +cosl110°

=2.cos 70°. cos 60° +cos 110°

= Z.cos70°.i+ cos110°

z
cos (180°—110°) + cos 110°

= — a5 110+ cost0° = 0=RHS

Example 8:
4 sin A. sin (60° + A). sin (60°—A) =sin3 A
Solution.
LHS =4 sin A [sin?60 — sin’A]
NE) ’ . sin(A+B).sin(A+B)
=4sinAf|l 5 —sin" A .2 2
=sin" A —sin" B

= 4sinA|:% —sin? A]

=3 sinA—4 sin’ A=sin3A=RHS

[T308 |
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Example 9:

sin6A +sin2A + 2sin4A _ sin4A
sin7A +sin3A +2sin5A  sinSA

Solution:
(sin6A +sin2A )+ 2sin4A
LHS= — ; ;
(sin7A +sin3A)+2sin5A
2sin(6A 2A).cos(6A 2A)+2sin4A
_ 2 2
2sin A 3A .Cos 7A 3A +2sin5A
_ 2.sin4A.cos2A + 2sin4A
 2sin5A.cos2A +2sinSA
Z sin4A (cos2AF1)
~ Zsin5A (cos2AFT)
_ si.n4A _ RHS
sin5SA
Example 10:
A B B C C A
IfA+B+C=n P.Ttan| — |tan| — | +tan| — | tan| = |+ tan| T |tan| T | =1
2 2 2 2 2 2
Solution.
Given: A+B+C=n
A B C_ 1
2 2 2 2
A B &m C
Y — = ———
2 2 2 2
A B t C
tan — — tan — —
2 2 2
t A t. B
_ an5+ an— _COtE_ 1
B 2 C
1—tan—.tan— tan —
2 2
I 399 |
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C A B A B
—tan— tan—+tan— =1-—tan—tan—
2 2 2 2 2

A C B C A B

— tan—.tan—+tan—.tan—=1—tan—.tan—

2 2 2 2 2 2

A B B C A C
— tan—.tan—+tan—.tan——tan—.tan— =1
2 2 2 2 2 2

Example 11:
sin5A +sin4A +sin2A +sin A
=tan3A
coS5A cos4A cos2A cosA
Solution:
(sin5A +sin A)+(sin4A +sin2A)
LHS = (cos5A +cosA)+(cos4A +cos2A)
_ 2sin3A.cos2A +2sin3A.cos A B ot f fon f )
2c0s3A.cos2A +2cos3A.cos A (By using transformation formula)
Z sin3A (cos2A+Tos A)
~ Z cos3A(cos 0SA)
=tan 3 A=RHS
Example 12:

3
sin20°.sin40°.sin 60°.sin 80° =E

Solution:
LHS = (sin40°.sin 20°).§.sin 80°
= ? %(cos60°—cos20°) sin80°
= _\/g c0s 60°.sin 80° +£ c0s20°.sin 80°
4 4
= Tﬁ %sinSO” 31 —[sm 80° 20°) sin(80° 20°)]

[T400 |
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= —3.sin80°+%[sin1000+sin60°]

-3 V3 3
8

——.8in80° ——.sin100° —.sin 60°
8 8

= _—\/g.sin80°+g.sin(180°—80°) 3 g

= — = S 80°+ \/_ M80°+—

= i:RHS
16

Example 13:

c0s20°.cos40°.cos80°=—

Solution:
LHS = (c0s40°.c0s20°) cos80°

1

= E[cos60°+00520°].00580°
11

= —| =+ c0s20° [cos80°
212
1 1

= —.c0s80° +—.cos80°.cos20°
4 2
1 11

= —.c0s80°+—.—[cos100°+cos 60°]
4 22

= l.cos80° l .cos100°+— cos60°
4 4

.+ c0s100°= cos(180°—80°)

=—c0s80°

= —9(80"—— 00 80° +

4>|~
l\)l»—*

l=RHS
8
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Example 14:

S.T cos®  cos’(60° ) cos’ (60° ) %
Solution:

LHS = cos’ 0+ cos’(60°+6) + cos’ (60° —2)

1+cos29+1 cos2(60 )+1 cos2(60 )
2 2 2

= %[1 + 0520 + 1+ cos(120° + 26)+ 1+ cos(120° —26) |
= %[3 + 0520+ cos(120+26) + cos (120°-20) |

1
=3 [3+c0s20+2c0s120°.cos 26]

= % 3+cos20+2/_—10()s20

z
:% 3+ cos70 — coS 20 =%=RHS

Example 15:
In any AABC P.T sin2A + sin2B — sin2C=4cosA.cosB.sinC
Solution:
LHS=sin2A +sin2B — sin2C
=2sin(A +B).cos (A—B)—sin2C [--sin2C=2sinC.cosC and sin (A + B) =sin C]
=2sin C cos (A —B)—2 sinC.cosC
=2sinC [cos (A—B)—cos C]
=2sinC[cos(A—B)+cos(A+B)] [ --cos(A+B)=-—osC]
=2sinC.2cosA. cos B
=4 cosA.cosB.sinC
=RHS
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Example 16:

IfA+B+C=180°

P.T cos 2A + cos 2B + cos 2C =-1 —4 cos A.cos B.cos C
Solution:

LHS =cos 2A + cos 2 B +cos2C

2cos(2A; 2B)cos(zA;2]3)+cos2C

2cos(A B).cos(A B) cos2C

=-2cos C.cos (A —B) +2cos’C -1

=-1-2cos C. cos (A—B)+2cos*C
=—1-2cosC[cos(A—B)—cosC]

=—1-2cosC[cos (A—B)+cos(A+B)]
=—1-2cosC[2cosAcosB]
=—1-4cosA.cos B.cos C

=RHS
Example 17:
sin’A + sin’B + sin?C =2 + 2 cos A cos B cos C
Solution:

LHS=sin?A + sin’B + sin’C

1—cos2A 1-cos2B 1-cos2C
+ +
2 2 2

= %[3 — (cos 2A +cos2B+ cos2C)]

(Using the result of example 16)

= %[3 —(—1—4cosAc0sB.cosC)]
= %[3+1+4cosAcosBcosC]

= %[4+ 4cos A cosBeosC]|

2+ 2 cosA cosB cos C=RHS

["403 |
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Example 18:

cos’A + cos’B + cos’C =1 -2 cos A cos B cos C
Solution:

LHS = cos?A + cos’B + cos’C

1+ cos2A N 1+ cos2B N 1+ cos2C
2 2 2

since

1
= —[3+c0s2A + cos 2B+ cos 2C] cos 2A + cos 2B + cos2C
2 = —1—4cos A. cos B. cosC

= %[3 —l—4cosA.cosB.cosC]

= %[2—4cosAcosBcosC]

=]1-2cosAcosBcosC
=RHS

EXERcIsE 14.3

One marks questions:

I. 1. Express each of the following as sum or difference oftwo trigonometric functions.

1. sin5A.cos3A i. cos4 Asin2A
56 . 0 )
m. ¢€os E) .S 3 v. 2 cos 70°cos 10°

2. Express each of the following as the product of two trigonometric ractions.
1. sin 12x + sin 4x i.. sin7A—sin3A
. cos20+cos66 iv. sin 80° —sin 40°
Two marks questions :
II. Prove the following:

cos2A —cosl12A _
sin12A —sin2A

o ) ()
sinx+siny 2 2

an7A
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10.

sin 20+ sin 3¢ o
— cot >

=cot | 5
cos 20t —cos3o
. T . n .
sin §+A —sin E_A =sinA

cos A+ cos (120—A)+cos (120+A)=0

sin 65° +¢cos 65° = /2 ¢0s20°

.JfA+B+C=nPT. tanA+tan B+tan C =tanA. tan B .tan C

sin2A +sin5SA —sinA
c0s2A + cos5A +cosA

tan 2A

. IfA+B+C=180° P.T cot B.cot C+cotC.cotA+cotAxcotB=1.

IFA+B+C= % P.T tanA.tan B +tan B.tan C +tan C. tanA =1

Five marks questions:

I11.

NS » e

Prove the following

cos7x cos3x cos5x cosx
=cot2x

sin7x sin3x sin5x sinx

3
c0s10°. cos30°. cos50°. cos70° = 6

1
cos 20. cos40. cos 60. cos 80 = I
IfA+ B+ C=180°, prove that
sin2A+sin2B+sin2 C=4sinA. sinB.sinC
tan2A+tan 2B +tan2C=tan2 A.tan2 B. tan2 C
sin4 A+ sin 4B + sin 4C =—4sin2A. sin 2 B. sin 2C

cos’A+ cos’B—cos?C=1-2sinA. sinB. sinC

sin2A +sin2B+sin2C

=tanA.tanB

" sin2A +sin2B —sin2C
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9. cos2A+cos2B+cos2C=-1-4cosAcos B cosC.
10. sin’A + sin’B —sin’C =2 sin A. sin B. cosC
11. IfA+ B+ C=n. Prove that:
cos 2A+cos 2B —cos2C=1-4sinA. sin B. cos C
12. IfA+B+ C=180°. Prove that:
sin 2A—sin 2B +sin2C=4 cos A. sin B. cos C
13. cos2A—cos 2B +cos 2C=1—-4sinA. cos B. sin C
ANswERS 143
L 1. %(sin8A+sin2A) 2. %(sin6A—sin2A)
3. %[Sin39—sin26] 4. c05800+%
I 1. 2sin8x.cos4x 2. 2cosS5A.sin2 A
3. 2 cos 40. cos 20 4. sin20°
* ok Kk %
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i CIRCLES
17

15.1 Introduction :

Of all the curves, the circle is the simplest one and occurs most frequently in nature,
architecture, science and industry. We see applications of circles everywhere. Various objects
round (circular) in shape are used by us in our daily life. Few examples are coins, wheels,
compact disc etc. Therefore it is necessary to pay attention to the study of circles.

15.2 Definition :

A circle is the locus of a point which moves in a plane so that its distance from a fixed point

always remain constant. This fixed point is called the centre ofthe circle and the constant
distance is called the radius of'the circle.

Equation of the circle in different forms:
(a) Equation of a circle whose centre is the origin and the radius being 'r

Consider a circle with centre at the origin O(0,0) and radius 7. Let P(x, ) be a point on the
circle. Join OP, by given data OP = r

Using distance formula P(x,»)
OP =(x=0) +(y~0)’
which is the required equation.

Example 1 : The equation of the circle with centre at the origin and radius 5 unit is given by
¥ +y’=5"1e ¥’ +y* =25

(b) Equation of the circle whose centre is (/,k) and radius being 'r'

Consider a point p(x,y) on the circle. Let the centre of'the circle be ¢(, k) Join CP which is
by definition equal to '7'.

P 9
By distance formula ()

CP=r=\(x=h) +(y—k)

Le. |7 (x h)2 (v k)2
This is the equation of the circle in standard form with centre (4,k) and radius »

Note : In particular if 7 = 0 and k& = 0 then the equation of the circle becomes x* + y* = »*
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WORKED EXAMPLES

Example 1:

Find the equation of the circle with centre (-2, —1) and the radius is 2.
Solution:

Given (h,k)= (-2,—-1)andr=2

we have the equation of the circle given by
7o By k)
2 () ()
4 (x 2 (v 1
Simplifying the above equation we get the equation of the circle as
Xy 4x 2y 10

Example 2:

Find the equation of the circle with the centre as (3, —4) and radius is 5 units. Also
show that the circle passes through origin.

Solution:
Given (h,k)=(3,—4)andr=>5
we have the equation of the circle given by

(b (v k)

(3 (v (4

25=(x=3)+(y+4)
Simplifying the above equation we get the equation of the circle as

x>y 6x 8 0
The co-ordinates of the origini.e., x =0 and y = 0 satisfies the above equation and so the
circle passes through the origin.
Example 3:

Find the equation of the circle whose centre is (2,—3) and passes through the point
of intersection of the lines 3x —2y=1 and 4x+ y=27.

Solution:
3x-2y=1 (1)
4x+y=27 ...(2)
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Solving (1) and (2) we getx=5and y =7
point of intersection is (x,y) = (5,7). If C(2,-3)and P (x, )

Using distance formula

cP (5 2y (7 3) <109 =Radius
Hence the equation of'the circle is
(x b (v k)
(x=2)% +(y+3)? =(J@)2
X+ —4x+6y-96=0
Example 4:
Find the equation of the circle with two of whose diameters x +y=6 and x +2y =4
having radius 2\/§ units.
Solution:
Solvingx + y=6andx + 2y=4 we get y=—2 and x = 8.

The centre of the circle is the meeting point ofthe two diameters which is given by (8, —2)
Given = 2./5
Equationofthecircleis (x 4) (y k) #
ie. (x—8) +(y+2)" =(25)
X+ )" —16x+4y+48=0

Example 5:

If the lines 2x+3y+1=0 and 3x— y—4=0 lie along the diameters of a circle of
circumference 107, find the equation of the circle

Solution :
Solving 2x+3y+1=0 and 3x—y—-4=0 wegetx=1,y=-1 .. centre (1,-1)
Circumference of the circle =2nr =107
“r=5
Thus the equation of the circle is given by

x D (v D5

ie. x* +y* —2x+2y—23=0 isthe required equation.
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(c) Equation of the circle with A(x,, y,) and B(x,, y,) as the co-ordinates of the end
points of a diameter

Let p(x,y) be a point on the circle. Join PA and PB. P(, )
We find APB =90° (Angle in a semi circle)

. slope of AP x slope PB=—1 (- AP L BP) 051, 1) (x;, 2)

’ A B
C
. Y=W Y= =—1 U
1.€. -
xX—Xx,  x-X

=) =y)=-lx—x)(x—x,)

1e. |(x - x)x=x)+y=y)»y-y,)= 0| is the required equation of the circle.

Example 6:
Find the equation of the circle with (—4, 3) and (12,—1) as the extremities of a diameter.
Solution :
The equation of the circle is
(x=x)(x=x)+(y=y)y=»,)=0
x+dH(x-12)+(y-3)(y+1)=0
ie. x> > 8 2y 51 0
(d) Equation of the point circle
The circle whose radius is zero is called as the point circle.

Note: Consider the equation > (x h)° (y k)* where centre is (4,k) and radius is r.
(1) Ifr>0,wesayitisareal circle.
(i) Ifr<0,then the circleis called as an imaginary circle or virtual circle.
(i) If7=0then the circle is said to be a point circle
(iv) Ifr=1, thenthe circle is said to be a unit circle
Example 7:
Write the equation of the point circle with centre at (3,-5)
Solution :
Centre (h,k)=(3,-5)
Since it is a point circle, radius =0
The equation of the point circle is given by
(e b (v k)
0=(x-3)+(y+5)°
ie, x* )y 6x 10y 34 0
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ExEercisk 15.1

One mark questions:
I. Find the equation of'the circle with centre 'C' and radius 7' in each of the following:
a) c¢(-3,2)and =5 units b) ¢(0,0) and =4 units
¢) c¢(—1,-2)and diameter » =25 units d) c¢(1,1)and »=+/2 units
e) c(acosB,asinf) and r = aunits
II. Find the centre of the circle, two of the diameters are
a) x+y=2,x—y=0 b) 2x-3y=1,3x-2y=2
¢) y Oandy x 5
III. Write the equation of the point circle with centre at (a) (4,—5) (b)(-3,2) (c)(1,0)
Two marks questions:
IV. Find the equation ofthe circle.
a) two ofthe diameters are x + y =6 and x + 2y =4 and its radius is 10 units.
b) two ofthe diameters x + y =4 and x —y =2 and passing through the point (2, 1)

¢) two ofthe diameters are 2x — 3y =5 and 3x — 4y = 7 are the diameters of a circle of
area 154 sq.cm

V. a) Find the equation of'the circle with centre at (-2, 1) and passing through the origin.
b) Find the equation of the circle with centre at (2,1) and passing through (0, —1)

VI. Find the equation of the circle described on the line joining the points A and B as diameter
where

a) A(-5,1)and B(1,3) b) A(2,0) and B(0,2)
¢) A(3,4)and B(1,-2)

ANSWERS 15.1

One mark questions:

L a x* 3 6x 4y 12 b) x*+3*=16
c) 4x* 4y* 8x 16y 605 d) x* ¥ 2x 2y 0
e) x> » (2acos@)x (2asinB)y 0
41
I. a) centre(1,1) b) centre 5’5 c) centre (5,0)
. a) x* »* 8x 10y 41 0 b) x* y* 6x 4y 13 0

) x+)y -2x+1=0
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Two marks questions:

IV.

a) x’+y° —16x+4y-32=0 b) x* » 6x 2y 5 0
) X +) -2x+2y-47=0

a) x* y* 4x 2y 0 b) x* y* 4x 2y 3
a) x* ¥y 4x 4y 2 b) x* y* 2x 2y 0

2

) x* y* 4x 2y 5

15.3 General equation of the circle

Show that the second degree equation x> y* 2gx 2fy ¢ 0 alwaysrepresents
a circle

Proof: Given x* )’ 2gx 2fp ¢ 0 ..(1)
ie. x’ ) 2ex 2fy ¢
Adding g* + f* onbothssides of the above equation we get
Xy 2ex 2 g ST g S e
X 2g gy 2 7 g S o«
x g N g foc

= () + ==/ =(JE+ 1 e]

whichis ofthe form (x h)* (y k)* *

Hence the given equation (1) always represent a circle where centre c(h, k) = (g, —f) and
radius r=./g*+ f* —¢

Definition : The equation of the circle inthe form x* )* 2gx 2/ ¢ 0 iscalled the
standard form of'the equation of'the circle.

Consider the general second degree equation ax” + 2hxy+by* +2gx+2fy+c=0. The

equation represents a circle ifa = b and 2=01.e. the equation ax> ay* 2gx 2f ¢ 0

always represent a circle. This equation is called the general equation of the circle. In
particular if @ = b = 1, we get the standard form of the equation of the circle. Which is
2

given by x> )* 2gx 2fp ¢ 0, the centre of the circle is (—g, —f) and radius

I414I
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Note:
—(coefficient of
*  x co-ordinate of the centre ofthe circle = ( 2 *)
. . —(coefficient of
* y coordinate ofthe centre of the circle = ( > Y)
WORKED EXAMPLES
Example 1:
Find the centre and radius of the following circles.
@ x* »y* 2x 6y 20 (b) 3x* 3y° 6x 4y 1 0
(© 2x* 2y 6x 10y 9 0
Solution :

(a) The equation of'the circle is given by
X+ =2x+6y-20=0
Here 2¢ 2, 2f 6 and ¢ 20
g L, f 3andc 20

c (g f) (A, 3 radius Jg> f* c:\/1+9+20=m

(b) The equationofthe circleis givenby 3x* 33> 6x 4y 1 0

In this equation, the coefficient of x> and y* are not 1. Thus, we have to divide, throughout

by 3.
weget, x¥* ) 2x %y % 0
Here 2¢ 2, 2f %,c %
N

centre C(-g,—f)= (1,%2)

. 4 1 10
rad1us=m:\/g —

3
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(c) The equation ofthe given circle is

2x* 2y* 6x 10y 9 0
Here also we have to make the coefficient ofx* and )” as 1. To this, we shall divide throughout

by 2. We get
2 2 9
X +y +3x—5y+5=0

9
Here 2¢g 3,2f S5,¢ -

3 59
= =—, =—, = —
g=7 f=7 ¢=5

s.centrec (g, f) (_—3 5)

22
9 25 9
andradius ¥ g f* ¢ iy 5=2units
Example 2:

5
If the radius of the circle x* + y* —2x+3y+ k=0 is 5 find k.

Solution:

The givenequationis x* + y> =2x+3y+k=0

5
By data V=§=1/g2+f2—c, 20=-2 .. g=-1

5° , 37 3
= 1 — k - Cf== -
1e2() > (k) 2f=3 oo f 2,ck
B2k
4 4
simplifying, k =-3
Example 3:

If one end of the diameter of the circle x> y*> 2x 6y 22 0is(3,-7), find the

co-ordinate of the other end.
Solution:
The equation of the circle is x* + y* +2x+ 6y —22=0
Nowcentre C (g, f) C( 1, 3)
[ 416 1
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One end of the diameter is A (3, —7)
Let the other end of the diameter be B(x,y)

3+x =7+
C=Midpoint0fAB:>(—1a—3)=( 5 2y)

1= 3+ x, _3
2
x=-5and y=1
.. the other end of the diameter is (-5,1)

Example 4:

~T+y
= = -2=3+x, —6=-T+y

If one end of the diameter of the circle x> )* 4x 2y 5 0 is (3,4), find
co-ordinate of the other end.
Solution:

2

The equation ofthecircleis x> j* 4x 2y 5 0
Now, centre C (g, f) (2,1).0neend ofthe diameter is A= (3,4). Let the other end

be B = (hk)
3+h 4+k
. C=midpoint of 4B=(2,1) = (T,T) by equating we get
) 3+h’1 4+k
2 2

= 4=3+h, 2=44+k=>h=1 k=2
.. the other end ofthe diameter is (1, —2)
Example 5:
If x> »* 14x by 53 0 represents apoint circle, find 'b’'

Solution:

Bydata x> )* 14x by 53 0 representsapoint circle. Thus, the radius =0

b 2
= Jg'+[f1-c=0 = (—7)2"‘(5) =53=0 ¢ 14 g 7
2

2f=b: f=
09 2 530 2
4 c=53
b2
= Z=4—>192=16—>b=i4
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Note : Consider the equation of'the circle

¥y 2gx 2fp ¢ 0 ... (D

Any circle concentric with this circle, will have the same centre. Thus, in its equation the
coefficiants of x> and y?will be same as that of (1). Hence we have the following:

The equation of the circle concentric with the circle x*> y* 2gx 2fy ¢ 0 isgivenby
X+ +2gx+2f+k=0.
For different values of k, we get different circles concentric with the given circle.

Example 6:

Find the equation of the circle concentric with the circle x> > 6x 2y 4 0
and passing through the point (3,2).

Solution:
The equation of the circle concentric with

x* +y* —6x—2y+4=0 isof the form

X+ —6x=2y+k=0
By data this must pass through (3,2). Thus the equation (1) must satisfy
x=3,y=2->94+4-18-4+k=0—>k=9
Hence, the equation of the required circle is x> »* 6x 2y 9 0
Example 7:

Find the equation of the circle whose centre is (—3,1) and passing through the centre
of the circle x> y* 2x 4y 4 0.

Solution:
Let C=(-3,1). The centre of the givencircle x* + y* +2x—4y+4=0 isA=(-1,2)

(v 2g=2,2f=-4)
The required circle passes through A. Thus,

radius = CA — [(-3+1)* +(1-2)* =5

Now, the equation of the circle with centre (=3, 1) and radius /5 units is given by

2
(43 +( -0 =(5) = x’+y? +6x-2y+5=0
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2nd method
By data the centre ofthe required circle is (-3, 1), ..—g=-3and — f =1 — g=3, f=-1

Thus, the required circle is of the form x* 3> 6x 2y ¢ 0

This must pass through the centre of x* + y* +2x -4y +4=0, i.e., it must pass through
-1,2) 1 4 6 4 ¢ 0 ¢ 5.Puttingc=35,we gettherequired equation
¥y 6x 2y 5 0

Note: The standard form of the equation of'the circle has three parameters g, f'and c. Thus to find
the equation of a circle, we have to find corresponding values of g,f, and c. Hence, we
require at least three conditions to determine the equation of a circle.

Example 8:

Find the equation of the circle passing through the points (0,0) and (1,1) and has its
centre on x-axis.

Solution:
Let the equation of the required circlebe x> 3* 2gx 2fy ¢ 0 ... (1)

Using the conditions in the problem, we shall determine the values of'g, fand ¢

By data the circle passes through the point (0,0). Thus the equation (1) must satisfy x=0
and y=0

= 0+0+2g(0)+2/(0)+c=0 = c=0
Again by data the circle passes through the point (1,1). Thus the equation (1) must satisfy
x=1, y=1

1+1+2g+2f+c=0=2g+2f+2=0 (w. ¢=0)

=g+ f+1=0 ....(2)
Again by data, the centre (—g, —f) of (1) lies on x - axis
= y-coordinate of the centre=0 = f =0
putting f/=01in(2),weget g+1=0= g=-1
putting g=1, f =0, c=01n (1) we get the equation of the circle x* + > —2x=0
Note: When the circle passes through the origin 0(0,0) then the standard form ofthe equation of

the circle is givenby x> 3> 2gx 2fy 0
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Example 9:

Find theequation of thecircle passing through the points(-1, 2) and (3, —2), and has
itscentreon x =2y.

Solution:

Let the equation ofthe required circlebe x°  y* 2gx 2fy ¢ 0. (D
By data this circle passes through the point (-1, 2) and (3, -2)

= —-2g+4f+c+5=0.... (2)

and 6g—4f +c+13=0...... 3)
Again by data the centre (—g, —f) liesonx =2y

= —g=-2f = g=+2f
Solving the equations (1), (2) and (3) we get g, fand ¢
consider (2) - (3) weget -8¢g+8f -8=0=g—- f+1=0
putting g=21, weget2f f 1 0 f 1

Now, g=2f = g=-2
From(2) wehave, ¢ 2g 4f 5 c 4 45 ¢ 5
Thus the equation of the required circle is x> > 4x 2y 5 0

Example 10:

Find the equation of the circle passing through the points (5,3), (1,5) and (3, -1).
Solution:

Let the equation ofthe circlebe x> 3° 2gx 2f ¢ 0...(1)

By data this passes through the point
(5,3),(1,5) and (3, —1) Thus we have

10g+6f+c+34=0 USSR (7))
2¢ +10f+c+26=0 ... 3)
6g—2f+c+10=0 ... (4)

Solving these three equation we get f, g and c. To this end consider,
(2)-(3) =82 -4/ +8=0—-2g— f+2=0 .......... (5)

B)-(4)—> —dg+12f+16=0—>g-3f-4=0....(6)
Solving (5) and (6), we get g =-2, f =2
Now, from(1)= ¢ 10g 6f 34 ¢ 20 12 34 ¢ 2

Thus, the equation of the required circle is x* + y* —4x—4y—-2=0
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Example 11:
Show that the following points (2,0), (-1, 3), (=2, 0) and ( 1,—1) are concyclic.
Solution:

We shall find the equation of the circle passing through the points (2, 0), (-1, 3) and
(=2, 0) and then we shall show that the fourth point (1, 1) lies on it.

Let the equation of the circle passing through (2, 0), (-1, 3) and (-2, 0) be

¥y 2ex 2fy ¢ 0 (1)
Since it passes through (2,0), (—1,3) and (-2, 0)
wehave 4g+c+4=0 ... (2)
2¢ 6f ¢ 10 0 ... 3)
—4g+c+4=0 .. 4)

Solving these equations we get /', g and c.

consider, (2) - (4) we get, 8g=8g=0—>g=0
putting g=01in (2) we get, c=—4
Now(3)=6f=2g-c-10-6f=4+4-10= f=-1

Thus, the equation of the circle is |x2 Yy 2y 4 O|

Now, putting x=1 and y=—1 in LHS of (1)

weget, 1 +1+2-4=4-4=0=RHS

Thus, the point (1,—1) lies on the circle.

Hence, the given four points are concyclic
Example 12:

Find the equation of the diameter of the circle x> »* 2x 4y 4 which when

produced passes through the point (-6, 2).

Solution : Equation of thecircleis x> y* 2x 4y 4

centre C = (-1, -2)
Required diameter is the line joining the points C(—1, —2) and the point (-6, 2)

Hceauationis V22 242
sequationis ==~ "~
yra_4 5y —10=dx+4
x+l -5 TyTEW

= 4x+5y+14=0
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Example 13:
Show that the line 2x+y=4 passes through the centre of the circle
x* yP 3x 2y 20

Solution:
: . 3 3 :
The centre ofthe circle x> ) 3x 2y 2 0isC= E,1 .Put x= 5 V= 1 inthe left

3

hand side of 2x +y =4, we get 2(5) 1 3 1 4 RHS

3
Thus (5,1) lieson 2x + y=4

15.4 Length of the chord of the circle x* + y* + 2gx + 2fy + ¢ = 0 intercepted by the co-
ordinate axes.
(@) To find the length of the chord of the circle x> > 2gx 2f ¢ 0
intercepted by the x axis
Solution:

The equation of the circle is x* 3* 2gx 2fy ¢ 0 . Letthe circle cut the x axis at

Aand B.

Draw perpendicular CM from the centre onto B. Clearly M is the midpoint of AB.

Now x intercept 2 AM v
x intercept = 2/ 4C? — CM 2
[ AMC is a right triangle]

x intercept = 2,/g’ + f> —c— f*

[ AC =radius and CM =—f ]

xintercept = 2./g” — ¢

(b) To find the length of the chord of the circle x* > 2gx 2fy ¢ 0
intercepted by the y axis
Solution:

Let the circle cut the y axis at D and E. Draw perpendicular CN from the centre on DE
clearly N is the midpoint of DE
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Now y intercept =2 EN Y
y intercept = 2,/CE?> — CN?

yintercept = 2\/g’ + f* —c—g*

(- CE =radius,CN = g)

y intercept 2y /7 — ¢

X< 0 X
Example 14: v
Find the length of the chord of the circle x> y* 6x 4y 5 0 intercepted by x
axis.
Solution:

The equation ofthe circle x> »* 6x 4y 5 0

x intercept = 24/g> —c =2/9-5=2./4 =4
Example 15:
Find the length of the chord of the circle x* + y* + 3x —2 =0 intercepted by y axis

Solution:
The equation of the circle is

X+ +3x-2=0

yintercept=2,/f> —¢ =2J0+2 =22
Example 16:

Find the equation of the circle passing through the origin and making positive
intercepts 3 and 5 on the co-ordinate axes.

Solution:
Let the equation ofthe circlebe x> * 2gx 2f ¢ 0

The circle passes through the origin = C = (0, 0)
By data x intercept =3

1€e. 2 gz—c=3

20fg® 3 2g3g_73
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we take negative sign, as the centre must lie in the first quadrant.

2{Jf*-c=5
27 =5

-5
—2f=5 :>f=7

we take negative sign, as the centre must lie in the first quadrant.
Thus the equation ofthe circleis x>  »* 3x 5y 0

Note: To find the length of the chord intercepted by a line with the given circle whose
radiusis'r' and the length of the perpendicular from the centre on to the line.

Solution:
Let the given line cut the circle at A and B. Clearly the length of the chord is AB
Let Cbe the centre ofthe circle.
Draw CM perpendicular to the line AB
Now AB =2 AM

= 2JCA’-CM’
AB = 2,/r*-p’ (- CA=r,CM=p)
Thus length ofthe chord = 2,/7* - p?

Example 17 : Find the length of the chord intercepted by the circle, x> * 4x 6y 12 and

x+4y=6
Solution: The equation ofthe circleis x> y* 4x 6y 12 0
Equation ofthe lineis x+4y—-6=0

Now centre C and radius » of the circle are C(-2,-3) y=+/4+9+12=5
p = length of perpendicular from C onto the line

_|-2+4(-3)-6| 20

N N
Length ofthe chord = 2,/2 — p?
_ 9 [p5_200_ 10
17 17
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Example 18:
Find the equation of the chord of thecircle x> y* 2x 4y 17 0 bisected at(-1,2)
Solution:

The equation ofthe circleis x> »* 2x 4y 17 0 centre=(1,-2). The mid point of
the chord A= (-1, 2). The chord is perpendicular to AC
.". (slope of the chord) (slope of AC) =—1

- 242
slope of the AC = Ymh _L72
X, =X, —1-1
lope of the chord = =~ =+
slope of'the chor: _(2+2)_2
“1-1

The chord ED passes through (—1, 2). Thus the equation of the chord ED is
y—2=%(x+1):>2y—4=x+1

=x-2y+5=0
EXERCISE 15.2

One mark questions:
1. Find the centre and the radius of'the circle.

a) x Y 4x y 50 b) 3x* 3y 6x 12y 2 0
) (x=2)(x—4)+(y-1)(y-3)=0 d) ¥ * 2xcosa 2ysine 1
2. Iftheradius ofthecircle x* )* 4x 2y k 0 is4units find £.
3. Find the other end ofthe diameter, if one end of the diameter ofthe circle
a) x +y°=251s(5,0)
b) x* »* 4x 6y 12 0is(-5,-1)
) x> y 6x 2y 31is(7,4)
4. If (a,b) and (-5, 1) are the two end points of diameter of the circle x> )* 4x 4y 2.
Find the values of @ and b.

5. If x* + y* —4x -8y + k = O represents a point circle find .
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If x> y* ax 2y 5 0 representapoint circle find a.
If x> +y” + ax+ by =3 represents a circle with centre at (1, —3), find a and b.

Find the unit circle concentric withthe circle x*> y* 8x 4y 8.

Two marks questions:

I.

10.
11.

12.
13.

Find the equation of the circle whose centre is same as the centre of the circle
2 2

x> y* 6x 2y 1 0,andpassing through the point (-2, -1).

. Find the equation of the circle whose centre is same as the centre of the circle

2 2

x> y* 6x 4y 9 0 and passing through the point (—2,3).

. Find the equation of'the circle whose centre is (-2, 3) and passing through the centre of the

2

circle x> »* 6x 4y 9 0.

. Find the equation of the circle passing through the centre of the circle

x>+ y* —2x—4y—20=0 and centre at (4, -2).

. Find the equation of'the circle two of whose diameters are x+ y =3 and 2x+ y =2 and

passing through the centre ofthecircle x> * 4x 2y 1 0.

. Find the equation ofthe circle concentric with the centre of the circle x>  »* 2x 2y 1 0

and having double its area.

. Find the equation of the circle concentric with the centre of the circle

.2
3x* +3)y° —6x+9y—2=0 and having 3 of its area.

. Find the equation of the diameter ofthe circle x> *> 6x 2y 6 whichwhen produced

passes through the point (1, -2).

. Find the equation of the diameter of the circle 2x*> 2)* 3x 5y 1 0, which when

produced passes through the point (—1,2).
Show that the line 4x —y = 17 passes through the centre ofthe circle x> > 8x 2y 0.

Find the length of the chord of the circle x* * 6x 15y 16 0 intercepted by the

X — axis.
Find the length of the chord ofthe circle x* * 3x y 6 0 intercepted by the y—axis.

Find the length ofthe chord ofthe circle x> > 6x 4y 12 0 onthe coordinate axes.

I426I



Basic Mothematics
Five marks questions:
1. Find the equation of'the circle.

a) passing through the origin, having its centre on the x - axis and radius 2 units.
b) passing through (2,3) having its centre on the x - axis and radius 5 units.
c) passing through the points (5,1), (3,4) and has its centre on the x - axis.
d) passing through the points (1,2) and (2,1) and has its centre on the y - axis.
e) passing through the points (0,5) and (6,1) and has its centre on the line 12x+5y =25
f) passing through the points (1,~4) and (5,2) and has its centre on the line x -2y +9=0.

g) passing through the points (0, —3) and (0,5) and whose centre lieson x—2y+5=0
h) passing through (1,1) and (2,2) and having radius 1.

2. Find the equation of the circle passing through the points.
a) (0,2),(3,0),(3,2) b) (1,1),(-2,2),(-6,0)
c) (L,1),(5-5),(6,4) d) (1,0),(3,0),(0,2)
e) (5.7,(6,6),(2,-2) ) (.9, (,0),(0.9)
g (0.1),(2,3),(-2.5) h) (0,0), (,0), (0,)

98]

. Find the equations of'the circles whose radius is 5 and which passes through the points on
X - axis at distances 3 from the origin.

4. A circle has radius 3 units and its centre lies on the line y = x —1. Find the equation of the
circle if it passes through (7,3).

. Find the equation of the circle which cuts intercepts of the lengths ‘a’and 5’ on axes and
passing through the origin.

9,

)

. Find the equation ofthe circle passing through the origin and making positive x - intercept ‘a’
units and negative y - intercepts ‘b units.

. Find the length ofthe chord intercepted by the

3

2

a) circle ¥ 3* 8x 6y 0 andtheline x—7y—-8=0
b) circle x* + y> =9 andthe line x+2y=3.

c) circle x> > 6x 2y 5 0 andtheline x—y+1=0

o0

. Find the points of intersection of the circle
a) x’+y’ =9 andtheline x+2y=3.
b) x* »* 6x 2y 5 0 andtheline x—y+1=0.
) x* » 4x 6y 12 0 andtheline x+4y—-6=0
Also find the length of the chord.

[ 47 |
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Six marks questions:
3. Show that the following points are concyclic
a) (0,0),(1,1),(5,-5),(6,—4) b) (2,-4),(3,-1),(3,-3),(0,0)
¢ (1,0),(2,-7),(8,1),(9,-6)

ANSWERS 15.2

L1 a (25)@ b) (1,2)\E7
©) G.-DV5 d) (cosa,sina),\2
2. k=11
3. a) (-5,0) b) (1,7) c) (-1,-6)
4. a=1,b=3 5. k=20 6. a=4 7. a=-2,b=6
8. X 37 8x 4y 19 0

IL 1. ¥ » 6x 2y 9 0 2. X+y'-6x+4y-37=0
3. X+ +4x-6y-37=0 4. x¥* 3 8 4y 5 0
50 8 y 2x 8 17 0 6. X +)"—2x+2y—4=0
7. 36x°+36y° —72x+108y+23=0 8. 3x+4y+5=0
9. 3x+y+1=0 11. 10 units
12. 5units 13. 221, 8 units

L ¥+ =12x+11=0
III 1 a) X +y +4x=0 b) x2+y2+4x_21=0
c) 2x* 2y x 47 0 d) x*+)"-5=0
e) 3x*+3y° —10x—6y-45=0 ) x*+)*+6x-6y-47=0

X+ —2x—4y+4=0

2 2
g) X y 6x 2y 15 0 h) x2+y2_4x_2y+4=0
2.8 x* y 3x 2y 0 b) x* y* 4x 6y 12 0
©) x> ) 6x 4y 0 d) 2x2+2)°—8x-Ty+6=0
[ 428 I




e) x°

g 3x

¥y 4x 6y 12 0 D ¥ V¥ px g 0

+3y"+2x-20y+17=0 h) X'+’ —ax—-by=0

3. X¥+)y"-8y-9=0,x"+)"+8y-9=0

4. ¥+’ -14x-12y+76=0,x" +1° —8x—6y+16=0

5. ¥4y taxtby=0

6. xX+y —ax+by=0

7. a) 53 b) # 0 2
8. a) (3,0),(%9,%),% b) (2,3):(1,2%%
6 24) 10
0 (5

15.5 Point of Intersection of a line and a circle

With a line and a circle, we have the following three cases,

namely
Case (i) :

Case (ii) :

Case (iii):

The line may cut the circle at two points Aand B
as shown in fig (i)

In this case the length of the perpendicular from
the centre is less than the radius of the circle. AB is
length of the chord of'the circle.

The line may be tangent to the circle ie the line and
the circle have only one point in common A as
shown in fig(ii)

In this case the length of the perpendicular from
the centre on to the line is equal to the radius ofthe
circle.

The line and the circle have no points in common
as shown in fig(iii)

In this case the length of the perpendicular from
the centre on the line is greater than the radius of
the circle.
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Fig. (i)
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A
Fig. (ii)
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Important Observation : A line will be a tangent to the given circle ifand only ifthe length
of'the perpendicular from the centre on to the line is equal to radius of the circle.

Let y = mx+c bethe equation ofaline and x* + y* + 2gx + 2y + k = 0 be the equation of
acircle. Substituting the value of 'y’ in the equation of the circle, we get

X+ (mx+c) +2gx+2f (mx+c)+k=0
ie. X +m’x’+ct+2mxc+2gx+2 fmx+2fc+k=0

= (1+m) x> +(2mc+2g+2fm)x+(c’ +2fc+k)=0 ...... (D
which is a quadratic equation in x.

1) The equation (1) has two real and distinct roots if the discriminant of the equation is greater
than zero and in this case the line cuts the circle in two distinct points say A and B as shown
n fig(i).

The length AB is called the length of the chord.

2) The roots of the equation (1) are real and coincident if the discriminant ofthe equation is
equal to zero and in this case the line touches the circle at only one point as shown in fig(ii).
Thus the line will be a tangent to the circle.

3) Theroots ofthe equation (i) are imaginary if the discriminant ofthe equation is less than zero
and in this case, there will be no common points between the line and the circles, as shown
in fig (ii).

Note :
1) Length of the chord of the circle x> > 2gx 2y ¢ 0 intercepted by x - axis

is 2\/g’—¢

2) Length of the chord of the circle x> y* 2gx 2fy ¢ 0 intercepted by y - axis
is 2 f*-¢

3) Length of the chord intercepted by the line with the given circle is 2\/@

4) Condition for the circle to touch x - axisis g’ =¢

5) Condition for the circle to touch y - axisis f’>=c

6) Condition for the circle to touch both the coordinate axesis g’ = f* =¢
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Example 19:
Show that the line 3x —4y+6 =0 touches the circle x> »* 6x 10y 15 0.
Solution:
We have x* > 6x 10y 15 0.
C(3, 5)

2¢=—6=g=-3, 2f=10= =5
. centre=C= (g, -f) = (3, -5)
radius=r g> f* ¢ 9 25 15=.49=7

we know that a line touches the circle if and only ifthe length of the perpendicular from the
centre onto the line is equal to radius of'the circle.

) ax, +by, +c e 33)—4(-5)+6
el S en T J9+16
35
=—=7
5

.. The line 3x—4y+ 6 =0 touches the circle.

Example 20:
Show that the line 2x+ y+2 =0 is a tangent to the circle x> > 6x 2y 5 0.
Also find the point of contact.
Solution :
Wehave x> 3 6x 2y 5 0
20=6=>g=3,2f=2 = f=1c=5
centre = C=(—g, ) =(-3,-1);

radius = g> f> ¢ N9 1 5 5

Radius = length of the perpendicular from centre to the line

ax, + by, +c NG |2(=3)+1(-1) +2|

.= iy O |

Thus we find » =./5 and length of perpendicular from centre to the line = /5

Therefore the line 2x+ y + 2 = 0 isa tangent to the given circle.
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To find the contact : We shall find the equation of the line through the centre (-3, —1) and
perpendicular 2x+ y+2=0. We know any line perpendicular to 2x+ y+2=0is of the
from x—2y+k =0. This line passes through (—3,-1). Therefore put x =-3, y =—1we get
3+2+k=0—k=1

So equation becomes x—2y+1=0.Now solving 2x +y+2=0andx—2y+ 1 =0 we get
x=-1,y=0

Hence the point of contact is (—1, 0)
Example 21:

Find k, such that the straight line x—-2y+r=0 may be tangent to the circle
x> P 3x 2y 20
Solution:

Wehave x> 3° 3x 2y 2 0

2g=3—>g=%; 2f=2—f=-1,¢c=2

centre=C ( g f) ( %,1);

9 9 5
radius= r= /g’ + [ —¢c = \]Z+1—2=\]Z—1=£

2
radius = length of the perpendicular from the centre to the line x—2y +r=0

3
1| == -2+
ieﬁ_‘( 2) e
2 | i+4
-7
O 5 -7
— = — A
2 J5 2 2
RNt
2 2 2
-5 7 2
Also BN
Thus A=1o0r6
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Example 22:

Find the equation of the tangents to the circles x> > 2x 4y 4 0 whichare
parallel to the line 5x+12y+6=0

Solution :
Given circle is
X+ +2x+4y—4=0 C(-1,-2)
2g=2: g=1a 2f=4af=2a c=—4

centre=( g, f) (1, 2) ° P

Radius=\/g> /> ¢ 1 4 4 3

Equation of the tangent parallel to the given line can be takenas 5x+12y+k=0 ...... (O

>T

Length of perpendicular from (-1, -2) to the line (1)

ax, +by +e| 5( 1) 12(2) k | 5 24 K

CP
Ja+pr | 25+144 3|
|29 k| k29

e TI T

e, k 29 39 k 68,k 10

.. Equations of the tangents parallel to the given line are 5x+12y+68=0 and
5x+12y-10=0
Example 23:

2

Find the equation of the tangents to the circle x> y* 2x 4y 1 0 which are
perpendicular to the line 3x -4y +7=0

Solution:
The equation of a tangent L to the given line can be |~ tangent
takenas 4x+3y+k=0......(1)
C P
Givencircle x> »* 2x 4y 1 0,g=-1,/=-2, (1,2)
c=1 centre (1,2), radius =2 /




(lheruc)
Length of L from the centre (1,2) to the line (1) is

l4() 3(2) k| _ |10k

CP=
| Vi6+9 | | 5
10+ £k 10+ &
o 2 2
ie., ‘ 5 5
10 + k=+10
s k=0,-20

.. The equation of the tangents L to the given line are 4x+3y =0 and 4x+3y—-20=0

Example 24:
Find the value of k& for which the line x+ky—-5=0 may touch the circle

x> y* 2x 6y 6 0
Solution:
g=-1, f=-3, c=-6; centre=(1,3)

Radius= \/g? + f?—c =149+ 6=4

The line x+ ky —5 =0 touches the circle if the length of the perpendicular from the centre
(1,3) to the line is equal to the radius ofthe circle.

1+3k-5

NIEY =

Or 9k +16 — 24k =16 +16k’

ie., =4ie., Bk-4)= 41+ £

or 7k +24k =0 1e., k(7k+24)=0

k=0, k=2
7

Example 25:
Show that the circle x> y* 4x 3y 4 0 touchesx - axis
Solultion:
2¢=4 = g=2,c=4
Condition for the circle to touch
x-axisis gt=¢
ie.,4=4 .. given circle touches x - axis.
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Example 26:

Show that the circle x> y* 3x 8y 16 0 touchesy - axis.
Solution:

2f=8— f=4, c=16, Condition for the circle to touch y-axisis f*=c¢

Given circle touches y - axis, since 4°= 16
Example 27:

Show that the circle x> y* 2x 2y 1 0 touchesboth the co-ordinate axes.
Solution :

Condition for the circle to touch both the axesis g° = > =c.Hereg=1,f=—land c=1.
Since (1)*=(-1)*=1, we find the given circle touches both the axes.

EXERcIsE 15.3

One mark questions:
I. Show that the circle

1. x> »* 8x 2y 16 0 touches.x - axis
2. ¥ +)’ —4x+4y+4=0 touches x - axis
3. ¥’ +)" +8x+6y+9=0 touchesy - axis
4. ¥ y* x 4y 4 0 touchesy - axis
IL.5. Show that thecircle x> y* 4x 3y 4 0 touchesx - axis

6. Show thatthe circle x> y*> 3x 8y 16 0 touchesy - axis

Two marks questions:
IIL.7. Find the length of the chord of the circle x> > 6x 4y 5 0 intercepted by x - axis

8. Find the length of the chord of the circle x> y* 6x 15y 16 0 intercepted by the
y - axis.
9. Find the length of the chord of the circle x* + y* +3x -2 =0 intercepted by y - axis.
10. Find the length ofthe chord ofthe circle x> y* 3x y 6 0 intercepted by they - axis.

11. Find the length of the chord of the circle x* * 4x 6y 12 0Oand x+4y—-6=0
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12. Find the length of the chord intercepted by the circle x* + y* —8x — 6y —6=0 and the line
x—=T7y-8=0

13. Find the length of the chord intercepted by the circle x> 3> 6x 2y 5 0 andtheline
x—y+1=0

14. Find the equation of the chord ofthe circle x> y*> 2x 4y 17 0 bisected at (-1, 2)

15. Find the equation of the chord ofthe circle x* + y* —4x -2y —20=0 bisected at (2,3)

16. Prove that the length of the intercept made by the circle x> »* 10x 6y 9 0 onthe
X - axis is 8 units.

17. Prove that the length ofthe chord x+ 2y =5 ofthe circle x* + y*> =9 is 4 units.
Five marks questions:

18. Show that the line 3x+4y+7 =0 touchesthecircle x> > 4x 6y 12 0 andfindthe

point of contact.

19. Find kifthe line 3x+ y+k =0 touchesthecircle x> > 2x 4y 5 0
20. Find kifthe line 2x+ y+k =0 touchesthecircle x> > 6x 2y 5 0
21. Find kifthe line 4x—y+k =0 touchesthecircle x> * 4x 8y 3 0
22. Find k such that the line x—2y+k =0 touchesthecircle x> y*> 3x 2y 2 0

ANSWERS 15.3

L. 7) 4 8) 10 9) 242 10) 5
10
1 75 12) 5.2 13) /2 14) x—2y+5=0
15) y=3 18) (-1,-1) 19) k=5-15 20) k=2
21) k=-5 22) k=6, 1
skok ok sk ok
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Chapter
16 PARABOLA

16.1 Introduction to Conic Section - Parabola:

Definition : A conic section is the locus of the point
which moves such that the ratio of its distance fromthe 4 p
fixed point S to its distance from the fixed line /, is
always a fixed positive constant.

The fixed point S is called the focus of the conic section.
The fixed line /s called the directrix of the conic section.

If P is any point on the locus (conic section) then by

.. PS
definition we have M =a fixed constant

. . PS . .
This constant ratio s called the eccentricity of the

conic section and it is denoted by e.

Ifthe eccentricity e = 1, the conic section is called a parabola.
Ifthe eccentricity e < 1, the conic section is called a ellipse.
Ifthe eccentricity e > 1, the conic section is called a hyperbola.

Now we shall see the conic section parabola and study few properties and results associated
to them Parabola.

16.2 Definition of Parabola and other forms of Parabola:

Parabola is a conic section whose eccentricity is 1. That is, Parabola is the locus of the point
which moves such that its distance from the fixed point (called the focus) is equal to its
distance from the fixed line (called the directrix)

We shall derive the equation of the parabola in its standard form.
Theorem: The equation of a Parabola with proper choice of co-ordinates
axes is y* =4ax
Proof': Let S be the focus and the line / be the directrix. Draw SZ through S and perpendicular
to the directrix. Let O be the midpoint of the line segment SZ.
Let SZ=2a(a>0)

= 0Z=08S=a
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(-a,0) x|
X! 7 O N S (a, 0)

A

v

Yl

We shall choose O as the origin and the line ZOSX as x axis. The line YOY'through O,
perpendicular to the x axis will be y axis.

With this choice of co-ordinate axes we have S(a, o) and Z(—a, o)
The equation of the directrix is / is x=—a

Let P(x,y) be any point on the Parabola. Then by the definition of the parabola we have
Distance of P from S = Distance of P from the line ‘/’

ISP| = |PM|

SP? = ZN? since PM = ZN

SP* = (0Z+ON)
(x—=a)’+y’=(a+x) (- |0Z]=a, |ON|=x)

2 2 .2 2 2
X 2ax a y- a 2ax x

which is the equation of the parabola.

Note : The equation j* = 4ax is also called standard form of the equation ofthe parabola.

Shape of the Parabola y* = 4ax

We shall note few observations from the equation y* = 4ax, which will help us to trace the
curve parabola.

1. Ifyisreplaced by —y in the equation remains same, ie., (—y)* = 4ax — y* = 4ax. This shows

that if (x, y) is any point on the curve j* =4qax, then (x, —y) is also a point on the
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curve. Thus, the curve is symmetric about the x - axis, ie the shape of the curve above
the x axis is the mirror image (about the x axis) of the shape of the curve below the
X - axis.

2. Ifx <0, then)” will be a negative quantity (note that a> 0) and therefore y* = 4ax willhave
no real solution for y. This shows that no part of the curve lies to the left side of the
X - axis.

3. Ify =0, the only value of x we get is zero. Thus the curve cuts the x - axis at the origin(0, 0)

4. Ifx =0, we get y* =0, which gives y =0 . Thus the curve cuts the y - axis at the origin and

further the y - axis meets the curve only at the origin. That is, y - axis is a tangent to the curve
at the origin.

5. For anypoint P(x,y) on the parabola we have
Vi=dax = y=t 2Jax

b% 2\/5 and y 2\/5

This shows that, as x increases from 0 to oo, y also increases from 0 to oo or y decreases
from 0 to —oo. Thus, the two branches ofthe parabola, laying on opposite sides of the x -
axis, will extend to infinity towards the positive directions of the x - axis.

From the above discussion and by plotting few points, whose coordinates satisfy y* = 4ax,
it is found the shape of'the parabola is as shown in the following figure.

/ AY
(a, 2a)
L —
. Z V(0, 0) .
X! (—a, 0) S{(a,0) X
L ——
(a, 2a)

The origin 0 is called the Vertex of the parabola, )* = 4ax, it is also denoted by V(0,0).
The line ZSX is called the axis of the parabola and its equation is y =0
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The focus S=(a, 0) and the equation of the directrixis x=—a i.e., x+a=0

The y - axis is called the tangent at the vertex - its equation is x = 0.

Note: The distance between the vertex and the focus is the distance between the vertex and
the directrix is equal to a and the distance between the directrix and the focus is 2a.
Definition : The chord passing through the focus and perpendicular to the axis of the
parabola is called the latus rectum of'the parabola.

In the figure LSL'is the latus rectum.

The points L and L' on the parabola are called end points of the latus rectum, the length LL!
is called the length of the latus rectum.

Clearly, the x - coordinates of L and L' is a because OS = a. To find the corresponding y -

coordinates, we shall put x =a in y* =4ax, we get y== 2q. Thus, y - coordinates of L

and L'respectively.
L=(a, 2a) and L'= (a, —2a)

. consider |LL|=(a - a)* + (2a+2a)* = /(4a)’ =4a

Thus, the length ofthe latus rectum, LL' =4a
Note: Any chord passing through the focus is called a focal chord. Focal chord need not
be perpendicular to the axis of the parabola.

16.3 Four Standard forms of Parabola and their Graphs
There are four standard forms of parabola viz y° =4ax, y’=—4ax, x* =4ay and
x* =—4ay , depending upon the choice of the axes along either of coordinate axes and
vertex at the origin.
I. Right handed parabola
ie., parabola opening to right is ofthe form y*> 4ax, a 0
Y
1
(a,2a)
x= L ——
R v S(a,0) g
X ? (0, 0) focus X
(a,I:Za)\ y? =4ax
Y]
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Charactristics of Right Handed Parabola

II.

1) Vertexis V (0,0)

2) FocusisS (a,0)

3) Equation ofdirectrix /isx=-aorx+a =10

4) Equation of'the axis is y =0 ie x - axis

5) Equation ofthe tangent at the vertex is x =0 ie y - axis
6) Lengthoflatus rectum=LL'=4a

7) Equationof LRisx—a=0orx=a

8) Coordinates of ends of latus rectum are L(—a, 2a) and L'(—a, —2a)

9) Parametric coordinates is (a#’, 2at)

10) Itis symmetric about x - axis

Left handed parabola

ie., parabola opening to left is of the form y* = —4ax, a >0

Charactristics of Left Handed Parabola

1) VertexisV (0,0)
2) Focusis S (—a, 0)
3) Equation ofdirectrix MZisx=aorx—a=0

Basic Mathematics

A Y s 4]/
(-a, 2a) x=0
\L
N
I
=
i S \Y Z
X (-4, 0) (0, 0)
Focus
/
L —— a ——>|
(~a, -2a)
v v v
Y

4) Equation ofaxis y =0 isx - axis

5) Equation of the tangent at the vertex is x =0 ie., y - axis
6) Lengthoflatus rectum LL'=4aq

7) Equation oflatus rectum=x=-aorx +a=0

8) Co-ordinates of ends of latus rectum is L(—a, 2a) and L'(—a,—2a)
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9) Parametric coordinates is (—at?, 2ar)
10) It is symmetric about x - axis
III. Upward parabola

ie., parabola opening upwards is ofthe form x* = 4ay,(a > 0)
AY

x2=4ay

(—2a,a)L L (2a,a)

< X > ]

y=-a Directrix 4

Charactristics of Upward Parabola
1) Vertexis A(0,0)
2) FocusisS (0,a)
3) Equation ofdirectrix MZisy=-aory +a=0
4) Equation of axis is x =0 ie, y - axis
5) Equation oftangent at the vertex is y =0 ie, x - axis
6) Length oflatus rectum LL'=4qa
7) Equation oflatus rectumy =aory—a=0
8) Co-ordinate of'the ends of latus rectum are L(2a, a) and L'(24, a)
9) Parametric coordinates is (2at, at’)
10) It is symmetric about the y - axis
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IV Downward parabola

ie, parabola opening downwards is of the form x>  4ay, (a 0)

ALY
) Y =a Directrix .
< = ~ >
a
(0,0)
Xl < v V > X
y=0
(-2a,—a)L S| (0.-a) L (2a,—a)
y=-a
X2 =—4ay
¥v1

Charactristics of Downward Parabola
1) Vertexis V(0, 0)
2) Focusis S (0, —a)
3) Equation of directrix MZisy=aory—a=0
4) Equation of axis is x =0 ie, y - axis
5) Equation oftangent at the vertex is y =0 ie, x - axis
6) Lengthoflatus rectum LL'=4a
7) Equation of latus rectumy =—aory+a=0
8) Coordinate of ends of latus rectum are L(2a, —a) and L'(-2a,—a)
9) Parametric coordinates are (2at, —at*)

10) It is symmetric about the y - axis
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Equation ¥y =+dax V' =—4ax x* =+4ay x* =—4ay
Directrix xX=-a x=+a y=-a y=+a
Focus (a,0) (=a,0) (0,a) (0,—a)
Vertex (0,0) (0,0) (0,0) (0,0)
Axis x-axis(y=0) [ x-axis(y=0) | y-axis(x=0) | y-axis (x=0)
Equation of
tangent vertex x=0 x=0 y=0 y=0
Equation and x = a and X =-a y =a and y=-a
length of latus 4a and 4a 4a and 4a
rectum
Coordinatesof | (a, 2a) and (—a, 2a) and (2a, @) and (—2a, —a) and
ends of LL (a,—2a) (—a,2a) (—2a, a) (—2a, a)
WORKED EXAMPLES

Type I : Finding the focus, directrix, latus rectum, Axis etc. for a given Parabola in one of the
standard forms.

Find the characteristics of the following parabolas

1) y*=8 2) x*=6y
3) y*=-12x 4) x*=-16y
Solution :

1) y*=8xItis in the form of )? = 4ax, where 45 =8 > a=2

.~ the characteristics are given by

Directrix x a x 2

Focus (a,0)=(2,0)

Vertex (0,0)=(0,0)

Axis x axis(y 0) y O
Equation of tangent at vertex y-axisie,x=0
Equation of L.R. Y=a=>x=2

Length of L.R. 4a=4x2=8
Co-ordinates of (a,2a)=(2,4)

ends of L.R. (a,2a)=(2,-4)
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2) x* =6y

Itis inthe form of x* = 4qy where 4 =6=a = % the characteristics are

3
Directrix y=—a=>y=—§
3
Focus 0,a)=10, 5
Vertex (07 0) = (07 0)
Axis y axis x 0
Equation of tangent at vertex x—axis=>y=0
Equation of L.R. y=a=y=—-
3
Length of L.R. 4a = 4x 5" 6
: 33 3
Co-ordinates ofends of L.R (2a,a)=| 2x > = 3,5 a
33
(2a,a)= 2x—,— = =3,—
2°2

3) Itis the form of y* = —4ax where 4a = 12 => a =3 the characteristics are

Directrix x=a=>x=3

Focus (=a,0)=(-3,0)

Vertex (0,0

Axis x—axis=y=0

Equation of tangent at vertex vy axis x 0

Equation of L.R. x a x 3orx 3 0
Length of L.R. 4a=4x3=12
Co-ordinates ofends of L.R (-a,2a)=(-3,6) and

(—a, —2a) = (3 - 6)
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4) x*=-16y

It is in the form of x* = —4ay where 4a=16=a=4.
Characteristics are given by

Directrix y=a=y=4

Focus (0,—a)=(0,-4)
Vertex (0,0)

Axis y axis x 0
Equation of tangent at vertex x—axis=y=0
Equation of L.R. y=—a=y=-4
Length of L.R. 4a=4x4=16
Co-ordinates ofends of L.R. (2a, a) (8, 4)and

(_2a7 _a) = (_8’ _4)
Type 11 : Find the standard equation of parabola when vertex and focus are given.
Find the equation of parabola given that

a) Vertexis (0, 0) and focus (3, 0) b) Vertex is (0, 0) and focus (4, 0)

¢) Vertexis (0, 0) and focus (-6, 0) d) Vertexis (0, 0) and focus (-4, 0)

e) Vertexis (0, 0) and focus (0,3) f) Vertexis (0, 0) and focus (0,4)

g) Vertex is (0, 0) and focus (0, —8) h) Vertexis (0, 0) and focus (0,16)
Solution :

a) Given vertex A= (0,0) and focus S = (3,0) clearly focus is to the right side of vertex.

- required parabola is inthe form y*  4ax a 3

2

Thusequationgivenby > 4 3x > 12x

b) Given vertex is (0,0) and focus (4,0). Clearly focus is to the right side of vertex
- required parabolais y* 4ax a 4
Thus equation is givenby y* =4 x 4x = y*> =16x

¢) Given vertex is (0,0) and focus (-6, 0) clearly focus is left side of vertex

.. required parabola is in the focus

2

y 4ax a 6 a 6

Thus equation is given by »* = —4(6)x = y* = —24x
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d) Vertex (0,0) and focus (-4, 0) clearly focus is to the left side ofthe vertex
. required parabola is in the form y* = —4qax
> -—a=-4=a=4

Thus equation is givenby y*> = —dax= y*= 4 4 x ¥’ 16x
e) Vertex (0,0) and focus (0,3) clearly focus is to the left side of the vertex

. required parabola is in the formof x* =4ay = a =3

Thus equationis givenby x* =4ay = x* =4x3y=x" =12y
f) Vertex (0,0) and focus (0,4) clearly focus is above the vertex

. required parabola is of the focus x* =4ay = a =4

Thus equationis givenby x* =4ay = x* =4x4x y= x’ =16y
g) Vertex (0,0) and focus (0,—8) clearly focus is below the vertex.
.. required parabola is in the form

2

X 4ay a 8 a 8
Thus equation is given by
X’ =—4ay = x* =—4x8y = x’ =-32y
Type I1I : Finding the equation of parabola when vertex and directrix are given.
Find the equation of parabola given that
a) Vertexis (0, 0) and directrix y =—4
b) Vertexis (0, 0) and directrix y =-2
c) Vertexis (0, 0) and directrix y =6
d) Vertexis (0, 0) and directrix y =8
e) Vertexis (0, 0) and directrix x =—3
f) Vertexis (0, 0) and directrix x =—5
g) Vertexis (0, 0) and directrix x =4
h) Vertexis (0, 0) and directrix x =7
Solution :
a) Letthe vertex of the parabola be A (0,0) and directrix is y=—4

Thus, the directrix is a line parallel to the x - axis at distance of'4 units below the x - axis.
So the focus of the parabola lies on the y-axis consequently the focus is S(0,4). Hence the

equation of the parabolais x* = 4gy where g =4 = x> =16y
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b) Let the vertex of the parabola be a (0,0) and directrix is y=-2.

Thus directrix is a line parallel to x - axis at ‘a’ distance of 2 units below the axis. So the
focus of'parabola lies on y - axis consequently the focus is S(0,2). Hence the equation of the

parabolais x* = 4qy where ¢ =2= x> =8y.

c) Let vertex is (0,0) and directrix is y = 6.
Thus directrix is a line parallel to the x-axis at a distance of 6 units above the vertex. So the
focus of the parabola lie on y-axis consequently the focus is (0,—6) = a = 6 . Hence the
equation the parabolais x* = 4ay where a = 6 then x’=4x 6y = x’ = 24y

d) Let the vertex of the parabola be (0,0) and directrix is y = 8.

Thus directrix is a line parallel to axis at a distance of 8 units above the vertex. So the focus
ofthe parabola lies on y - axis consequently the focus is (0, —8). Hence the equation of the

parabolais x* = —4gy where g =8 = x> =32y
e) Let the vertex ofthe parabola be (0,0) and directrix x =-3.
Thus directrix is a line parallel to y axis at a distance of3 units to the left side ofthe vertex.

So the focus is (3, 0). Hence the equation of the parabola is y* =4ax where

a=3=y" =12x
f) Let the vertex of the parabola be A(0,0) and directrix is x =-5.

Thus the directrix is a line parallel to y - axis at a distance of 5 units to the left side of the
vertex so the focus of the parabola lies on the x - axis. Consequently the focus is S(5,0).

Hence the equation ofthe parabolais y* = 4ax where ¢ =5 = y* =20x

g) Let the vertex of the parabola be A (0,0) and directrics is x =4.

Thus the directrix is line parallel to y - axis at distance of4 units to the right side of the vertex.
So the focus of'the parabola lies on the x - axis. Consequently the focus is S(—4, 0). Hence

the equation of parabolais y* = 4ax where ¢ =4 = y'=-16x

h) Let the vertex of the parabola be A(0,0) and directrix is x="7.

Thus the directrix is a line parallel to the y axis at a distance of 7 units to the right side of the
vertex.

So the focus of the parabola lies on the x - axis, consequently the focus is S(-7, 0). Hence
the equation ofa parabolais y* = 4ax where ¢ =7 = y* =-28x
Type IV : Find the equation of parabola when focus and directrix are given.
Find the equation of parabola given that
a) Focus (3,0) and directrix is x =-3 b) Focus (4,0) and directrix is x =—4
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¢) Focus(-3,0) and directrix is x =3 d) Focus (—5,0) and directrix isx =5
e) Focus (0,2) and directrix is y=-2 f) Focus (0,3) and directrix is y=-3
g) Focus (0,—4) and directrix is y =4 h) Focus (0,-5) and directrixis y=5
Solution :
a) Since focus lies onthe x —axis, .. x— axis is the axis of the parabola.

b)

Focus S(3,0) lies right side of the origin. So it is a right hand parabola.
. required equation of parabolais y* = 4ax

Since focus is S(a,0)=(3,0) = a=3

Hence the required equationis y*> 4 3x > 12x

or

Let S=(3,0) and P(x,y) be any point on the parabola

.. According definition of parabola

PS = | distance, from point P(x,y) to the directrix y + 3 =0 is given by

|x+3|

V1+0

=x"+9-6x+)" =x"+9+6x= )y’ =12x

V=37 +(y-0) =

Since focus lies on the x - axis .. x - axis is the axis of the parabola
Focus S(3,0) lies rightside of the origin, so it is a right hand parabola.
. required equation of parabola is 1> = 4ax

Since focus S(a,0)=(4,0) =>a=4

Hence the required equationis y> =4 x 4x = y* =16x

or

Let S(4,0) and P(x,y) be any point of parabola

.. According to definition of parabola
PS = 1" distance from point P(x,y) to the directrix y +4 =0 is given by

B |x+4|

_\/1+O

= x’+)’ —8x+16=(x+4)’

JE=4+(y-0)

x>y 8x 16 x* 8x 16 y* l6x
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¢) Since Focus lies on the x-axis, x-axis is the of the parabola Focus S(—3,0) lies to the left side
of'the origin.

So it is a left handed parabola

~. required equation of parabola is y* = 4ax

Since focus is (—a, 0)=(-3,0) = a=3

Hence the required equation is y* = —4ax = y* = —12x

or
Let S=(-3, 0) and P(x,y) be any point on the parabola
.. According definition of parabola

PS= 1 distance from P(x,y) to the directrix x—3 =0

x—3

= \/(x - (_3))2 +(y- 0)2 = N

= x+3)’+(-01=x-3)’=x"+)"+6x+9=x"—6x+9= y* =-12x

d) Since focus lies on the x - axis; x - axis is the axis of the parabola

Focus S(-5, 0) lies to the left of the origin.

So it is a left hand parabola

. required equation of parabolais y* = —4ax

Since focus is (—a, 0)=(-3,0) = a=5

Hence the required equation is y* = —4 x 5x = y* = —20x
e) Since focus lies on the y - axis

.. y axis is the axis of parabola. Focus S(0, 2) lies above the origin.

. required equation of parabolais x* = 4ay

since focus is S(0,a) =(0,2) = a=2

Hence the required equationis x* = 4ay = x* =4x2y = x> =8y
f) Since focus lies on y axis

.. yaxis is the axis of parabola. Focus S(0,3) lies above the origin.

. required equation of parabolais x* = 4ay

since focus is S(0,a) =(0,3) = a=3

Hence the required equation of is x* = 4ay = x> =4x3y = x> =12y
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g) Since focus lies on y - axis
.. y axis is the axis of parabola. Focus S(0, —4) lies below the origin.

. required equation of parabola is x* = —4ay
Since focusis §(0,—a) = (0,-4) = a=4

Hence the required equationis x>  4ay 4 4y x> 16y

h) Since focus lies on y axis
.. y axis is the axis of parabola. Focus S(0, —5) lies below the origin.

. required equation of parabolais x* = —7ay
since focusis S(0,—a) = (0,-5)=a=5

Hence the required equationis x>  4ay x> 4 5y x*° 20y
Type V : Find the equation of parabola if the vertex and axis of parabola are given.

Find the equation of parabola given that

a) Vertex is the origin and passing through the point P(3,—4) and symmetric about the y - axis.

b) Vertex at the origin and axis along x - axis and passing through the point P(2, 3).

c) Vertex at the origin and passing through the point P(5, 2) and symmetric with respect to the
y - axis.

d) Vertex at the origin and passing through the point P(2,—3) and which is symmetric about the
V- axis.

e) Vertex at the origin and symmetric about y - axis and passing through (—1, —3)

1
f) Vertex at the origin, axis is y - axis and passes through (E ) 2)

Solution :
a) Itis given that the vertex of the parabola is V(0,0) and symmetric about the y-axis so, its
equationis x* = 4ay or x> = —4ay , since the parabola passes through the point P(3, —4).
So, it lies in the 4th quadrant.
.. Itis a downward parabola

Let its equation be x* = —4qay , since it passes through the point P(3, —4),

wehave 3> 4 a (4) a el
16
. . . 2 9 2 9 2
So its equation is x 4 T y X 7 y 4x° 9y O
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It is given that vertex of the parabola is V(0,0) and symmetric about the x - axis so its
equationis y* =4ax or y* = —4qax , since the parabola passes through the point P(2,3),

so it lies in the 1st quadrant.

-, Ttis aright handed parabola. Let its equation be ¥* = 4ax . Since it passes through
the point P(2,3), we have 3> =4xa(2) = a = g . So its equation is

¥4 %x ¥ %x 2y 9x 0

It is given that vertex of the parabola is V(0,0) and symmetric about the y - axis, so its
equationis x* = 4gy or x* = —4ay , since the parabola passes through the point P(5,2).
So it lies in the 1st quadrant

- Itisaupward parabola. Let its equation be x> = 4ay , since it passes through the

point P(5,2) wehave 5> =4xax2=a= % so its equation is given by

2
x2=4ay:>x2=4><§5y:>2x2—25y=0

It is given that the vertex of the parabola is V(0,0) and symmetric about the y-axis so its
equationis x* = 4gy or x* = —4qy since the parabola passes through the point P(2,-3)
so it lies in the 4th quadrant.

- Itisa downward parabola. Let its equation be x* = —4ay , since it passes through the

1
point P(2, —3) we have 2° = -4 xa(-3)=a= 3 soits equation s

1 4
x° 4 — x’ — 3x? 4 0
3 y 3 y y

It is given that vertex of the parabola is V(0,0) and symmetric about the y - axis so its
equationis x* = —4qy or x* = 4ay since parabola passes through the point P(~1,-3). So
it lies in the 3rd quadrant.

- It is a downward parabola, let its equation be x* = —4qy, since it passes through the

1
point P(~1,-3), we have (-1)’ =—4><a><(—3):>a=a. So its equation is

1 —
=4l —|ly=2x=—=3"+y=0
(12)y 3 0T
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f) Itis given that vertex ofthe parabola is V(0,0) and symmetric about y - axis so, its equation

1
is x* = 4ay or x* = —4ay, since the parabola passes through the point 2 (5 ) 2) so it lies

in the 1st quadrant.

- Itisa upward parabola. Let its equation be x* = 4ay

_ 1 1Y 1
Since it passes through the point 5 2| we have 5] = dxax2=a= B
. . . 2 1 2 1
soitsequationis X° 4| == |y X <y or82-y=0
32 8
ExErciskE 16.1

One mark questions:
I.1. Write the characteristics of the following parabolas

a) y>=1l6x b) y*=-8x c) 3x’=-8y
d x*=8y e) y =8x ) Y +4x=0
g2 3x*+4y=0 h) x*+16y=0

2. Ifthe length of the latus rectum of y* = 8kx is 4 find k.

3. Ifthe length of the latus rectum of x* = 44y is 8, find the value ofk.

Two marks questions:
II. 1. Find the equation ofthe parabola given that its
a) vertexis (0,0) and focus is (4,0)
b) vertexis(0,0) and directrix is y =-3
¢) focus is(1,0)and directrix is x=—1
d) focusis(—4,0) and directrix isx=4
e) focusis (0,—3) and directrix is y=3
f)  focusis (0,6) and vertex is (0,0)

1
g) vertexis (0,0), axis is y axis and passes through (5 ) 2)

h)  vertex is (0,0), axis is y axis and passes through (-1, —3)
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ANSWERS 16.1

Vertex| Focus | Directrix | Axis | Tangen{ L and L' LR [Equation
Co-rodinates length| of LR
.1 a) (0,0) (4,0) x=-4 =0 |x=0 (4,8), (4,-8) 16 x=4
b) (0,0) (2,00 | x=2 =0 |x=0 (-2,4), (-2,-4) 8 x=-2
(0 _z) HEI N . (i _E)(;“ ;2) 8 2
c) (0,0) T3 )’—3 x=0 [»=0 RN 3 J’—3
d) (070) (032) =-2 x=0 y= 0 (492)3 (492) 8 =2
e) (070) (0’2) =-2 y= 0 x=0 (294)3 (23_4) 8 =2
f) (0,00 |10 [x=1 y=0 |x=0 (-1,2), (-1,-2) 4 x=1
(0_1) L R 21 2 114 _ 1
g) (050) ’ 3 y_3 x=0 y_o 3’ 3’ 3’ 3 3 y__3
h) (0,0) [(04) [y=4 x=0 [y=0 | B84 16 y=-4
2 k= 1 3. k=2
. a) 5 . k=
IL 1. a) 2=16x b) x* =12y ©) y=dx
d) y*=-l6x e) x’=-12y f) x*=24y
g 8x*-y=0 h) 3x*+y=0
k ok ok ok ok
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