UNIT V - CALCULUS

Chapter Title No. of Teaching hrs.

17. LIMITS AND CONTINUITY OF A
FUNCTION 8 hrs

18. DIFFERENTIAL CALCULUS 10 hrs

19. APPLICATION OF DERIVATIVES 08 hrs

20. INDEFINITE INTEGRALS 08 hrs

21. DEFINITE INTEGRALS AND
APPLICATION TO AREAS 08 hrs
TOTAL TEACHING HOURS 42 hrs







Chapter

17 LIMIT AND CONTINUITY OF A FUNCTION

17.1

17.2

17.3

17.4

Introduction :

Calculus is a latin word which means pebble or a small stone used for calculating. The word
calculation is also derived from the same latin word. Sir Issac Newton (1642-1727 A.D)
and the German mathematician G.W. Leibnitz (1646 - 1716 A.D) invented and developed
the subject independently and almost simultaneously. In this chapter we shall study about
different types of functions, definition of limit, standard limits and continuity.

Variables and Constants:

A quantity which changes in its values is called a variable.

Ifa variable takes real values only then the variable is called a real variable.
For example : x, y z.... etc are variables.

A quantity which remains same in its value is called a constant.

Ifthe value of a constant is a real number then it is called real constants.
For example: 5,11, ¢ .... are constants.

Definition of a function

Ifto each value of real varible ‘x’ a unique real number ‘y’is associated by means of rule
‘f” then we say the variable y is a real valued function of'the real variable x. This is denoted

byy =/
The variable x is called independent variable
The variable y is called dependent variable

Types of functions
. Polynomial function:
A function ofthe form
fx) =ax"+a x"+..... +ta,
where a # 0, nisanon-negative integer and a, @, @,............... a_arereal constants.

Ex:f(x) =x*+5x>+2x + 1

. Modulus Function

The function which associates to each real number x, the number | x | is called the modulus
function.

x if x20
=

Ly i x<0 Ex: 3]=3,]-3|=3
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Exponential function
A function ofthe form f{x) = e* where e > (0 amd e # 1 is called an exponential function.
The value ofe =2.71828.... and is an irrational number.

I 1 1 1

T

e

. Logarithmic function

A function of the form f(x) = log x where @ >0 and a # 1 is called a logarithmic function
with base ‘a’.

Fora>0,a#1,log x=y = a'=x

Logarithms with base e are called natural logarithms.

. Rational function

X
The function defined by V = % where f(x) and g(x) are polynomial functions is called
arational function.
By oy 24
SRR P T
Limit of a function
)C2 -

1 0
Consider the function f(x) = Clearly, f(1)= 0’ which is meaningless.

x—1
Thus f(x) is not defined at x =1
=1 (x+D)(x=1)
x—1 x—1
If we give to x, a value not exactly 1 but slightly more than 1 then clearly, the value of f(x)

is slightly more than 2. Now if we go on decreasing this value and take it nearer to 1 then
clearly the value of f{x) will come nearer to 2, as shown below.

If x=1.1 then f(x) = 2.1
x=1.01 thenf{x)=2.01
x=1.001 thenf(x)=2.001

Now, f(x) (x 1), onlywhenx# 1

Le.As x— 1, f(x)—>2
(The symbol * — ’ stands for ‘approaches to’ or tends to)
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Similarly if we give to x, a value slightly less than 1 then the value of f{x) is slightly less than 2.
Now, if we go on increasing this value and take it nearer to 1, the value of f(x) will come
nearer to 2, as shown below.

If x=0.9 then f(x)=1.9
x=0.99 thenf(x)=1.99
x=0.999 thenf{x)=1.999

ie.As x> f(x)—>2

N EES!
We express this fact as 1}{}}[ 1 ] =2

In general a number ‘/” is called the limit ofa function f(x) as x tends to ‘a’ifthe value of/(x)
is very nearly equal to ‘/°, whenever the value of x is very nearly equal to ‘a’. We write this
as !{iil;l[f(X)] =1

Definition of Limit

A function y = f(x) is said to tend to limit ‘/’ as x tends to ‘a’iffthe numerical difference
| f(x) —1 | can be made as small as we like by taking x, nearer and nearer to ‘a’.

Algebra of Limits
(properties of limits without proof)

. The limit ofa constant function is the same constant.

i.e. Iff{x) =k, a constant function then }glz}[f ()]=k

The limit ofa scalar product is equal to the scalar product of the limit.

i, lim[k./(0]=k . lim[f()]

. The limit ofa sum is equal to the sum of the limits.

ie im[/(x) g®] lm[/()] lim[g(x)]

. The limit of a difference is equal to the difference of the limits.

ie im[/(x) g@)] lim[/()] lim[g(x)]

. The limit of a product is equal to the product of the limits.

i.e. im[£(x) g(0)]=1lim[f(0)]lim[g(x)]
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6. The limit ofa quotient is equalto the quotient of the limits provided the limit of the denominator
is non—zero

~ lim[ /()]
1 m[ggi] ) 11?11[ g(x)] - Provided lim[g(x)] %0

1.e.

x—a

7. The limit ofthe n™ root is equal to the n™ root of the limit provided that the n® root of the limit

is areal number.
ie. lxlg}(/ fx) = \/Ig{}f (%), provided /lim /() is a real number.
Note:

1. Limits of polynomials can be found by substitution
lim[pnx” +p, X"
= pa p,al o pa p,

2. Indeterminate forms:

3. Meaningful forms:

() S=o=(a#0) (ii) g=0(a¢0) (i) oo x = oo
(IV) oo X 00 = oo (V) 0x0=0 (Vl) o —ph=0co
(Vi) @ —co=—co (Vi) o0 + o0 = oo

17.7 Evaluation of limits:

Type A: Direct substitution method

Put x=a inthe given function. Iff{a) is a definite value then lim [/ ()] = f(a)

Example 1:

Evaluate the following limits

1. 1in11[x2 + 6x+4]: lim x* + lim 6x + lim 4

x—1 x—1 x—1

P +6(1)+4
11




[rea]  lmeced)
2' =4 1—x

1in41(1 —X)

4£+4 68
1-4 3

3. limy36-x* = \/lim(36 N
x—2 X2

= 36—limx?

x—2

Type B : Method of factors:

Basic Matihhematics

J36-22 = J36-4 = 32

X
In this method, f{x) and g(x) are factorised and the quotient % is simplified by cancelling

the common factors. Ifthe limit of the resulting denominator as x — ¢ is non-zero, then the
quotient rule of limits is applied to get the required limit.

Example 2 :

Evaluate the following limits

2
1 me 3x+2

=2y —x—2

=— form

2
x " =3x+2 O
Solution: Atx=2, ————
=4 xX=x=2 0

2
o lim ™ 3% 2 & 2 D
=2 —x—2 w2 (x=2)(x+])

. x-1 2-1
=lm— = —
=2 x+1 2+1
lim| =2
2' x—3 x_3
. Xt - 0
Solution: Atx =3, =— form
x=3 0

W | =

2
“lim| 222 :lim[w] — lim(x+3)
-3l x 3 x—3 x 3 x—3

=3+3=6
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X +1
3. lim| ———
Tl 2xT 4+ 5x4+3

. P41 0
Solution: Atx=-1, m = 0 form

- lim [&} _ - lim [(x DG —x+ 1)]

Teont| 2x% +5x 43 (x+1D)(2x+3)

o im xz—x+1:| ()’ =(=D+1

Txont] 2x43 2(-1)+3
_3
=< =
lim| ————*
4.0 x=2 X =2x
4

) 1
Solution: Atx =2, T2 P22

lim[ ! - 4 ] = lim ! —L

=2 x=2 X' =2x°
| x*-4
= lim| —5——
=2l x7(x=2)

. (x—22)(x+2)
x—2 x(x_z)
. [x+2]

= lim|—;
x—2 X

_ 4
4

Type C: Method of Rationalisation

In this method the expressions involving square roots are rationalised. After the process of
rationalisation, ifthe limit ofthe resulting denominator as x — ¢ isnon-zero, then the quotient
rule of limits is applied to get the required limit.

e |
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Example 3:
Evaluate the following limits
CoN2—x—2+x
1. hm—
x—0 X
Solution:
\/ -2+ 0
At x=0, Al 0 form Rationalise in the Numerator
X
J2—x—2+x N2 x=V2+x N2—x+2+x
lim——= Y272 — lim X
0 X x>0 X V2-x+24x
_ lim 2-x)—(2+x)
x>0 x( 2—x+ 2+x)
. -2x
_ lim
=0 x( 2—x+ 2+x)
= lim———
02 — +\/2+
_ 2 -1
NN )
) xX=9
. 3x+7 —~/5x+1
Sol Atx=3, * =9 0%
olution: tx= \/— m 0 orm
- im x*=9 X’ =9 3x+7+~+/5x+1
T Bx 7 ox 1 b | Bra T —oxl \/3x+7+\/5x+1
(x2—9)( 3x+7+ 5x+1)
_ lim
= o GBx+7)—(5x+1)

["463 |

—



(Il PUC)

[ ~9)(V3x+7+ 5x+1)]

x3 —2x+6

[(r=3)+3)(Vaa+7 + 5x+1)]
_ lim

- a3 -2(x—-3)

(3 T o)
_ lim

x—3 2

~3+3)(\o+7 +15+1)

2
_ 6(Vie+T6)  —6(4+4)
2 2
_ 6®)
- — = = -4
. N3+ x—-+5-x
3. lim —————
x—l x =1
. V3 —J5- 0
Solution: Atx=1, Hz—lx=6 form
-

i S NCRERNCRE) (CRES )
P T (R ) B

B+x)—-(5-x)

- 1“‘igr‘l(xz 1)(m \5 x)

2x—2

= e 0B B )

lim 2x—1)
= O a-Da+ DV +5-x)
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lim

2
=l (x l)(\/3 x 5 x)

2

= +n(VBH1+5-T) T %

17.8 Evaluation of Standard Limits
Theorem 1 : If n is a rational number and a is non-zero real number, then

hat lim 2 | =na
prove that ‘"0 =

Proof:
Case 1: Let n be a positive integer.
n no__ n—1 n=2 n=3 2 n—1
X'=ad"=(x—a)x" +x""a+x""a +...+a"")

+ by (x—a) and apply lim x — ¢ onboth sides

n_ " x—a)x""+x"ra+..+a""
.'.1im[x a ]:m[( I )

x—a

ymal X oa X a

= lim x""+x"a+..+a""

x—a

= d'+ad" a4+ +a"!
= a7 a4 +am!
= n-1

n.a

n n
| x"—a 4
llm[ ]=n. a"
X—a x—a

Case 2: Let n be a negative integer

putn=-m, m>0

. x"=a" x"=a"
consider = —
xX—a xX—a
1 1
x7 - a7
= X—a
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am _ xWI
 X"d"(x-a)
_1 xm _am ) )
] apply lim x — ¢ onboth sides
X le _aﬂ . _1 x)?l — am
11m|: :| = lim — ( )
al x—q xa g™y x—a
= - ma™"' B 1
amfl
— —-m — _ —m-1
(=m) o (—m)a
= nag"' [v-m=n]

lim|:x —a ] na'"
xX—a x —_— a
.y .
Case 3: Let 7= ; where p and q are integers and g = 0
X" —aq" xp/q _ ap/q
lim = lim| ———
xX—a x —_— a xX—a x —_— a

)

Xx—a X—a

Let " =y and 4 =p
= x=y7 and 4 =p*

Also x —a changesto y—b

n__ . n [ P _ hP
lim r —d = lim y'-b
x—a xX—a «H”_y"—b"
ﬁyp_bp
lim| =2
= ob| p? —bf
| y-b
[ 466 1
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p-b"
= W (by case 1)

_ E,bpflfqﬂ _ P .pra
q q

= Zauyt o B
q q

= n-a"' [V plg=n]

n n
| x"—a O
11m[ ]zn'a"
xX—a n—a

Hence the result is true for all rational values of 7.

Example 4 :
Evaluate the following limits
o] - e
1. lim = lim
-2 x=2 -2 x=2
= 3.7 = 32y
= 34 = 12
5 5 (9
5 lim| 32 L i | 2 2C
S22l x+42 x—>-2 x_(_z)
= 527 = 5=’
= 5(16) = 80
K10 _ot0 lim|:xm —210:|
x—>2 x_2
X" -1024 im—X=2 — =
3. 11mx4— = !(ll;rZI =2t = [x“_z“] Divide both Nr and Dr by (x—2)
=2 x"—16 lim
x—=2 2| x—
12t 10” 102y
A 4 2x2?
= 102)° = 102)* = 10(16)
= 160
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lim—xs\/; ~32V2
Toxo2 x3\/;_8\/§
¥ x2 _05 .02

}(IE)TZI x3 .xl/z _23 .2I/2

o K2 _oni2
- XIE} X 02

xn/z _ 211/2
limﬁ
= 2 2272 +both Nrand Dr by (x—2)
x—2
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5
o (D =1
x—0 X

6.

5 —
lim (x+1) -1
x+1-1 (.X'+ 1) -1

5 5

— lim=——
y=1 y—l

= 5(1)" =5

wherey =x+1

. (x+2)P —5P
7. Iim———M
x—3 x=3

Put x+2=y

% _ %
g 3 +27 —(3+2) AS 1s3

=3 (x+2)-(3+2)
% _sh

3
= im0
5

= y->5

_ 5
= 30

Il

|
~
V)]
~
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ExErcise 17.1

One and two marks questions:

. Evaluate the following limits

. (4x+3 . [ax’ +bx+c . [ x*+9
lim 2. lim|————— 3. lim
T x -2 olex"+bxta o3 x+3
. [ xX* —4x . [x -1 . 4x* -1
lim 5. lim 6. lim
x—-3 x=2 : el | : x-120 2x—1
li x=2 li x’+1
NPT 8 Im=H
3 marks questions:

.| X —4x+3 . 2x7=5x+2 . |3x*=x-10
Cim| ———— 2. lim ———— 3. lim|————
3 xT—=2x-3 -2 x*=3x+2 x—2 x -4

a_ . 2x7+3x-2 -
Clime L 5. M Tt 6. lm——
3 2x% —5x -3 5oy 2X° = 3% =2 xfx =22
NI+ x —V1-x Jx+3-2 . x g
hrr(} 8. lm——— 9. lim—r——
= X x—1 x_l x—a x/3 —a1/3

5 marks questions:

1im[1—2] T L S

=+ x=2 x -1

lim[ 1 2(2x-3) ] i x* -4
w2 x=2 X =3x*+2x 4. x2 \/x+2—\/3x—2
ANSWERS 17.1
19
1) By 2) 1 3) -6 4) 3 5 3 6) 2
2 9
7) 32 8 3




1 11 108
I 1) 5 2) 3 3) " 4) = 5) =5
1
6) # 7 1 8) - 9) —a
11 1l 2 - 3 - 4 8
. D5 ) 5 ) 5 ) -

Evaluation of Trigonometrical Limits:

. sin@
Theorem 2 : If angel 6 is measured in radians, then prove that 1011)13( 0 ) =1

Proof:

oY

Let O be the centre ofa unit circle. Let us first assume that the angle 6 is positive in radian.
Let |[40B=6°. From A draw AD 1 OA, meeting OB produced to D.

Let OB = OA =radian.
From the figure, we have Area of AOAB < Area of sector OAB < Area of AOAD

:gQK.BC<gOAZ.e</¥QA/.DA ....... (1)

1
[-- Areaofasector = 3 (radius)? x angle in radians]

DA
From the A* DOA tan 0 = OA

BC
Fromthe ABOC, Sin6= o .

(1) becomes,
= BC<6< DA
= sinf <0 < tanO (Dividing by sin 0)
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1
— <
sin@ cosO

in O
= cosO <%<1

apply Lt6— 0

. . sin@ .
lim cosfO<lim—— < liml
8—-0 8-0 8—-0

. (sin@
.. If O is positive then 1615)1(7) =

Ifangle O is negative, then -0 is positive and

. ( sin 6) . —sin@
lim| — = lim
00 0

-0 —@
— lim sin(—0) )
-0-50 —@

[+ —6is+veand so (2) is applicable]

. |sin@
.. For any angle 0, hm[ ] =1

00 e
Corollary:
1. lim( .0 ):1
00\ sin 0
) ( 0 ) lim .1
Proof: lim| — | = ¢-0sin@
-0\ sin O o
lim 1
8—0 1
= sinf = = = |
= 1
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hm(tane) lim(sine>< 1 )
Proof: /10 0 T o0l @ cosO
. (sin@Y( .. 1
— lim lim
-0y @ 0-0 cos @
1
= (|- =
()(1) 1

Evaluate the following limits:

Example S :

. 180°=7x
.0 sm| —— . ¢

1. ;. sinx . 180 . X7

c lim——=lim——= x°=|—

x—0 X x>0 X 180

Sin(lx 872) sin (/¢

n
Solution: x0 XTT. @ = @1)133 (x7y )
180 7 180
_ o, _ =
180° 180
5 limsinax
* x-0sinbx’ ab=0

ab#0 = a#0 and b#0

sin ax
sinax . ax

ion * lim m—
Solution:  lim sinhyx -0 sinbx

bx

sin ax

o —
= =

4 >0 agx
= p . sinbx =
m

x—0 bx
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. ax+xcosx
3. lim———
x>0 phsinx
+ both Nr and Dr by x
1
—(ax+ xcosx)
. lim X .
Solution: x50 bsinx
X
a+limcosx
limm 50 _a +1
_ x50 b.smx — b-limSinx b
X -0 x
2
. COS™Xx
4, lim—
0] —sinx
lim(1+ sin x) (1 =strx)
.2
l—sin” x x50 - = lim(1 + sin x)

Solution : lglgm = M >0
— 140 = 1

1—cosm0

5. lim
60 1 —cosnb

From sub multiple angle

' Zsinz(mez) . sin(m%) ’ cos9=l—2sin2%
Solution: Hm——— 27 - lim — 0 9
2sin (né) sm(né) Zsinza 1 cos6
Sm(m@) no 2
fim 2 z2__ 2
= o0 om0 ne) n
2 2

= n2 0-0 m% 6—-0 s1nn0/
m2 2 mz
x) =
[474 |
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sin5x
. lim
x—0 tan3x
" i sinSx>< 3x xé
Solution: mm 5x  tan3x 3

5 .. (sin5x) .. 3x
- —-lim -lim
3 x20\ Sx x=0\ tan3x

3 3
lim SO8¥ _ lxi_r)r(}cosx
7. xaon—x_lingfr—x (" cos0°=1)
_ 1
- -0 =z
. (1
8. lim(cosecx —cotx) = hm( — = cF)sx)
-0 =0\ sinx sinx
) . (1-=cosx
Solution : = h{,{} :
x sinx

2sin’ y

: 2
_ lim :
= > sin % cos % [from sub multiple angle]

x—0
sin % 9
1

- 1‘123 cos % - =0
Example 6:
Evaluate the following limits:
lim cotf
1. 65a2 % _0
Solution: Let 9=§+h W h—0 as 0=
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. cotO i cot(77+h)
i = o)

. —tanh . tanh
= lim = lim
=0 —h =0 h
= 1
limsm(ﬂ—x)
©oor (7w —x)
Solution: Let y=g+4 . h—0 as x—7
. sin(7 —x) . sin[m—(m+h)]
lim——~ - lim—————=
= (7T — X) 0 (7= (7 + h)]
- hm—sm(_h) — 1im_smh
=0 17(—h) =0 —1Th
i 1
_ l~limsmh _ Lo
T o0 ) T
_ 1
oo
i tan 2x
. xﬂn/z 7V
Solution : Let x=%+h s h—0 as x—)%
o tan2x ) tan2(77+h)
im _
xan/zx_% = hll}g 774‘]’1 77
. tan(mw+2h)
= lim———=
h—0
tan2h
- 1= . tan(180°+0) = tan O
h—>0 h
2
_ oo 2oy
h—0
[ 476 l
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. sinx—cosx
lim ———
4. x—/4 y_x
4

. T
Solution: Let x=%+h . h—0 as x—>z

i Sinx —cosx ) sin(%+h)—cos(%+h)
e 7V_x %,133 7/ (1) + 1
i Y- (a+h)
- from compound angle

[sin(A+B) sin A cosB cosAsinB:|

cos(A+B) = cosA cos B—sinAsinB

(lcosh+1sinh)—(1cosh—lsinh)
N O B - I WA SN -

h—0 —h

—1imﬁ:llnh = 2x1=—2

h—0

. tanx-—sinx
5. lim—————
x>0 sin” x

—sinx . sinx—sinx-cosx
= lim COS X = Iim —
-0 sin’ x x>0  cosx-sin’ x
. 1—cosx i 1
¥=>0 oS X - SN~ X x>0 cosx(1+ cos x)
1 1
T IxA+) T 2

EXERCISE 17.2

I. One and Two marks questions:
Evaluate the following limits:

. . 2 :
Lim SR b 20 2 lim SR T
x50 by 0y x>0 §in2x
477 |




sin 36 . tan4x
4. lim lim
6-0 tan 20 x>0 tan 3x
. sin3x+7x . sinax+bx
7. lIim——— 8. lim———=
=0 4x+sin2x x=0 gx + sin bx
xtan4x
10. lim————
0 =0 ] —cos4x
II. Three and Five marks questions:
Evaluate the following limits:
L liml—.c?s2x 5 1im1—(:0540
x>0 sin” 2x 9-0 ] —cos 60
. tan2x—sin2x . sin2x+sin6x
4, lim———— 50 Iim——
X0 X x>0 ginSx —sin3x
ANSWERS 17.2
L1 2 2.0 3.2 4
b
6.1 7 > 8. 1 9
. - 3 .
I 1 l 2 ﬂ 3. 4 4
. 5 - .
17.9 Statement of some standard limits (without proofs)
(e -1 . [a"-1)
1. }333( . )—1 2. lgg( . )—logea 5.
. v .1
3. lim(1+x)~=e 4. lim—log(1+ x)=1
x>0 x=0 x
Example 7 :

(I PUC)

Evaluate the following limits:

3x _ 3x
1 lim(e 1) _ lim(e 1><3)
x—0 X x—0 3x

xcosx+sinx

X +tanx

1—cosx

X

cos2x—1
m—
=0 cosx—1

W

| =

_ AJl+sinx —+/1-sinx
im

X




tox—o0

y—0 y
1+1 = 2
. |:e2)‘ +1- 2ex:|
= lim >
x—0 X eY

Basic Mothematics

lim(e _1) =1
x—0 X
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! (3x - )
lim
(] X

(3 -1)=-@2" =) v v
— lim L = lim 3 -1 —lim 2 -1

=0 X x—0 X =0 X
= log3 —log2

3

log (5)
n{55)
111’1'1 e Ta——
oxo0l 277 ]

log x

. lim
x>l x —1
put x=y+1 As x—1 wehave y—0

L loex g loey)
x=1 x — 1 y—0 y

. (n + 1)3"
. lim
n—eo n
3n n
= 1im(1+l) = 1im|:(l+l) ] = &
n—eco n n—co n

= 1 (fromstdLt)




9. limzlog(l + x)

x=0 x

2- limllog(l + x)
x=0 x

2-(1)

lim

X—>o0

10.

l_im

X—>e0

x+3+1-1
=
x—1
x—1 4
(1 + i) lim(l + i)
x—1 Xy x—1

lim

X—>e0

limllog(l +x)=1
x=0 x

EXERcISE 17.3

. One and Two marks questions:
Evaluate the following limits:

. 2y 1
1. hm(1+—) 2. lim(1+3x)s 3,
oo n x—0
e—3x _1 . 2x _1
i |
4' }(11)1’01 X 5 Xlilg 3x
II. Three marks questions:
Evaluate the following limits:
. 2 -1 9" +9 -2
lim| —— lim—— <
1. xﬁo[m_l} 2. xlgg e 3.
] (32x_23x) (32+x_9]
4. lim 5. lim
x—0 X x—0 X
[T481 |
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X—>e0

(

(x

n+3
3

-3
x+3
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ANSWERS 17.3

L 1 ¢ 2. & 3. 4. 3 5. Jlog
1 9
. 1. 2log2 2. (log9? 3. =% 4, 10g(§) 5. 9log3

17.10 Limit at infinity and infinite limits:
(i) Meaning of x = o

Ifx is a variable such that it can take any real value howsoever large, then we say that the
variable x approaches + « and write this as x — + oo

(ii) Meaning of x — oo :

Ifx is a variable such that it can take any real value howsoever small, then we say that the
variable x approaches —e and write this as x — —oo

(iii) Infinite limit of a function:

Let f(x) be a function of x. Ifthe value of /(x) can be made greater than any pre-assigned
number by taking x close to a, then we say that the function f(x) becomes positively infinite

as x approaches a. We write this as }}E} J(x) =+

Similarly if the value of f(x) can be made less than any pre-assigned number by taking x
close to a, then we say that the function f{x) becomes negatively infinite as x approaches a.

We write this as 1im f(x) = —eo

Corollary:

1. lim(l):o
X—o X

we have x — o
.. The variable x can be made as large as we like.

1. ..
". — is positive and grows smaller and smaller as x becomes larger and larger.
X

LU 1im(l) ~0

X X—o0 X

2. lim (l) =0
X=X

we have x — —o

.. The variable x can be made as small as we like.
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" (%) is negative and numerically grows smaller and smaller as x becomes smaller and

smaller.
. 1
", l—>0 ie. lim (—)=0
X x—=-o\ X

Working rule for evaluating the limit when x — o

Rule 1: Write the given expression in the form of rational function i.e. p(x)/q(x) where p(x),q(x)
are polynomials and g(x) # 0.

Rule 2: Divide the numerator and denominator by the highest power of x and simplify and then
take the limit.

Example 8 : Evaluate the following limits.
3x* —4x+2
l . 111'1'1 2—
¥ XX+ 5x+7

Here the highest power of x in numerator and denominator is 2.
Divide the numerator and denominator by x?

4/, 2
L (3 - dve . 3=V Y
o 2% +5x+7 ) = o 2+%+%2

3-040 3
2-0+0 2

5 lim X +x+1
T oxoex® =3y 45
Here, Degree of Nr.(7) < Degree of Dr. (8)
*. we divide the numerator and the denominator by x%.

Yo+ Vo Vs

¥ +x+1

: lim
L lim—m—— = oY
ot =3x° +5 ' 1‘%2"‘%8
0+0+0
= = 0
1-0+0
2
3 lim3x +x+5
xoe Tx—9

Here, Degree of Nr.(2) > Degree of Dr. (1)
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2 1 5
37 +x+5 - (1+Ax+éx2)

li — lim

o 7x-9 I 7x(1—%)

20 30
o Q2= (Gx-D)
Came QQx+ DY
Here, degree of Nr.(50) = degree of Dr.(50)
. we divide the Nr. and the Dr. by x*
2x-=D* GBx-D"

20 30

. 2x=D*@x-1" lim—X X
o ) R CadV

50
X
(2x—1)z°(3x—1)3°
- xz+15)‘f - 1"
=) (>
X X

(-2 ()

_ 2-0"3-0)" 23
- (2+0)” a 2%
330 3 30
liml+2+3+ ........ +n
= (n+5)
1 1
_ arl) con 123 ..o "0*D
1> 2(n+ 5) 2
[Ta84 |




LH 1)
T

1+0 1
20+0) 2
o2 3 n’

X—>o0

( n)@2n* 3n 1)

s_n (n+1)?

2 3
4 n

P42+ +n

(n+1)°-n"-2
lim .
=>e4 p(n D2n~ 3n 1)

1imﬂ _ 1im&
=220 +3n+1) H°°2(2+%+%2)

1+0 1

T 202+0+0) 4

7. lim(Vx+2-x)

X—o0

. Nt

(x+2) X

x~>oo /x+2+\/_ = 1me\/ﬂ—2+f +b0tthandDrby\/;

2
lim —=2>—— \/;

e x+ 7(*)00
N \f 1+2 41
X

0 0
= Jro0+1 2 ~ 0O
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g lim \/E(\/x+5—\/§)
\/;(\/x+5—\/;)(x/x+5+\/;)
= lim
= Jx+5+4/x
_ x(x+5-1x) . 5\x
= lIim——— = lIm——
=0 [y +5++/x o0 [y +5++/x
- lim; 5 - 2
BRI S J+0+1 ~ 2

II.

. lim(m —x)

IL

Two marks questions:

3x* —4x+5
m—
e 2x? +5x =1

o Qe =D Gx -1

xoe (2x+4)%

) >n’
lim

(1 + 2n+1)(n =1)

Three marks questions:

X—>00

X—>00

N | W

1)

N | =

6)

1) 0

lim(\/x2 +5x — x)

2)

7)

2)

D W=

EXERrcIse 17.4

5 lime3 —4x+7
T o= 2xt —3x 46

i B (4 +3)
e (2x—T)(x+4)

5 lim X 6 lim1+2+3+.....+n

T At +1-1 o n’+3
DL

8. Vl*)oon2~2n

2. limVe(Var3-vr) 3 tima(Vae e -]

5 limx(\/xz +1 —x)

ANSWERS 17.4

3) 6 4 (g)w 5 1

) NEEEEE

g L

) 3

3) 2 a2 5 L

) = ) 5
486 |
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17.11 Left Hand and Right Hand Limit (one sided limits)

The limit ofthe function f{x), when x tends to ‘a’ from the left side of ‘a’is called the left

hand limit of f{x) as x —» a S LHL= It f(x)
The limit of the function f{x), when x tends to ‘a’ from the right side of ‘a’is called the right
hand limit of f{x) as x —» a S RHL = lim f(x)

WORKING RULE

To find the left hand limit.

. Put x=a—h inf(x), where A is a small positive quantity.

Take the limit of f{a-h) as p —0 ie. lim f(x)=lim f(a—h)

. To find the right hand limit

. put x =g+ A inf{x), where / is a small positive quantity.

. Take the limit of f{a+h) as h 0 ie. Imf(x) =limf(a+h)

17.12 Continuity of a Function

A function y = f(x) is said to be continuous at x = a if
() f(a) exists (i) limfx)=f(a)

Ifa function f{x) is not continuous at x = a then it is said to be discontinuous at x = a

Note: The discontinuity of a function f{x) at a point x = a can arise in any one of the
following ways

1. The function f{x) is not defined at x = a
1.e. f(a) does not exists.

2. 1lim /(x) exists and f{a) exists

but lim £(x) # £(a)

Example 9 :
1. Show that the function
Solution : f(x) =|x | is continuous at x =0
Jx)=|x|
X, >0
_ 40, x=0
-x, x<0
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LHL
(v f(x) =-xwhenx<0)

RHL 111})1 S(x)= 1113)1 (x)=0
(- f(x) =xwhenx <0)

.. LHL =RHL=£(0)=0

= f{x) is continuous at x =0

lim f(x)= lim(-=x)=0
x—0" x—=0"

x -1, x<l1

2. Find liﬂllf(x) where /(%) ={ )
PN -x =1, x>1

Solution : LHL = }g? S(x) lxiir}(xz 11 0
(v f)=x" -1, x<1)
RHL = lim f(x) = lim(=x" —1)
=-1-1 = 2
Thus LHL # RHL

= The f'(x) is discontinuous at x = 1 and the limit does not exist at x =1
3. Prove that

x> 1 when x 2
fx)=4 5 when x=2
4x 3 when x 2

1s continuous at x =2

Solution : LHL : 15? f(x)= xlig}(xz +1)
. 2
= }111)12(2—}1) +1=5
RHL: lim f(x)= lim(4x-3)
x—2" x—2"

= lim{4(2+h)-3}=5

h—0
LHL=RHL - limf(x)=5
Bydataf(2)=5
ie. lim £(x) = £(2)

Hence f{x) is continuous at x =2
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4. Find kif

k+x 0 is continuous at x =0
X

k+0
Solution : We have f(0)= — =

N | =

S5x
. -1
lim ¢ =

1
P—— 1
A 2 x>0 Sx

5 . (e -1
= —-lim
2 x—0 Sx

5 5
A

5x
e 1><5

Since f{x) is continuous at x =0

lim £(x) = £(0)

> _E k=5
=272 =
4
x =256 24
5. 1ffe) =] x4 is continuous at x =4, find a
a x=4
. [ x*=256
Solution : lim f(x)=1im
x> PN x—4
xt—4*
= lim( )
x—4 x_4
= 4.4 = 256

Since f(x) is continuous at x =4
lim ()= f(4) = 256 = a
or a=256
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EXERrcIsE 17.5

. 2 and 3 marks question:
. Show f{x) defined by

2
¥ =29 when x#5
fx)=) ¥=35 is continuous at x =15
10 when x=5

. Show that the function

x* -9

when x#3
S(x)4 x=3 is discontinuous at x =3
4 when x=3

X
X)=———— 1 —
. Define f{0) so that /' (x) e becomes continuous at x =0

. Ja S x 0
. Show that the function /(X) = K oo continuous at x=0
. Find k for which
k+x, x=1

S(x)= betd x#l is continuous at x= 1

. Ifthe function
1
Ja+20%, x20
fx)= {; =0 is continuous at x = 0, find &

3> +1 if x<l1

. Discuss the continuity of J)=q 4 yox=l at x=1
2x+2 if x>1
2x
_ e_l x#0
. Find the value of k if the function f(x)= X 1s continuous at x=0
k x=0
ANSWERS 17.5
3) 2 5) 6 6) ¢? 7) f(x) is continuous at x = 1 8) 2
%k %k %k %k
[ 490 1




Chapter

18 DIFFERENTIAL CALCULUS

18.1

18.2

18.3

Introduction:

Calculus is the primary mathematical tool for dealing with change. The concept of ‘derivative’
is abasic tool in science of calculus. Calculus is essentially concerned with the rate of change
of dependent variable with respect to an independent variable.

Increment:

An increment is any change in a variable
Increment = Final value — Initial value

Ex: Ifa variable x changes from

(1) 3.01 to 3.02 then increment = 0.01

(i) 3.01 to 2.99 then increment =—0.02

Note: 1) The increment of x is denoted by Ax or §x
2) Axis one symbol and not a product of A and x.

. Ay . .
3) The ratio Ey is called incrementary ratio or average rate of change ofy w.r.t.

X per unit.
Derivative of a function:

Let y =f{x) be a given continuous function. Then the value of y depends upon the value of
x and it changes with a change in the value ofx.

Let Ay be an increment in y corresponding to an increment Ax in x then
y =f{x) and y + Ay=f(x + Ax) on subtraction,
we get Ay=f{x + Ax)—f(x)

V_ [ D @
Ax Ax

. Ay .
This Ey is called Incremental ratio

J(x+A) = f(x)
Ax

5o lim(—y)zlim[f (x_ ¥ f(x)]

is called difference quotient

> Ax—0 X Ax—0 X

[T401 |
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The above limit, if it exists finitely is called the derivative or differential coefficient of

v = f(x) with respect to x and it is denoted by

dy or—[f ] [ 1(x)] or y, ory'

The process of finding the derivative is known as differentiation. The above method is also
known as differentiation from the first principle or ab initio or by delta method.

A (y) hm[f(x 0 f(x)]
dx M&—0 X Ax—0 X

Derivative at a point:

The value of (x) obtained by putting x = a is called the derivative of f(x) at x = a and is

denoted by f"(a) or (?) and is defined as
X

X=a

dy \ S(a+h) - f(a)

o or f'(a) =£1£r(}f

If f'(a) exists, we say that f(x) is differentiable at x = a.

If /" (x) exists for every value ofx in the domain of the function, we say that f{x) is differentiable.
Definition (Left hand derivative):

The left hand derivative ofa function y = f(x) at x = a is denoted and defined by,

Definition (nght hand derlvative):
The right hand derivative of a function y = f{x) at x = a is denoted and defined by

f() f()

———— , provided the limit exists.

R{f(@)}=1

Differentiability:

, provided the limit exists.

A function y = f{x) is said to be differentiable at x = a if L{/"'(a)} and R{/"(a)} existand

, d
are equal. This is denoted by ./ '(@) or (d—z)

x=a

If for a function y = f{x), any one of L{f'(a)} or R{f"'(a)} (or both) does not exists, or
even they exist but not equal then we say f{x) is not differentiable at x = a.

I492I
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18.6 Relation between continuity and differentiability

THEOREM: If a function f is differentiable at a point c, then it is also continuous
at that point.

Proof: Since f is differentiable at ¢, we have

i L@~ _

xX—c xXxX—c

VA
But for x # ¢, we have

1) = f(0) = f(X) f(C)

lim[ £(x) - f(c)] = lim fH=1@
X—c XxX—=c x —_— c

or lim[ /()] ~lim[ /(¢)] = lim

x—c

[f(X)—f(c)].hm(x_c)
X—C
0

= f '(C) . 0 =
= lim /()= /(¢)
Hence f'is continuous at x = ¢
Corollary 1 : Every differentiable function is continuous.
We remark that the converse ofthe above statement is not true. Indeed we have seen that
the function defined by f(x) =|x| isa continuous function.
Consider the left hand limit
A h) fO _-h__,

h—)O h

. 0+h)—f(0) h
The right hand limit lim W =2=1

Since the above left and right hand limits at 0 are not equal, }gr(} does not

SO+m) - 10
h

exist and hence /" is not differentiable at 0. Thus /" is not a differentiable function.
Note:
Differentiability implies continuity but continuity does not imply differentiability.
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18.7 Differentiation of some important standard function from first principles:

1) To differentiate a constant function from first principles.
Let y = f(x)=k wherek is constant

y oy fx x) k
By definition

dy _ o A~ ()
dx M0 Ax

_ limﬂ

A0 Ax

= lim 0
Ax—0

d
d_,
dx

Thus the derivative of a constant function is zero.

=

d (k)
dx

=0

ire.y=fx) =k =

d d(2 d
. . . — .o | = - 0 .en el T -
Ex: () ——(=0 (i dx(ﬂ) (i) dx(e )=0
2) To differentiate x" from the first principles
Let y=f(x)=x"

yo oy f&x o0 (o x)f

By definition
A [f(x+ Av) —f(x)]
dx Ax—0 Ax
put X+Ar=z
_ lim [M] Ax=z-x
Ax—0
Ax AsAx— o
) (X+Ax)"—x" Z—>X
= lim|—
A0l (x+ Ax)—x




d(y;) i(x%) e %xf%

1 “n dy —n—1 dy —h
= X 2y hld
Y x" Y dx dx  x""!
) 1 dy _ —-n
Thusif y=— then |- =53
X dx x

. d(1) -3
Ex: (1) el R ey

N L DU e
@ e\ et )T\ L) T 5 %
3) To differentiate ¢* from the first principes.

Let y= f(x)=¢"

y oy fix x) e
By definition
d_yzlim[f(HAX)—f(x)]
dx Ax—0 Ax

T A0 Ax

.| (eA" - 1)]
= lim
Ax—0 Ax

) '—ex-f—Av _ex
= lim| ——




(Il PUC)

d (Y
=)=

4) To differentiate a* where (a > 0) and 4 1 from the first principles.

Let y=f(x)=d"

y oy f&x x) a
By definition

&y _ hm[f(HAX)—f(X)]

dx - Ax—0

x+Ax

I
=
L5

| ——
IS
ol
B
I
Q«
| G |

Il
B
L8

B,
N
Q
E E
|
_
N—_—

I
Qr(
B=
L3
| —
Y
E B
|
T

5) To differentiate log x (x > 0) from the first principles.
Let y= f(x)=logx
“ y+Ay = f(x+ Ax) =log(x+ Ax)

By definition
d_ [f(x+Ax) —f(x)]
dx Ax—0 Ax
~ lim l:log(x+ Ax) —log x]
Ax—0 Ax
. 1 x+ Ax m
= Al}r&[ﬂlog( . ):| . logm—lognzlog;
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t
[ Ax put Ax_,
= lim|[—-log| 1+ — X
A0 Ax X
Ax=h-x
i 1 N AsAx—0
= Jm - log(l+h) h—0

1. |1
o Ll{)lg [zlog(l + h)]

Lo
X

d 1
o= ==
dx(ogx) ,

[ liml log(1+x)= 1]
x=0 x

6) Todifferentiate‘sin x’from the first principles.

Let y=f(x)=sinx

y oy f(x x) sin(x
By definition
d_yzhm[ﬂxmx)—f(x)]
dx M0 Ax

sin(x + Ax) —sinx

x)

= lim
Ax—=0 Ax

o : C . C-D]

l:usmg sin C -sin D = 2cos +D‘smC2D
x . ox x x |
p 2cos sin 2
P _ fim
dx M0 Ax ]
Ax

2czos(g)~1‘l
2 2

d .
— S Pl
(sinx) =cosx

1 .
)‘5 lim(smx):l
x—=0 X
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7) To differentiate cos x from the first principles.

Let y= f(x)=cosx
Y+ Ay = f(x+ Ax) = cos(x + Ax)
By definition
dy _ ..

lim
dx Ax—0

[f(x+AX)—f(x)]
Ax

. cos(x+ Ax) —cosx
lim
Ax—0 Ax

D D
[using cosC —cos D =—2sin ¢ > sin ¢ > :|

X . X X X

.oX X
—2sin sin
2

d .
—(cosx)=—sinx
7y (c0s¥)

8. To differentiate ‘tan x’ from the first principles.

Let y=f(x)=tanx
. y+Ay= f(x+ Ax) = tan(x + Ax)
By definition

& _ hm[f(HAx)—f(x)]
dx Moo Ax

. l:tan(x + Ax) - tanx]
= lim
Ax—0 Ax

x—0

o

sin x

)
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[using tan4 tanB tan(4 B)[l tan4 tan B]] T A=x+Ax
B=x
dy _ lim tan(x + Ax — x) {1 + tan(x + Ax) tan x}
dx Ax—0 Ax
— lim [tan Ax {1+ tan(x + Ar) - tan x}] [ 1im( tanx) = 1:|
Ax—0 Ax x—0 X
= l-{l+tanx-tanx} = J1+tan’x

d >
. |— (tanx) = sec
I (tan x) X

9) To differentiate ‘cot x’ from first principles.
Let y=f(x)=cotx

y oy Jix x) cotlx x)

By definition
A [f(x+Ax)—f(x)]
dx A0 Ax

_lim [cot(x + Ax) — cotx]
Ax

Ax—0

cos(x+Ax) cosx
sin(x+ Ax) sinx

_ lim
— A0 Ax
_ lim sin x- cos(x + Ax) — cos x - sin(x + Ax)

Av—0 sin(x + Ax)sin x - Ax
[ sinAcosB cosAsinB sin(4 B)]

1 . sin x 1
lim .

sinx A-0 Ay  limsin(x+ Ax)
Ax—0

=—1-—— = —cosec’x
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10. To differentiate ‘cosec x’ from first principles.
Let y= f(x)=cosecx

vy ¥y f(x x) cosec(x x)

By definition
. [f(x+ Av) - f(x)]
dx Ax—0 Ax

. l:cosec(x + Ax) - cosecx]
= lim
Ax

Ax—0

1 1
_ fim sin(x+ Ax) sinx
Av—0 Ax

. sinx—sin(x+ Ax)
= lim — -
M-0gin(x x) sinx  x

Ax .
—-2¢c08 x+— sin —
2 2

lim — -
A0 gin(x+ Ax)-sinx - Ax

|:.'.sinC—sinD=2<:os C2D sin CzD ]

of2)

-1 . AxY ..
= ——- lim cos x+? - lim

- lim
sinx Ax0 a0 ((Ax)  Av0sin(x + Ax)
2
-1 1 . cosx
= ——XcosxX1X— = _cosecx-cotx S.———=cotx
sin x sin x sin x

d
.. |—(cosecx) = —cosecx - cot x
dx

11. To differentiate sec x from first principles.
Let y= f(x)=secx
S y+Ay = f(x+ Ax) =sec(x + Ax)

[MS00 |
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By definition,
sz{ﬂwmrfm]
dx Ax—0 Ax

 lim [sec(x + Ax) — secx]
= A0 Ax
1 1
_ lim cos(x+Ax) cosx
Ax—0 Ax
i 598X~ cos(x+ Ax)

A0 Ax - cos(x + Ax) - cos x

. Ax .
2sin x+— sin —
2 2

_ lim
A0 cos(x + Ax)-cosx- Ax

['.'cosC—cosD=2Sin C;D sin D-C ]
. (Ax)
sin| —
2

(3)

__sinx
X1 = gecx-tanx .cosx_tanx

1 .. . .
= -limsin| x+— [lim - lim
COSX A0 2 a0 cos(x+ Ax) A0

d
~.|—(secx)=secx-tanx
dx

12. To differentiate /x from first principles
Let y=f(x)=x
y oy fx ) Nx x

By definition
A G A) = ()
d X Ax—=0 Ax
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1im—“x+Ax_\/;

Ax—0 Ax

(x+Ax)% _x”
im-——-——
A0 (x+Ax)—x

AN
)= 2

List of formulae of Derivatives of Basic Functions:

d;
y = f(x) (Function) Ey = f'(x) (Derivative)
dy
= — = 0
1 y=k e
dy — n—1
2 y= X" E = nx
1 dy -n
3 r x" dx  x"!
1 dy -1
4 X dc ¥
5 _ 1
Jx dx 2x
dy
— =08
6 smx e X
dy .
—— =—sinx
7. CcoS X i
8. tan x @ =sec’ x
dx
dy
9. cosec X —— = —cosecx cotx
dx
10. sec x Q=secx~tanx
dx
[ 502 1



11. cotx ﬂ = —cosec’x
dx
dy _

12. e dx =e
dy 1

13. log x PR

14. & g log, a
dx

18.8 Algebra of Derivative of Functions:

Let fand g be two functions such that their derivatives are defined in a common domain.
Then

()

(ii)

(iii)

(W)

V)

Derivative of sum of two functions is sum of the derivatives of the functions

d d d
E[f(x) g()] — /@ e

Derivative of difference of two functions is difference of the derivative of the functions

d d d
E[f(x) g(x)] /) g

Derivative of product of two functions is given by the following product rule.

d d d
E[f(x)-g(x)] = ()2 +g(x) - /()

Derivative of quotient of two functions is given by the following quotient rule (when
ever the denominator is non-zero)

y [ f(x)] g0 100 = 100+ g(x)
dx Ol

Derivative of scalar multiple of a function is the product of the constant and the derivative
of'the function

g(x)

d d
a[k-f(x)] =k [/(0)]

Note 1) Ify=uxvzwz... arefunctionofx

dy du
then I dr

@
dx

@
dx
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2) Ify =wvw..... are function of x

dw ﬂ du

dy
then o w0 ™ ™

Example 1: Differentiate the following with respect to x:

, 4 2
1. x +—2——tanx+6e
x 3

4 2
Solution: Let y=x"+ = gtanx + 6e

dy d;, d(1 2d d
- — 4 —|—=| =— 6 —
dx dx(x ) dx(xz) 3dx(anx) dx(e)

= 2x 4(_—32) %seczx 6(0)

X

8 2
= 2x——3——sec2x
X

2. x‘+e*+ef
Solution:
Let y=x“+e" +e
dy d; . d;, .\ dy.
—=—\Xx |J+—\e |+ —|e
dx dx( ) dx( ) dx( )
=ex"'+e"+0
— ex* ' +e
3. 25 —x? —x+2-3logx —4/x
Solution:

Let y=2" —x* —x+2-3logx —4/x

i —i(ZX)—i(xz)—%(x)+%(2) —3%(10gx) —4%\/5

dx  dx dx

1 1
=2log2 2x 1 0 3|—| 4| ——
& (X) (2\5)

3
=2"00og,2-2x-1-———
ge X \/;
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3x*+2x+5
Jx

Solution:

3x7+2x+5

Let ¥= \/;
y= 3% 4 202 4+ 55
[on dividing each term by /x )

Doy ) L) ()

dx dx dx dx
= 3-§x%+2 1 A+5(—1)x%
2 2
9 1 5 -y
- Sx+—=-—-x"
2& K 2

3 5 6 2tan x
. —=— +— +7
{/; cosx sinx secx

Solution:

5 6 2tan x sin x
+ — +7 tanx =

3
Let J’—%/;

cosx sinx  secx CcoS X

y=3x7% 5secx 6cosecx 2sinx 7

d_y: 3~i(x %)—S‘i(secx)+6~i(cosec x) —2~i(sinx)+i(7)
dx dx dx dx dx dx

:3(%1))(% Ssecxtanx 6cosecxcotx 2cosx O

= T/—Ssecxtanx—6 cosec xcotx —2cosx
3
x

Example 2: Differentiate the following w.r.t. x [By Product Rule]
1. x*-9°
Solution: Let y= y?.9*
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d d, \ d
d—izxg'a(9')+9 'E(XQ)

=x"-9"10g9+9"-9x"
2. (X =2x+1)(e" +4)
Solution: Let y= (x* —2x+1)(e* +4)

Y _

o (x2 —2x+1)%(e" +4)+(ex +4)di(x2 —2x+1)

X
= (x* —2x+1)(e")+(e" +4)(2x-2)

3. secx-tanx
Solution:
Let y=secxtanx

Y secx 4 (tanx) tanx a4 (secx)
dx dx dx

= secx-sec’ x+tanx-secxtanx

= sec x(secz X+ tan? x)

4. cotx-(\/§—4e")

Solution:

Let y:cotx~(\/§—4e‘)

% cot x %(\B 4ex) (\/5 4€x) %(COW)

= cotx(O 4e“) (\/5 4e")( coseczx)
= 4e"cotx coseczx(\/g 4ex)
5. x’e*(cosx—4)
Solution:
Lety= x’¢*(cosx —4)

% =x%e" ~%(cosx—4)+xz(cosx—4)~%(€")+(cosx—4)e" -%(xz)

=—x’e"sinx+ x’e" (cosx —4) + 2xe* (cos x —4)
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Example 3: Differentiate the following w.r.t. x (By Quotient Rule)

2 2
1. ZZ :z
Solution:
2 2
Let y= zz J:;
Qz(az_xz).;c(az+xz)_(a2+x2);i(az_xZ)
dx (az _ 2 )2
(a2 —xz)(Zx) —(a2 +x2)(—2x)
) (a" =)
B 2xa® = 2x° +2xa’ +2x°
- (aZ _x2)2
4xa’
= (az _xz)z
e —1
T et +1
Solution:
e -1
Let y= e’ +1

x d X X d X
dyz(er 1) 5(6 h (e D a(e)

dx (e +1)

(e +D)(e) — (e —1)(e")
B (e" +1)°

22 x 2x
et te —eT+e"

B (e“' + 1)2

2e"
(e“ + 1)2
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cos x +sin x
" cosx—sinx
Solution:
cosx +sinx

Let y =

cosx —sinx

dy (cosx —sin x)%(cos X +sinx) —(cosx +sin x)%(cos X —sinx)
dx

(cos x —sinx)’

(cosx —sin x)(—sinx+ cosx) — (cos x + sin x)(—sin x — cos x)

(cosx —sinx)’

(cosx sinx)® (cosx sinx)>  2(cos’ x+sin’ x)

2 =2
. = : *’ cos” x +sin le)
(cos x —sinx)’ (cosx —sinx)’ (

2
~ (cosx—sinx)’

4. af2)

Solution:
Let y= alp¢) (o =)
y=4-x

W o4y
dx

s \/m
1+cos2x
Solution:
- From Multiple angle

Let v= w y= 2sin’ x cos2x =2cos’x —1
Y \V1+cos2x \ 2cos® x

= 2
cos2x=1-sin" x

y=tanx
d
Q_ sec’ x
x




e*(x—1)
x2+1
Solution:

e'(x=1

Lety=
ety X2 +1

) B Lood
d_yz(x +1)£{e (x—l)}—e (x—l)a(x +1)

dx (x> +1)

CER) {e+@=-De}-e (x-1)2x)
a (x> +1)

ExERrcisk 18.1

One mark questions:
I. Differentiate the following w.r.t. x

1. 5ex—logx—3\/; 2. loge

5 2
" 4x* —3x 5 ( x+L)

X

Two marks questions:

II. Differentiatethefollowingw.r.t. x

1 b 2. 2

. (x—a)x-b) - 2,

4. x3(5+3x) 5. X¥*G-6x7")
x+1 1

7. x 8. ax* +bx+c

10. (x+cosx)(x—tanx)

L. 1. If f(x)=x>-3x+10.Find /'(50) and f"(11)

2. If f(x)=x" andiff"'(1) = 10. Find the value ofn.

1 d
3. If y=x+— show that x2—y—xy+2=0
X dx

Basic Mathematics

1 3
o
4 1
X+ +—+x
o5 x

(5" +3x—1)(x-1)

sin’ x

COS x

1+sinx

[T509 |
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Three marks questions:
IV. Differentiatethefollowing w.r.t. x

x> —cosx x"—a" 2 x?
1. ——— 2.

sin x X—a Tox+1 3x-1

\/;+\/; 2" log x
Ja—x N

1
V. 1. Find the derivative of f(x) = - withrespect to x from first principle.

d :
2. If y=x+tanx. Show that coszx~d—i/:2—sm2x

ANSWERS 18.1

One mark questions:

9
«_1/_3/ [< —4 %+
L1 se = )= 3o 2.0 2 S5
1 2.y 5 7
l-— —xP -
4. 4 5. = 6. 3 AE

Two marks questions:

a—-b
. 1. 2x—4-b 2. (x_—b)z 3. 15x2-4x—-4
-3 24
4. —(5+2x) 5. 15x'+= 6. sin2x
X X
-1 —(2ax+b) -1
7. ? 8. (ax* +bx+c)® 9. 1+sinx
10. (1 sec’ x)(x cosx) (x tanx)(l sinx)
L. 1.97,19 2. 10
Three marks questions:
—x’cosx+5x*sinx +1 nx" —anx"" = x"+a"
v. L (sinx)’ > (x—a)’
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-2 x(3x-2) Lz
G Gx 1) 4 Jx(Va i)
2‘)( X X
2x —+2"log2-logx —2"logx
5. X

3
2x?
18.9 Composite functions (function of a function)
Ify =f(u) and u = g(x) then y = f/g(x)]. This function y = f/g(x)/ is called a composite
function.
Theorem (Chain Rule)
Let f'be areal valued function which is composite of two functions # and v, i.e. f = vou.

d d
Suppose y = f(x) and u = g(x) d_i and d_z exists

have . & du
wehave - - -=— -
Note : The chain rule can be extended to the functions which are composition of more than
two function.
If y=f(), u=g), v="h(x)
o @ du_dv
Nax " du av dx

Example 1 : Differentiate the following w.r.t. x:
1. (3x* +4x+5)
Solution:
Let y=(3x>+4x+5)

put u =3x*>+4x+5 then y:u6

Q 6u5,% 6x 4

" du dx
ﬂ=ﬂxﬂ=6u5(6x+4)
dx du dx
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& 6(3x> 4x 5)Y°(6x 4)
dx

OR (using direct method) without substitution.

Q:é(3x2+4x+5).(6x+4)
dx

2. e
Solution:

Let y = exz

Put u:xz then y=e"

Q=e”,ﬂ=2x
du dx
Q=Q.%=e”.2x - 2x-ef
dx du dx
dy
2
OR dx ¢
3. log (x*-2)

Solution:
Let y=log(x* -2)

put u = x> —2 then y=logu

Q landﬂ 2x

du u dx

dy dy du dy 1 dy 2x
Now dx du dx = dx u * dx  x*=2

dy 1

= (2
OR dx x* =2 ( x)
Example 2 : Differentiate the following w.r.t. x

1. tan*x

Solution: Let y=tan®x

d d
Y 4tan’ x—tanx = 4tan’ x-sec x
dx dx




2. sec (sec x)
Solution:

Let y = sec (sec x)

d_y = sec(sec x) tan(sec x) i (secx)
dx dx

= sec(sec x) tan (sec x). sec x . tan x

3, L
(2 —cos x)’
Solution:
L .t (2 cosx)”
et (2—cosx)’
&___ =3 X (sin x)

dx (2—cosx)*
4. log(secx+ tanx)

Solution:

Let y =log(secx + tan x)

dy 1
- — —(secx tanx)
dx secx+tanx dx

dy _ 1

dr secx+ianx (secxtan x +sec” x)

sec x(sec x + tan x)

secx+tanx
=SeC Xx

Example 3 : Differentiate the following w.r.t. x :

1. tan/x

Solution:

Let y=+/tan/x

Basic Matihhematics
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b )

dv 2\/tan~/x dx(

—;sec2 xi X
- Z\Itan\/; \/7 dx (\/7)

d 1 1
—y — SeCz\/; —

dx  2\ltan~/x 2x

2. tan [log (sinx)]

Solution:

Let y=tan [log(sin x)]

d .
d_i sec’ [log(sm x)]

cosx
sin x
cosXx
= cotx-sec’ |log(si =cotx
cotx-sec [og(smx)] [ - ]
, 1
3. cot| x"+—
X
Solution:
1
Let V= cot(xz +?)
d 1 2
Y cosec’ x’ - 2x —
dx X X
—lo 1-x?
4. g 1+ 12
Solution:
1—x° ) ) . A
y=10g(1+x2):>y:10g(1—x )—10g(1+x ) . loggzlogA—logB
[ 514 1
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d 1
d_;Vc:1—x2 (-20) =~ (2%)
1 1
:_2x[1—x2 +1+x2:|
_ oy (1+x2)+(1—x2)
(1—x2)+(1+x2)
_ —Ax
S 1-x
Example 3:

dy 1
1. Ify=10g[x+V1+x2].Pr0vethat e >
X 1+x

Solution:

y=10g|:x+\/1+x2:|

@ : |:1 ! 2x:|
dx (x+\/1+x2) 1 2\/l+x2 take L.C.M

1 [WH]

- (x+\/1+x2) JI+22
a__ 1
dx 1+ x*

n d 2
2. If y= (x+ VX' + 1) . Prove that (x2 + 1)(;‘)) =n’y?
Solution:

y=(x+\/x2 +l)"

n—1 1
Q=n|:x+\/x2+1:| 1+ = -2x

dx
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nl:x+\/x2+1:|n S ilex
X \/)c2 1 \/x2 1 ’

ny
X +1

dy Y
=\/X2+1 Ezny ';y:(x+ x2+1)

Squaring on both sides
dy ’
2o E | 20202
(o) ] =y

EXERCcISE 18.2

One and Two marks questions:
Differentiate the following w.r.t. x

1. (az—xz)10 2. log[log(logx)] 3. cosx’

1
4. sin’+fx 5. |:log(cosx)]2 6. Sec(x+;)

7. i 8. \cot/x 9. IOg(Sin\/;)

10. log[log(tanx)] 11. cos3x-sin5x 12. sinx-sin2x

13, e ledsa®) 14. 22 .gin3x 15. cos® x-cos(x’)
X x

16. 3" logx SARN 18 o

e o (1+ sinx)
19. J]ogx 20. g 1—sinx
Three marks questions:

coSx+sinx

y_ o T
1. Ify= , show that —— =sec”| x+—
dx 4

CcoSXx —sinx




1—cosx

d
2. Ify= log[ ], prove that d_ic} =2 cosecx

14+ cosx

3. Differentiate ¢2* w.r.t. x from first principles.

4. Differentiate sin2x w.r.t. x from first principles.
5. Differentiate tan ax w.r.t. x from first principles.

ANSWERS 18.2

One and Two marks questions:

1. -20x(a’ —x*)’ 2.
3. 3x%sinx’ 4.
5. —2tanx-log(cos x) 6.

(log 7)cos\/;~ e

7. 2\/; 8.
cot/x

9. x 10.

11. 5 cos 3x .cos 5x —3 sin 3x . sin 5x 12.

Nxt+at +x

13. —F/—— 14.
N2 +d?

15. 5cos’ xl:x4 cosx sinx’  sinxcos xs] 16.
-t
17. (XZ _ 1)% 18.

sinx

(2xlogx-cosx —1)e
%
2x(logx)"?

20.

Basic Mathematics

1 1 1

log(logx) logx x

1
3sin?/x - cos+/x -
2x

sec(x %) tan(x %) (l
—cosec’x
4\/;\/cot\/;

SeC2 X

tan x - log(tan x)

%(—sinx +3sin3x)

¢”* (3cos3x+ 2sin3x)

2
X

3x [1 +2x"log3-log x]

x—1

Q2x-1)"

2 sec x
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Three marks questions:
3. 2e* 4. 2sinxcosx 5. asec’ ax
18.10 Differentiation of implicit functions:

Ifx and y are connected by a relation of the type y =2x* —3x’ + 4x” +7 then we say that

v is defined explicity in terms of x and the function y = f(x) is said to be an explicit
function of x.

However if x and y are connected by a relation of the type x* 2x*y y* 2x* 1 then

such an equation is called an implicit form of a function. Usually such functions are expressed
as f(x,y) =0. Here f(x,y) denotes an expression involving the variables x and y.

WORKING RULE

Step 1 : Differentiate both sides of the equation f(x,y) =0 w.r.t x.

. . d . - .
Step 2 : Collect the terms involving Ey on one side and the remaining on the other side.

d
we get g(x,y) d_i: h(x,y)

dy . Q — M
Step 3 : Solve for . and write dx  g(x,y)

d
This process of finding Ey by above method is called as implicit differentiation.

d
Example 1: Find Ey if

xl yl
a) x*+y'=a’ b) S+5=1
) xHy=a ) a b
¢ x* y 3xp 2x 3y 5 0 d) e’ =sin(x+y)

e) sinxy+cos(x+y)=4
Solution:

a) x*+y’ = o* Differentiating w.r.t. x both sides we get

dy
2x+2y-—=0
Y dx
y dy _
= 2y- = =22 ==-=
Y ey




Basic Mathematics

2 2

b) 2—2 + )b}_z =1 Differentiating w.r.t. x both sides we get

1 1 dy
— 2x —= 2y — 0
a’ * b? ydx

1 dy 2x
R T e
b* Y dx a*
Q B —b’x

dx da’y

¢) ¥+’ =3xy+2x+3y—-5=0

Differentiating w.r.t x both sides, we get

2x 2y% B[x% yl] 2 3% 0
X X

%[Zy 3x 3] 2x 3y 2

dy 3y—-2x-2
Tdx 2y-3x+3

d) e’ =sin(x+y)
 dy dy]
Y —=cos(x+y)|1+—
¢ dx & y)[ dx

. dy dy
Y -
e - cos(x y)dx cos(x y)

il e’ cos(x y) cos(x )
dx

dy  cos(x+y)

dx e’ —cos(x+y)

e) sinxy cos(x y) 4

cosxy[% (xy)] —sin(x+ y)%(x +y)=0

apply product rule for xy

[T519 |
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cosxy[x-ﬂ+ y] — sin(x+y)|:1 + Q] =0
dx dx

d . .
d—y[x cosxy —sin(x + y)] =sin(x+ y)— ycosxy
X

dy _sin(x +y)— ycosxy

" dx  xcosxy—sin(x+y)

Example 2:

dy -1

If x\/1+y + yJ1+ x =0 where x # y, show that dc (d+x)7°
Solution:
We have x 1+ y+yJl1+x=0, xJl+y=—pJl+x
squaring both sideswe get x*(1 y) 3’1 x)
xZ x2y yZ y2x O
= (=) +x(x=y)=0
(x »ix y 1 0
x y x 0 [ x#y]

x (1 x) 0
= —" (ByQuotient Rul
y=1,, (ByQuotien ule)

dy (1 0D ()l

dx (1+x)
_ —l-x+x
(1+x)?
d_y_ -1
dx  (1+x)
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Example 3 :

d —x
If e"+e’ =e*"", show that Ey =—e

Solution:

Consider ¢* + ¢ = ¢

ex+e"’-d—y:e’”y|:l+d—y:|

dx dx
dy dy
ex ey _ ex e." 1 —_— ce SNTY X v
I ( )[ dx] ( e e +e )
Dr v o o
—le’ e e et e e
il ]
o
—{ '] e
L)
Y
o e
dx e
b
dx
Example 4 :
d in’(a+
If sin y = xsin(a + y). Prove that . — S @+ )
dx sina
Solution:
We have sin y = xsin(a + y)
_ siny ) .
—sin(a ) Differentiate w.r..t y
dx _sin(a y)cosy siny cos(a_y)
dy sin’(a+ y)
_ sin[(a+y)-y]
sin’(a + y)
sina
~ sin’*(a+y)
[521 |
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dy_ 1
dx dx b
_ sin’(a + y)
sina
Example S:
n n d
if| 2| +|/ 2| =2 then find Y at (a,b)
a b dx
Solution:

x n y n
We have (—) +(—) =
a b

Differentiating w.r.t. x

n—1 n—1

P S S N
a a b b dx
At (a,b)

1 o4 1 oady
'1nl_+ 'lnl'—'—:O
n-(1) » n-(1) > In

nondy_

a bdx
_, hdy_-n

bdx a
L, @ _-b

dx a

EXERcISE 18.3

One and Two marks questions:
Differentiate the following w.r.t. x

1. 3x’ +4y’ =10 2. Jx+y=3 3.
4. x%+y%=a% 5. x*=4day 6.
7. X +y =3axy 8. x—-y=0 9.
10. x+xy=x°

[522 ]

y® =4dax
x2 y2
a_2+b_2=1
X -y =a




Three marks questions:

Differentiate the following w.r.t. x
1. log(xy)=x"+)" 2. 2°420=2"
4. sinxy=cos(x+y) 5. y=4"

Five marks questions:

X d
1. If\/:+\/z=a.Provethat x~—y=y
y X dx

dy 2-logx

2. If x» = ¢, show that e m

d 2(a+
3. If cosy= XCOS(a +y) , show that d_y — Ccos (a y)
X

Basic Mathematics

sina
dy _ (logy)’
4. If ¢’ = y*, show that dr logy—1
) dy _y(1-x)
5. If ¢ = xy, show that dx x(r-1)
' dy_y(y—xlogy)
6. If y =x’, show that dx - x(x—ylogx)
ANSWERS
One mark questions:
—3x 2a
Lo 2. 2 3. =
Yy X Y
X -b’x ay —x’
5. 2y 6. 2y 7. )
x 2w
9. B 10. x+2\/5
I 523 }
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Three marks questions:

y(2x* =1) 2°(2" -1)

" x(1-2y7%) T271-2Y)
3 sin(x+ y)+ ycosxy ylog4

xcosxy+sin(x+ y) © 1-ylog4

18.11 Differentiation of Infinite series

d
‘When we have to find &

is deleted from an infinite series, it remains unaltered".

Example 1:

=" Provethat LoV
g HTOVETA 4 T x(1- ylogx)
Solution:

We have y = P
Apply logarithm on both sides

= y=x" = logy=ylogx
Diffn. both sides w.r.t. x

y dx X dx
DI jogxl=2 o @|lzyloex) vy
dx|y X dx y X
b Y
Tdx o x(1-ylogx)
Example 2:

y=.4/logx+y

&
o |-

y[xlogy -]

x[ylogx—x]

e in case y is given as infinite series then we use the fact "Ifa term
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Squaring onboth sides

y2 =logx+y
Difth. both sides w.r.t. x

»_1.9

2v- + =
Y dx

dy
2y =
2y )dx

-

dx  x

Example 3:

N R e — @ _ coox
Ify in x inx ... . Prove that dx 21

Solution:
We have ), = \/sinx +A/sinx+........o0

y=./sinx+y

Squaring both sides

Yy =sinx+y
Difth. both sides w.r.t. x

dy dy dy
2y-—=cosx+— 2y—1)—=cosx
Y dx dx 2y )dx
Q_ coSXx
dx 2y-1
Example 4:
XteXFHuwnlo oo

d
show that F__r

Ify=ex+e
dx 1-y

Solution:

ex+m..,m0<>

We have y=¢""
P
Apply log on both sides
logy=x+y [ log! = 1]
Diftn. both sides w.r.t. x

l.ﬂ:l.’.ﬂ . d_y l_l =1
y dx dx dx\y

dy_ v
dx  y-1

I525I
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EXERcISE 18.4

dy 1
I. Ify:\/x+\/)c_|_7 Jx +....00 thenprove that dx 2y-1
dy sec’x
2. Ifyzx/tanx+\/m then prove that E__2y—1

= dy ¥ cotx

_ : (sinx)': -
3. If y=(sinx) , show that dr 1-ylog(sinx)

oo

dy 2y* cosec2x

=(t (tanx)” — =
4. If y = (tan x) show that 1-ylogtanx

oo 2

d
5. If y=(e")“" , show that r__2
dx 1-xy

18.12 Logarithmic Differentiation:

Many a times, the function whose derivative is required involves products, quotients
and powers. In such a case differentiation can be carried out more conveniently if we
take logarithms on the two sides and simplify before differentiation. This process is
called logarithmic differentiation. This is especially useful when the variable occurs in

the exponent.
Example 1:
Differentiate the following w.r.t. x.
1) x* 2) (sinx)™* 3) (dogx)™*
Solution:
1) Let y=x"
Taking log on both sides, we get  log y=xlogx
LR x-l+logx-1
v dx X
dy
—=y|l+]
dx y[ ng]
dy

sz‘[l+logx]
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2) Let y=(sinx)™"

Taking log on both sideswe get  logy = tan x- log(sin x)
Differentiating both sides w.r.t. x

ld .
~9Y_ tanx. ——(cosx)+sec” xlogsin x
v dx sin x
dy 2 . COSXx
— y tanx cotx sec” xlogsinx ———=cotx
dx sinx
d . .
= Ey =(sinx)™" 1+sec’ x-logsinx

3) Let y=(logx)™
Taking log on both sides, we get  log y = cos x- log(log x)

Differentiating w.r.t x we get

;% cos logx % ( sinx)log (logx)
d
d—); y|:xcl(())gx sin x log(logx)]
= (logx)“’”[ closx —sinx-log (logx):|
xlogx

Example 2:

dy ) b
Find —— if y" +x" =a
i if y
Solution:
Giventhat y* +x’ ="

Putting u=y*, v=x"

weget y+yv=q"

ﬂ+@_0 1
PRI (1)
Now u = y*
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Taking logarithm on both sides, we have log u =xlog y

Differentiating both sides w.r.t. x we have

1 du
=X —(10gy)+10gy —(x)
u d
dy
—x-——=+lo 1
X e gy

Also v=x"
Taking logarithm on both sides, we have logv=ylogx

Differentiating both sides w.r.t. x, we have

1 du dy
—lo +1lo —

Bt (logx)+logx- =
X dx

ﬂ=v Z+logx-ﬂ
dx X dx

oy dy
= x"|—=+logx-—
x [x ogx ] e (3)

dx

from (1), (2) and (3) we have

b fﬂ+10gy +xy|:X+10gxﬂ:|
vy dx X d

x
d i
()c~yH +x7 ~10gx)d—§ = —y-)cH -y logy

dy _ —[y"logy+y~xy’1:|
dx x-y +x" logx
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Example 3:
2
/ - 4
Differentiate (xf)(—xﬂ W.r.t. X
3x"+4x+5
Solution:

(x=3)(x*+4)
Let y=,| 2o
ety 3x* +4x+5
Taking logarithm on both sides

logy = %[log(x —~3)+log(x’ +4) —log(3x> +4x+5) |

Differentiating both sides w.r.t. x we get

lﬂ 1 1 2x 6x+4
y dx 2|x-3 x*+4 3x +4x+5

dy l/(x—3)(x2+4)[ 1 2x 6x+4 ]
de 2\ 3x*+4x+5 |x-3 x*+4 3x +4x+5

Example 4:

P dy __logx
If x* =e", prove that dx  (1+logx)

Solution:
Given: x’ =e"”
Taking logarithm on both sides
ylogx (x y)loge
= ylogx=x-y y( logx) x

X

Le. y= 1+ logx

Diffn. w.r.t. x by quotient rule

dy (l+logx)~1—xé

dx (1+logx)’

dy  logx
dx (1+logx)’
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Example 5:

=&
% =

If x"-y"=(x+ y)"*".Show that

Solution:
We haVC xm ‘yn — (x+y)m+n

Taking log both sides we get mlogx +nlogy = (m+ n)log(x + y)

Differentiating both sides w.r.t. x, we get

1 1 d
m-—+n-— L=
X y dx

(m+n)L|:1+d—y:|
x+y dx

ﬁ+££Q=ﬁiﬁp+@ﬂ
n ydc x+y dx

ﬂ[n m+n:|_m+n m

dx v

Yy x+y x+y X

dy n(x y) ym n) _x(m_n) m(x y)
dx y(x+y) x(x+y)

d
= —y(nx ny my ny) X(mx nx  mx my)
X

dx
dy _-y(nx—my) &y
= dx  x(nx—my) = dx  x
Example 6:

(xe)” =e*, show that 5 = oo vy

Solution:

we have (xe)’ = ¢

Taking log onboth sides ylog (xe)=x log e [-logxe logx loge

y(l+logx)=x-1 [ loge=1]
X
Y 1+logx

[530 |
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Difth. w.r.t. x

dy (1+10gx)~1—xé

dx (1+logx)’
I+logx—1
" (1+logx)’
dy  logx

dx  (1+logx)

ExERrciIsE 18.5

Two and Three marks questions:
Differentiate the following w.r.t x:

1.
4.

Five marks questions:

sinx
X

S+logx
xoreer

Differentiate the following w.r.t x:
L. x*** +(logx)’ 2.

3. (x D(x 2(x 3)? 4.

KoM (1 + l)x

X

X -sec’ x

e

(sinx)*

x(sinx — COsX)

2 2
x -e" -logx

2
2x x°

X7+ Xx

(x-Dx-2)

.|

(x=3)(x=4)(x-5)

ANSWERS 18.5

x*/;
1. (2 +1lo X) 2.

08
3. (sinx)*[xcotx+logsinx] 4.

sin x—cosx Sin X —COSX .
5. X [—+(cosx+31nx)logx]
X
I 531 l

sinx
——+cosx logx
X

sinx

xroe |:l (5+2log x)]
x

L
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Five mark questions:
1
x'o8* (21()&) +(logx)" —— +log(logx)
X log x

2. xe* 2logx+2x’logx+1

3. (x+l)2(x+2)3(x+3)4[ 2 3,8 ]
x 1 x 2 x 3

4. ¥ 2 logx> x x° 1 logx®

5 x(Hx)[l(l+l)—%logx:|+(l+l)x|:log(l+l)—L:|
X x/) x X x/) x+1
1 (x-D(x-2) [ 1 1 1 | 1 ]
6. 2V (x 3(x Hx Sfx I x 2 x 3 x 4 x 5

2x

2 2tanx

= |w

7. (x3.e seczx)

18.13 Differentiation of parametric functions:

Ifthe variable x and y ofa function are expressed as the functions of another variable '#' or
'g' then we say the function is defined in parametric form. The variable '#'or'g'is called a
parameter.

If x=£(2), y=2g(@)
In order to find the derivative of function is such form, we have

d_dy dx
di  dx di

dy _ d%t

or ;. — dx
dx o

where @ #0
dt

Thus dl:& d%tzg'(f)
dx 'O | and dxdtzf'(t)

provided f'(#)#0

I532I
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Example 1: Find Ey if

a) x=a cos@, y=a sinf
Solution:
a) We have x=a cosf, y=a sin0

dx

d
— asin,—yacos
d d

dy
- dy _ /de
ence =4
dx %9
_acosb
—a sin0
— —cot0

b) We have x=at’, y=2at

dx dy
—=2at —=2
dt at and dt ¢

dy _ d%t

1-7 2t
c) We have E=ra VT Ier

ax (1+2)(=20)=(1-1")(20)
dit (1+7 )2

Basic Matihhematics

1-7 2t
b) x=at’ = 2at c) x= =
) $ )= e
I 533I
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a (1 72)2) 2020 2(1-7)

dt (1+[2)2 (1+t2)2

[\
—
—
|
~
(¥
~——

. dy_d%t (1+2) 1-p

T dx/ T &t _
1+7)
dy -1
dx 2t
Example 2:

t d
If x=a COSt+logtanE , y=a sin t.Show that Ey=tant

Solution:

t
We have X = a[cost + logtanz]

dx . ,t 1
2 —a sint sec’ — —
dt can L 22
2
sin 2f = 2sint.cost
cos g ;
=a —sint+% By Multiple angle Slnt—2smécosé
2s1nécos A Half angle
=a sint+; = qa —sint+ !
2sin%cos% sint
_ —sin’r+1  acos’t
sint sint
dx
— =acott-cost
dt
[ 534 1




. d
Again y =asint ?J;= acost

dy
dy _ 4t acost

Now == =—
dx dxdt acott-cost

d
= tang

dx

Example 3:

a dy
If x=a0, y=5,pr0vethat —+

dx
Solution:

Take, xy = a9~%

xy =a’
Using product rule

d d
dx x dx

Example 4:
Differentiate sin®x w.r.t. cos’x
Solution:

Let u=sin’x and v = cos’ x

u . 2
— =3sIn" x cosx
dx

dv .
— =-3cos’ x sinx
x

du
@2@_ 3sin® xcosx
dv v Iy —3cos’ xsinx

=—tanx

Basic Matihhemartics
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EXERcISE 18.6

Two and Three marks questions:

dy
1. Find — if
ind p
1 1
) X oat LLyoat b) x=c, y=log2i+1)
log(1+¢ S d =logt .
C) X—Og('i'),y 1+t ) X—Og’y ¢
4
e) x=4t, )’2? f) x=a secO,y=>b tand
g x a( sin ), y a(l cos ) h) x=a cos(logt), y=a log(cost)
2. Differentiate tan’x w.r.t. cos* 3. Differentiate sin*x w.r.t. x>
. . . . 1
4. Differentiate tan/y w.r.t. \/x 5. Differentiate log x w.r.t. A

6. Differentiate log sinx w.r.t. \/cosx

—X

; dy _
7. If xX= elogcos49 s Y= elogsm49 ShOW that E - 7

d
8. If x=a cos*0, y=a sin*0 show that d—i=—tan29
, , dy
9. If x=¢'(cost+sint) , y=¢'(cost —sint) . Show that E=—tant

d
10. If x=alogsec®, y=a(tan®—1) show that d_i =2 cosec20

ANSWERS 18.6

1 -l b L -t
) a) R ) (2t +1)e* ©) 1+1
d) _71 e) ;—21 f) gcosece
corl @ ttant
9 2 B)  Sin(logn)
[ 536 I
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2) —secx 3)  cosx? 4)  sec’x 5) —x
—2(cosx)%
6) ———
sin’ x

18.14 Second order derivative
Let y=f(x) then

Lo r@=y ()

If f'(x) is differentiable, we may differentiate (1) again w.r.t x. Then the left hand side

d(d
becomes E(d_i) which is called the second order derivative of y w.r.t x and is denoted by

dzy
dx?
y'ory, ify = f(x).

In general the process of differentiating the same function again and again is called successive

. The second order derivative of f(x) is denoted by /"(x). It is also denoted by D*y or

n

d'y
dxn ’yn

differentiation, further or £ (x) denotesthe n™ order derivative (if it exists) of the

function y = f(x).

1. Find thesecond order derivative of thefollowing functionsw.r.t. x:

a) x+x' b) 3cosx+4sinx
, 3 e
¢) x=at’, y=2at d) x—ct,y—?
Solution:

1
a) wehave y=x+x"' = y=x+—
X

dy 1 d’y
w0 Ty w0t

b) we have y =3cosx+ 4sinx

ﬂ =-3sinx+4cosx
dx

dzy

I =-3cosx—4sinx
X
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c) wehave x=at’, y=2at

,dx dy

. 2at, —=2a
dt dt
dy
ﬂz 41,‘ _ 2a
p _ =
dx %t 2at
dy _1
dx t

dzy_—_lﬂ_—_l(L)_ -1
a2 ode t \2at) 248

d) wehave x=ct, y=9,

dx dy —c
—=C, — =—
dt dt
dy
dy _ 4¢ —%z -1
i c
SR AR
P X £ ¢
_ 2
e
Example 2 :
If y* +2y=x".Showthat V. = a+y)
Solution:
We have y* +2y=x’
Difth. w.r.t. x
2x d
2y oyt =20 = =512 (y1=d—i)
_ X
’ y+1
[ 538 I
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Differentiate again w.r.t. x

X
e e )

’ v+ (y+1)

(y+1)7>-x° YV H1+2y—x°

v+ (D
y :; ( 2+2 _ 2)
ENCENS S TerEs
Example 3 :
d’y
If y = Asinx+ Bcos x then prove that +y=0

dx’
Solution:

We have y = Asinx+ Bcosx

Q =Acosx—Bsinx
dx
2 2
flxg} =—-Asinx—Bcosx = fle =—y
dzy
H +y=0
ence e y
Example 4:
d? d
If y= 3¢ +2¢°, prove that —2 —s-d—y+ 6y=0
A X
Solution:
we have y=3e> +2¢
dy _ 2x 3x 2x 3x
5—66 +6e = 6(e +e )
Again diffn. w.r.t. x
d2
dxf = 6(2¢" +3¢")
I 539 |
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2

dy dy
——5.—
dx dx

Hence +6y

= 6(2¢ 3¢™) 30(e™ ) 6(3¢ 2¢7)
=0
Example S:

If = x+va'+x*  Show that (a2+x2)y2+xyl—n2y=0

Solution:

wehave y= x++a’+x* .. (1)

B 1
yl=n[x+\ja2+x2:| 1 [1+2 /a2+x2.2x:|
n—1+1
_ [ T 2:|n71 |: la2+x2+x:|_n(x+\/a2+x2) (
nlx+va +x e e
a+x ~y1:n(x+\/a2+x2)n
= +x* y =ny [from (1)]

Squaring both sides we get (a2 +x° ) yi=n"y’

same base)

Differentiating both sides (a2 +x° )2 Y +2x-yi =02y y

Dividing throughout by 2y, , we get (a2 +x° ) y, +xy, —n’y=0
Example 6:

If y=e"logx.Showthat xp, (2x Dy, (x Dy 0
Solution:

We have y=e¢"-logx

Q=ex-l+e’“-logx
dx X
:;+ . — Xl
W=y [ y=e ogx]
Xy, =€ X . Q)
[T540 |




Basic Matihhematics

Differentiating both sides w.r.t x we get xy, + y, - 1=¢" +(y,x+ )

e =xy, —yx
= Xty =Xy, Xt Xy ty from (1)

xy, ¥ 2xy, xy y 0
= x,—2x-Dy, +(x-1)y=0
Example 7:

If e’ (x+1)=1.Sh thtdzy—(d—y)z
el (x =1.Show that - 5 )

Solution:

we have ¢’ (x+1)=1 applying the product rule
e -1+e ~ﬂ(x+l) =0
dx
, dy ,
V(x4 = =’
e'(x+1) o e

I
dx e'(x+1)

dx  1+x
Again diffn. w.r.t. x

dy _ -1

d’y 1
dx*  (1+x)

&’y _(dvY
W:(a) From (1)

Example 8 :

2
If y=tanx +secx. Show that d_J; = sz .
(1 —sin x)
Solution:
we have y=tanx+secx
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d

4 sec’x secx tanx

dx

dy 1 sinx Il+sinx 1+sinx 1+sinx
- = + — —_

dr cos’x cos’x cos’x l-sin’x (I+sinx)(1-sinx)

1
= » cos’x=1-sin’ x

I—sinx
dy 1
N —= -
ow dx 1-sinx
y -l ( cosx)
dx*  (1-sinx)’
d’y cosXx

dx’ - (1-sinx)’

Example 9:
2
Ifxy + 6y =2x. Show that 47— 24
dx”  (x+6)
Solution:
Given: xy + 6y = 2x
y(x+6)=2x
o 2x
YT re
dy (x+6)(2)-2x(1)
P (x+ 6)2 (by quotient rule)
o
(x+6)°

Again diffn. w.r.t. x

d’y _(x+6)(0)=122(x+6) _—24(x+6)

dx’ (x+6)’ (x+6)'
d’y _ —24
dx’ (x+ 6)3
[ 542 1
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Example 10:

Ify=log(x_|_1/x2 +1). Show that (x*+1) y, +xy, =0.
Solution:

Given:y=10g(x+«/x2 +1)

dy 1 1
e — | 2x
dc ! (HJXZH)[ ¥ +1 ]

el

(x X +1 Jx? +1

1
ne Vx®+1
A+, =1

Again diffn. w.r.t. x

1
VX' ly, y ———=2x 0

X +1

VX 1y, + N
’ Vx'+1

Multiply by /2 +1

(xz 1) v, x 0
Example 11:

2

2
If x* + xy + y* = a?, show that d J; =i3
dx”  (x+2y)

Solution:
Given: x* +xy +y* =a’

Diffn. w.r.t. x on both sides we get

dy dy
2x+ | x—4+p1|+2y—=0
( dx Y ) ydx
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%(x+ 2y)=-2x-y

dy —(2x+y)
E_ (x+2y) ........ (1)

Again diffn. w.r.t. x

(x+2y) 2.1+% —-(2x+y) 1+2%

dx’ (x+2y)2

dy dy dy dy
FX Ay 42y - 2f —4x -y 2y E
% xdx Y ydx % xdx Y ydx

(x+ 2y)2

d
ay(x+2y—4x—2y)+(4y—y)

(x+ Zy)2

dy
D 3x)+3
dx( x)+3y

(x+ 2y)2

(2x+ y)( ) 3

o) from (1)

(x+2y)

—-6x° —3xy—3y(x+2y)
(x+2y)
(x+2y2)

6x 3xy 3xy 6)°
(x+2y)3

—6(x2 +xy+ y2)
(x+2y)

d’y —6a’

I (x+ 2y)3 ( X +xy+y’ = az)
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Example 12:
If y=(a’+x%)°. Show that (x* + a*)y, — 10xy, — 12y =0
Solution:
y=(a*+x?)°
Diffh. w.r.t. x
y, = 6(a® + x°)°.2x
= 12x.(a* + x?)° ........ (1)
Again diffn. w.r.t. x
v, = 12x.5(a* + x*)*.2x + (@’ + x*)*.(12)
= 120x%(a® + xX*)*+ 12(a® + X2)° ... )
LHS = (x* + a*)y, — 10xy, — 12y, From (1) and (2)
= (x + a?) {120x%(a@*+ x*)* + 12(a*>+ x*)°} — 10x {12x(a® + x*)°} — 12(a* + x?)°

= 120y +x2)5+M—120 HaTx) —M
=0=RHS.

EXERcIsE 18.7

One mark questions:

. d’
1. Find dxf
1) y=3x"+4x"+7 2) y=2x+3 3) y=e?
4) y=x’-logx 5) y=logx+a" 6) y=e “sin2x
7)  y=log(logx) 8) y=cos4xcos2x 9) y=sin3xsin2x

10) y =cosmxsinnx

Two and Three marks questions:

. dy .
1. Find I if
1) x=a cosf, y=a sinf 2) x=a( +sin ), y=a(l—cos )

3) x=acos’t, y=—a sin’t

2

d
2. If y =sinmx , show that p 2/+m2y=0,
X

2

d
3. If y= 500€7x + 6OOe~7x , show that dxf = 49y .

[ 545I
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4. If y=e* +e“,showthat y, —a’y=0.
5. If y=2+logx, showthat xy, + y, =0
Five marks questions:
d’y 6a’

1. If x> —xy+y* =a’, show that e

-2

2 2 e
2. If x* +2xy+3y° =1, show that V> (x+37)

dZ
3. If y =acosmx+ bsinmx, show that 7 S

—+m’y=0
x

4. If y = acos(logx)+ bsin(logx) , show that x*y, + xy, + y =0
5. Ify= 10g(x—m) , show that (x2 + l)y2 +xy,=0

6. Ify=x+m,showthat (x2 l)y2 xy, vy 0

7. Ify=(x+\/ﬁ)m, show that (x2 l)y2 xy, m’y 0

8. If y =sin(logx), show that x*y, + xy, + y =0

ANSWERS
One mark questions:
-1
1. 18x+8 2. (2x+3)% 3. 9y 4. x(5+6logx)
1 . . O U IR B
5. —?+(loga) -a 6. —¢'Gsin2x+deos2r) T il
1
8. 2(cos2x 9cos6x) 9. E(—Cosx+250055x)
10. % (m+n)2 sin(m + n)x — (m —n)* sin(m — n)x
Two marks questions:
1 0
1. 1 cosec’ 2. — sec (—) 3. € sec’ ¢ cosect
a 4a 2 a
k ok ok ok ok
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Chapter
19 APPLICATION OF DERIVATIVES

19.1 Introduction:

Derivative have wide range of application in science engineering, social science and also in
the field of commerce. This application information about the behaviour function and hence
it in an aid in sketching graph of functions. The derivatives used to define a scope of a
tangent to the curve, to find the angle of intersection of two curves. The interpretation of
derivate as a rate of change of one variable with respect to another leads to its importance
in many field. In chemistry the rate of change of chemical reaction in physics velocity in
rectilinear motion in biology the rate of growth of bacteria and in economics it physics
concerned with marginal cost, marginal revenue and marginal profit etc.

Even though derivation find many application few application are discussed in this chapter.

19.2 Derivative as a Rate Measure:

If one variable depends on another variable, then the rate at which the first changes with
respect to (w.r.t) the scond can be measured by means of derivative.

Note:
vy = f{x) be a function ofx corresponds to an increment dx of x. Let 8y be the increment in y:
y &y [f(x 6x)
The average change of y w.r.t. x is given by

S_y:f(x+5x)—f(x)
ox ox

ox—0

. Y . . .
The lim (a) exists and is called the instantaneous rate of change of ‘y’ w.r.t. ‘x’.

(O _ A _
hence g){g})(a) =~ =/ (9| represent the rate of change of y w.r.t x

Note:
(Here rate measure w.r.t time (t) change mean = increase or decrease)
(i) If ‘s’ is the displacement of a particle in time ‘t’, v is the velocity ofthe particle then

_ds
dt

v =the rate of change of displacement |V
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Intitial velocity mean t = 0, final velocity or particle at rest means v=_0.

EAY b

(i) Invisthe velocity ofa particle in time ‘t’, ‘a’ is the acceleration of'the particle then

) dv d{ds\ d’s
a=the rate of chante of velocity e Bl ey

v d

Lla=— or —
dt dt

dA
(i) Similarly the rate of change ofarea ‘A’ ofa circle w.r.t its radius ‘r’is given by (—)

dr
. ‘,_(d_A)
and w.r.t. time ‘t’= r

dv
(iv) The rate of change of volume ‘v’ of a sphere w.r.t. its radius ‘r’ = (E) and

w.I.t. time “t i

dT

(v) The rate of change of temperature w.r.t. ‘t’= "

d,
(vi) The rate of change ofprice ‘p’ w.r.t. quantity g = d—z
Important formulae of plane / solid

( { Area of square = A = (side)” = x*

Perimeter of square = 4(side) = 4x

Area of circle = nr?
2 . . .
@) Perimeter or circumference of circle = 27r

Surface area of sphere = 477°

©) Volume of a sphere = %nﬁ
(4) Volume ofacylinder = 7,2

1
(5) Volume ofa cone = gﬂrzh
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(r=radius, h=height)
(6) Area ofan equilateral triangle = g (side)?

Volume of cube = (side)’ = x°
() |Surface area of cube = 6(side)’ = 6x°

WORKED EXAMPLES

Example 1 :
A particle moves a distance S = 6t> — t* + 5 (S = mt, t = sec) then find
(i) the velocity and acceleration after 3 second
(i) the time at which it is rest

Solution :
ds
) v
(1) Formula, 7
= 6(2t)=3t>+0
V=12t-3¢
at t=3sec, V=12(3) —3(3)>=9 mt/sec
leration = v or d—zs
acceleration = —- or — 3
a=12(1)-3(2t)
a=12-6t
att=3sec acc=12-6(3)=-6
acc =—6 mt/sec’ (retardation)
(i) Atrest V=0
s _o
dt
12t -3t =0
3t(4-1)=0

3t=0 or 4-t=0
t=0 or t=4sec
. the particle became to rest at 0 or at 4 sec
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Example 2 :

The distance ‘S’ feet travelled by a particle in time ‘t’ second is given by

s =3 — 6t> + 15t + 2. Find when the aceleration is zero.

Solution :
Givenacc=0,t="?

\Y4 s 32 12t 15
dt

—ﬂ—6t 12
acc = -~ =6t

0=6t—12 s6t=12

Example 3 :
According to law of motion of a particle if s =t* — 6t> + 9t + 8, find its initial
velocity?
. ds
Solution : V=—
dt
=32 12t+9

Initial velocity means at t=0 sec
.. Initial velocity = 3(0)— 12(0) + 9=9 unit
Example 4 :

If the displacement ‘s’ at any time ‘t’ is given by s = /1 —¢ . Show that the velocity

is inversely proportional to the displacement.

. ds
Solution : V=—
dt
1 d
- Za-1
2\/1—tdt( )
1 (1 1 l 1
N 2401 ¢ 2 1 ¢

1 1

Vo - *.» —— = g constant
s 2
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I. 3 marks question:

Example 5 :
The displacement ‘s’ of a particle at time ‘t’ is given by S =2¢* — 5t + 4t — 3 find

(i) the time when the acceleration is 14ft sec?.
(i) the velocity and displacement at that time.

Solution :
. _ds
() V=
= 23t -5R2t)+4 (1)
=6t°— 10t +4

. acc = ds =6(2t)—-10
dt

acc=12t—10, givenacc= 14ft sec?
14=12t-10

24=12t .
(i) .. att=2 sec, V=6(2)"-102)+4
=24-20-4=81t/sec
att=2sec, S=2(2)-5(2)*+4(2)-3
=16-20+8-3
=24-23=11f
Example 6 :

When brakes are applied to a moving car, the car travels a distance ‘s’ feet in ‘t’
sec given by s =20t — 40t>. When and where does the car stop?

Solution :
Given, carstop v=0, t=? s=7?
. _ds
® Y
0=20(1)—40 (2t)
0=20-80t
20 1
80t =20 t=%=zsecor

when the brakes are applied the car take 0.25 sec to stop
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(i) .. distancetravelled during t=0.25 sec
s=20t-40t
s=20(0.25) —40(0.25)*
[s=2.5 feet]
Example 7 :

A particle moves according to the laws s =t* + at? + bt. Find ‘a’ and ‘b’ if the initial
velocity is 5 unit and when t =1 sec it is moving with a velocity which is 4 times its

initial velocity.
. ds
Solution : v=—
dt
= 3t’ +a(2t)+b(1)

v=3t"+2at+b
Initial velocityat t=0secis 5

5 3(0) 2a(0) b
b=5

And att= 1 sec, velocity = 4 times initial velocity
3t2+2at+b=4 x5

3(1) +2a(1) + b=20

2a+b=20-3

2a+b=17 putb=5

2a+5=17
2a=17-5
2a=12

Example 8 :

A particle shot vertically upward rises ‘s’ feet in ‘t’ sec where s =40t — 16t>. Find
the greatest height attained by the particle.
Solution :

The greatest height attained by the particle is v=0

ds
v=—o
dt
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0=40(1) - 16(2t)

40 5
32t =40 ~'~f=3—2=z or
att=1.25sec, the greatest height reached by the particle
s =40 (1.25)—-16(1.25)*
25
s=50-16 (E)=50—25=
Example 9 :

8
The radius of a circular plate increase at the rate Ey. cm/sec. Find the

(i) rate of change in the area when the diameter in 12cm
(ii) and also find the rate of increase of the circumference of circle after 3 sec.

Solution :
dr 8 dA dc
Given o e di 0 ,r=12cm
A=mr’
d—A = 7T.2r(ﬂ)
dt dt
8 >
= w.2r| — [=32cm/sec
RY/4
. . dc dr
circumference of circle, C =2nr s—=2r()—
dt dt
_, 22 16r 44x16x(6)°
7 3 21
. dc 88x16 1408
Rate of change of circumference w7 -7 - 201.1 cm/ sec
Example 10 :

A circular blot of ink increases in area in such a way that the radius at time ‘t’ sec is

t3
given by r=2¢" — T What rate the area of the blot increase when t =4 sec.

I553I




(Il PUC)

Solution :
A =mr’
dA dr I
S—=T2r— 1 :21‘2——
7 th Given, r 2
dr 3¢
= = =202n-=
21 16(4), ” (21) 4
3t’
=128 mem? / sec =4t — e
43
[.‘.r=2(4)2—7=32—16=16] att=4 sec
dr 3(4)
T oa) -2 = 16—
7 4) . 1612
g £=4cm/sec
dt

Example 11 :
The volume of a sphere is increasing at the rate 47 c.c/sec. Find the rate at which

the area of its surface increases when its radius is 10cm.

aa_,

Solution : Gi ﬂ—47'Ecc/se(: =10
olution : 1vendt .C. , r=10cm, il

4
Volume of a sphere= V = gﬂf

il = iﬂ(?)rz ﬂ)
dt 3 dt
dr dr
41 = 4m(10)> — 41 = 400 —
a0 = dr

dr 4r 1
— —— —cm/sec
dt 400 100

A= surface are of the sphere = 47r?

%=4ﬂ(27’ﬂ) 871(10 L d—A=4—ncm2/SCC
dt dt = 77:( ) 100 dt 5
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Example 12 :

A spherical balloon is being inflated so that is volume is increasing at the rate of
30c.c/ min. How fast its surface area increasing when its volume is 367 c.c ?

Solution :

dA

=7, v=36mcc
dt

Given d_ 30c.c/ min
dt

4 T,
Volume=V=§7W = 367‘5=4§(r)

36w %3

4 v =2

4
Again, V= 571'}”3

.ﬂ:iﬂ(sr@)
dt 3 dt

dr dv
= 4 (3)’ — 30 =361 —
30=4nG7 = di
dr 30 5 .
—=——=—cm/min
dt 36m o6rm
dA d
surface area A=4nr> = — =41 2
dt dt
- 8n(3)(i) _ 40
61 2

d—A =20 ¢m® / min
Example 13 :

A squareplate in expanding uniformly, the side is increasing the rate of Scm / sec.
What is the rate at which the area and its perimeter is increasing when the side is

20cm long.
Solution : Let the side of the square be ‘a’ cm
Given, %=56m/sec’ %:?, Ci_fz?’ a=20cm
[ 555 I
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Area ofthe square A = 42

dA ( da)
so—=2a| —
dt dt

=2(20) (5)=200cm?/ sec
Again, perimeter =P =4a

dp da
;.5:4(1)5 = 4(5) o 120em / sec
Example 14 :

The sides of an equilateral triangel are increasing at the rate 3 cm / sec. How fast is
its area increasing when the side is 10 cm.

Solution:
Let us assume that the side equilateral triangle = ‘a’ cm

@ 3cm/sec, a = 10cm, d—A ?
dt dt
B d_Azﬁ(za@)
4 dt 4 dt
= ﬁ x2(10)(3) = @ -15V3
4 4
dA

. —=15\/3_cm2 / sec
dt

Example 15 :
Water is flowing out of a vertical cylinderical tank at the rate of 15 cubicft / min.
Find how the level water is decreasing if the radius of the tank is 3ft.

Solution :

dv @_

EzlSCﬁ/min, ? r=3ft

a
Volume ofa cylindrical tank, v=nr*h

ﬂ_mz(d_h) _
7 ar (r = constant)
T S S R I
dt dt or 3z
[ 556 I
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Example 16 :

The edge of a variable cube is increasing at the rate of 6cm / min. How fast is the
volume and its surface increasing when the edge is 10cm long?

Solution :
Let the edge ofthe cube be ‘x” cm.

dx dv dA
Given, 7 cm / min 7 s , x=10cm
Volume ofthe cube = y = 3

'ﬂ=3x2@

Cdr dt
=3(10)2(6) = 3x100x6

A
d— =1800c¢m’ / min
dt

surface area ofthe cube = A = 6x?

cdA o dx
C o TP = 12(10)(6)

dA )
— =720cm’ / min
dt

Example 17 :

The height of a cone is 60cm and it is constant the radius of the base is increasing
at the rate of 0.50 cm/sec. Find the rate of increase of volume of the cone when the
radius is 10cm?

Solution :
d d
Given, h=60cm (constant), ?: =0.50 cm / sec ?‘; =?, r=10cm

1
Volume of the cone= v = gm2h

dv 1 dr
E = Eﬂh(er) ( h= constant)

d
- §7r><60><10><0.50 ?::2007: cm? / sec
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Example 18 : Aladder 17 feet long leans against a smooth vertical wall. If the lower end
is moving at the rate of 2 ft min. Find the rate at which the upper end is moving
when the lower end is 8 ft from the wall.

Solution :

WALL

«— X
Q7777777777777 7777
8 feet floor

d
Given, d_); = Rate at which the upper end moves = 2t min.

dx .
7 = Rate at which the lower end moves = ?

AABC is aright angle triangle
.. frompythogoras theorem

OB’ +OA* = AB?
¥ +y' =17 (D
8 +1y'=17" = 64+ =289
5. y" =289 -64=225 sy =15 feet
Again differentiate (1) w.r.t. t

2x—x+2yd—y=0
dt dt
dx dy dx

= —+y—=0 S 8—+15(2)=0
2 T a TP
8% _ 30 30

dt dt 8

dx

. |—=-3.75 ft /min
dt

(negative sign shows that the ladder in moving away from the wall)
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Example 19:
A man 2mt height walks at a uniform speed of 6km / hour away from the lamp post

6m high. Find the rate at which the (i) length of his shadow increase (ii) the rate at
which the tip of the shadow is moving.

Solution :
A
6m C
2m
B " D v E
z =x+ty
Given the rate of man walking 7); = 6km | hr
Rate of shadow length increase = e ?
. . dz
Rate tip of shadow nowing 2 ?
AABE and ACDE are similar
. AB _BE 6 x+y 3_x+y
"D DE — 2 y T 1
3y=x+y . Diff. w.r.t. t
Ll _de
dt dt
: dy
.. Rate ofincrease oflength of shadow = o 3km [ hr

Again, z=x+y diff. w.rt.
dz dx dy
— =t +3=
a o aa = 6 +3 =9 km/hr
.. Rate at which tip of shadow is moving =9km / hr
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Example 20 :
Two car, one going due east the rate 90 mt/min and the other going due south at the

rate 60 mt/min all travelling towards an intersection of the two roads. Show that the
two cars are approaching each other at the rate 108 mt/min. At the instant when the
1st car is 200 mt and the 2nd car is 150 mt from the intersection.

Solution :
Position of 1stcarisatA, 2ndcarisatB
Let x = distnace of 1st car from the point of intersection of two road (at C) =200mt

y=2nd car = 150 mt ond car
B
@=—90 mt/ min Q=—60 mt / min
dt di
(negative sign show both are approaching towards
z
y

the point of Intersection)
z = distance between two car
.. ABC s aright angled triangle

A X C

Ist car intersection
of two road

2 2

=X+ Y Q)
= 200% +150* = 40000 + 22500

2> = 62500 . z=4/62500
Diff (1) w.r.t ‘t’

22% = 2x@ + Zy%
dt dt dt

dz _ dx dz

+2, z—=x—+y—
ar a7

zso(%) 200( 90) 150( 60) = 18000 — 9000

250(%) =-27000
dt

L& 27000 e e min

i 250
The two car approach at the rate 180 mt/min
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II.

ExERrcrIse 19.1

2 marks questions:

. The displacement ‘s’ ofa particle at time ‘t” is given by § = 47* — 4> + ¢ — 7 . Find the velocity

and acceleration whent =2 sec.

If' S = 5t> + 4t — 8. Find the initial velocity and acceleration. (s = displacement, t = time)

. A stone thrown vertically upward rises ‘s’ ft. in ‘t” sec. where s = 80t — 16t%. What its

velocity after 2 sec? Find the acceleration?

. A body is thrown vertically upwards its distance S feet is ‘t” sec is given by S=5 + 12t —t2.

Find the greatest height reached by the body.

. If = /s? +1 prove that acceleration is ‘S’. (V = velocity, S = displacement)

If S =at® + bt. Find aand b given that when t =3 velocity is ‘0’ and the acceleration is 14
unit. (S =displacement, t = time).

When the brakes are applied to a moving car, the car travels a distance ‘s’ ft in ‘t’ see given
by s = 8t — 6t* when does the car stop?

3 marks questions:

. The radius of a sphere is increasing at the rate of 0.5 mt/ sec. Find the rate ofincrease of'its

surface area and volume after 3 sec?

The surface area of a spherical bubble is increasing at the rate ofa 0.8 cm? / sec find at what
rate is its volume increasing when r = 2.5cm [r = radius of the sphere).

. A spherical balloon is being inflated at the rate 35 cc/ sec. Find the rate at which the surface

area of the balloon increases when its diameter is 14 cm.

2
The radius ofa circular plate is increasing at the rate of Ep cm/sec. Find the rate of change

of'its area when the radius is 6¢cm.

A circular patch of oil spreads on water the area growing at the rate of 16cm? / min. How
fast are radius and the circumference increasing when the diameter is 12 cm.

. A stone is dropped into a pond waved in the form of circles are generated and the radius of

the outer most ripple increases at the rate 2 inches / sec. How fast is the area increasing
whenthe a)radiusis5inches b)after 5 sec?

The side ofan equilateral triangle is increasing at the rate /3 cm/sec. Find the rate at which
its area is increasing when its side is 2 meters.
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. Water is being poured at the rate of 30 mt* /min into a cylindrical vessel whose base is a

circle ofradius 3 mt. Find the rate at which the level of water is rising ?

. Sand is being dropped at the rate of 10 mt* /sec into a conical pile. Ifthe heihgt of the pile

twice the radius ofthe base, at what rate is the height to the pile is increasing when the sand
in the pile is 8mt high.

A ladder of 151t long leans against a smooth vertical wall. Ifthe top slides downwards at the
rate of 2 ft / sec. Find how fast the lower and is moving when the lower end is 12 ft from the
wall.

An edge ofa variable cube is increasing at the rate of 10cmy/sec. How fast in the volume and
also its surface area is increasing when the edge is Scm long.

A man 6ft tall is moving directly away from a lamp post of height 10 ft above the ground. If
he is moving at the rate 3 ft / sec. Find the rate at whcih the length othis shadow is increasing
and also the tip ofhis shadow is moving?

The height of circular cone is 30 cm and it is constant. The radius of the base is increasing at
the rate 0of 0.25 cn/ sec. Find the rate ofincrease of volume ofthe cone when the radius of
base is 10cm.

The volume ofa spherical ball in increasing at the rate 47tcc /sec. Find the rate of increase of
the radius of the ball when the volume is 288 mtcc.

A drop ofink spreads over a blotting paper so that the circumferenes ofthe blot is 4tcm
and it changes 3cm/sec. Find the rate of increase of its radius and also find the rate of
increase ofits area?

Acircular plate of metal is heated so that its radius increases at the rat of 0.1 mm/ min. At
what rate is the plate’s area increasing when the radius is 25cm [ lem = 10mm]

The surface area of a spherical soap bubble increasing at the rate of 0.6cm? /sec. Find the
rate at which its volume is increasing when its radius is 3cm.

Arod 13 feet long slides with it end Aand B as two straight lines at right angles which meet
at ‘O’. If Ais moved away from O with a uniform speed at 4ft/ sec, find the speed of the
end B move when A is 5 feet from O.

A street lamp is hung 12 feet above a straight horizontal floor on which a man of 5 feet is
walking how fast his shadow lengthening when he is walking away from the lamp post at the
rate of 175 ft/min.

Find a point on the parabola y* = 4x at which the ordinate increases at twice the rate of the
abscissa [ordinate = y, absissa = x].
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ANSWERS 19.1

I 1) V=25unit,acc=36unit 2) [.V=4unit, acc = 10 unit
3) V=10ft/sec, acc =-32ft/sec? 4) S =41 feet
6) a=g, b=-21 7) t:+?2 sec
II. 1) 6mm’/sec, 4.5tm’/sec 2) l.cc/sec
3) 10cm?*sec 4) 8cm?/sec
4 .8 . . .
5) gcm/ min, gcrn/mm 6) 20 inch?/sec, 407 inch*/sec
7) 300 cm® /sec 8) 19 mt/min 9) 2 mtfsec
RY/4 &
3
10) Eft/sec 11) 750 cm? /sec, 600 cm? /sec
12) 4.5t/ sec, 7.5 ft/sec 13) 50m cm?/sec
1 3
— I 2
14) 36 cm/sec 15) Py cm/sec, 6cm? /sec
16) 507 mm?/min 17) 0.9 cc/sec
5
18) 3 ft /sec 19) 125 fi/min

20) (x»y)=(§,1)

19.3 Increasing and Decreasing function

Definition : A function y=f(x) be a continuous function defined on an Interval I. Let x, and
x,are any two points in the interval. Then f(x) is said to

(i) Increasingontheintervalif x, <x, = f(x,)< f(x,)
(i) Strictly increasing on the interval if x, < x, = f(x,) < f(x,)
(i) Decreasing onthe intervalif x, < x, = f(x,) = f(x,)

(iv) Strictly decreasing on the intervalif x, <x, = f(x,)> f(x,)
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Graphical Representation:

v

Increasing

Sig (1)

Jx)

Sx)

Decreasing

Jig3)

(0] X X, X
Strictly Increasing
Jig 2)
Jx)
Jtx)
(6] )él X,
Strictly decreasing fig (4)

d
Note :(i) When the function y = f(x) is increasing in an Interval then d_i = f'(x)> 0 (positive)

d
(i) When the function y = f{x) is decreasing in an Interval then d_); = f'(x) <0 (negative)

(@) If y=f{x)issaid to be stationary at a point f{x) is neither increases nor decreases

d
then Lo i.e. the tangent is parallel x — axis

dx
y

fig (5)

(iv) The value of x for which the function y=f"(x) is stationary are more frequently called

Critial value for the function.
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Example 1 :
Find the intervalin which f(x) 5 36x 3x* 2x’is
(i) increasing (ii) decreasing
Solution :

Lety f(x) 5 36x 3x° 2x°
D _ 1 (x) = 36(1)+3(2x) - 203x)
dx

(i) forincreasing 36+ 6x —6x> >0

+6, 6+x—x>>0

—(x*=x—-6)>0
multiplying by (-) sign (x*—x-6)<0
(x=3)(x+2)<0
= x-3<0 or x+2>0 = x<3 or x>-2
=

-~ f(x) is increasing in the interval (-2, 3)
(i) for Decreasing f"(x)<0
36 6x 6x° 0
=6, 6+x—x"<0
~(x* =x-6)<0
multiply by () sign »? —x—6>0
(x=3)(x+2)>0 = x-3>0 or x+2<0
x>3o0r x< -2 . f{x) is decreasing in the Interval (—e,~2) U (3,0)

Example 2 :

Find whether the function are increasing or decreasing or neither increasing nor
decreasing.

Solution :

() f(x)=2x+3x-7 at x=2
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fl(x)=4x+3
F1(2)=4(2)+3=11>0(+)
oo f(x) is increasing at x =2
(i) f)=x"—6x"+12x-1
f1(x) 3x 6(2x) 12(1)
=30 —12x+12 = 3(x* —4x+4)
3(x—2)* >0 forallthe value of ‘x°
f{x) is increasing at all points
(i) f(x)=x"—6x+5
fl(x)=2x-6(1)=2x—-6 = 2(x—3)
flx)y 0 x 3 0 x 3
ffx)y 0 x 3 0 x 3

. f(x) is increasing at all x >3
decreasing for all x <3

(V) f(x)=x'-4x*+5x+1 atx=1
f1(x)=3x" —4Q2x)+5(1) =3x> =8x+5
£ 317 81) 5 3 8 5 0
-~ f(x) is neither increasing or decreasing at x = 1
Example 3 :
Find the critical (stationary) points of the function f(x) 2x’ 9x> 12x 6

Solution : f(x)=2(3x*)-9(2x)+12(1)
= 6x% —18x+12 = 6(x* =3x+2)

for critical point 1 (x)=0

0
L6 =3x+2)=0 = (x D(x 2) r 0
~x=landx=2 .. the critical points are 1 and 2
[S66 |
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Example 4 :
Find the stationary points and the corresponding value of the function

f(x)=x-3x"-9x+5
Solution :
F(x)=3x"=3(2x)=9(1) = 3x* —6x—-9
At stationary point " (x)=0
0 3(x* 2x 3) 0 3(x I(x 3)
=>x+1=00rx—-3=0
x=-lorx=3

the stationary point are —1 and 3.

the values are at x =—1
S)=(=1)=3(=D)* =9(-1)+5
=-1-3+9+5=
atx 373 (3 303 93) 5
=27-27-27+5=

.". the stationary values are 10 and —22
Example 5 :

Find the domain of increasing and decreasing of f(x)=x"—-4x+3
Solution :
f(x)=x"-4x+3 = f'(x)=2x-4()

forincreasing  f'(x)>0 - 2x—4>0

S 2x>4

for decreasing function f'(x)<0 = 2x-4<0

2x—4

.". the given function increasing in (2, o)
given function decreasing in (—oo, 2)
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Example 6 :

Find whether the following are increasing or decreasing or neither. And also find
the critical point if they exist.

() f(x) 2x° 21x° 36x 20 at x=0,—1
Solution :
S1(x)=203x") =21(2x)+36(1) = 6x" —42x+36
atx=0,  f'(0)=6(0)—42(0)+36=36>0
atx=-1, f'(1)=6(1)"—42(1)+36 =6+42+36=84>0

.. f(x) is increasing at both x =0 and x =—1
for critical point

f1(x)=0
6x> —42x+36=0 = 6(x’—=7x+6)=0

¥ =7x+6=0 = (x-D(x-6)=0
x—1=0andx-6=0

x=1, 6allcritical point

() f(x) x latx 2,3
x

Solution: f'(x)=(1)+(-1x"") = 1_x_12

1 1 3

=2, f'Q)=l-——=1-—=>>0
atx /@ (2)° 4 4
1 1 8

=3, f'@)=l-—=1--=->0
g /G 32 979

.. f(x) is increasing at x =2 and 3

1
for critical value, /'(x)=0 ..1- == 0
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x’—7x+6
(i) f(x)=——F— at x=1,-1
x—10

Solution : f '(x)=(x 10)@x_7) (x2 7x 6)1)
(x—10)

Ly @102 7y 17 6)
at x=1 /(D)= oy

(D=0 45
(=9) 81

. _(1 10)( 2 7) (( 1)2 7( 1) 6)
atx=-1 f (-] = (_1_10)2

(19 (7 6 _99-14_8s
B (-11)° o121 121

- f(x) isincreasing at x = 1 and —1
for critical value f'(x)=0

x 1002x 7) (x> 7Tx 6)
(x—10) -

0

(x 10)2x 7) (x* 7x 6) 0
2x% = 7% —20x+70—x" + 7% —6=0
¥ =20x+64=0 = (x—-16)(x-4)=0

are critical value

@(iv) f(x)=e*+1latx=0

flx)=¢e'
atx 0 f'(©0) ¢ 1 0 . f(x)isincreasing at x=0
for critical point f'(x)=0 - ¢ =0 bute*canneverbe ‘0’ for any value of ‘x’

. f(x) hasno critical point
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EXERCcISE 19.2

2 and 3 mark
I. Find whether the following functions are increasing or decreasing or neither.

v
(ii)
(ii)

f(x) x* 8x° 22x* 24x 5 at x=0,-2
f(x)=4x" —15x" +12x -2 at x=1,-1

f(x)=(x-1)(x-2)" at x=1,3

II. Find the value of x (Interval) for which the function is increasing or decreasing.

IL

19.4

()
(iii)
V)

@

(ii)
(ii)
@

(ii)
(iii)
(v)
V)
(Vi)

f(x) 2x° 15x* 84x 7 (i)  fx)=x"-2x"+1
f(x)=x" =3x> +3x-100 (V)  f(x)=2x>-96x+5
f(x)=10-6x—2x" VD) f(x)=2x"+9x" +12x+ 20

ANSWER 19.2

Decreasing at x = 0, Increasing at x =—2

Decreasing at x = 1, Increasing at x =—1
Increasingatx=1,x=3

Increasing : x < -2 andx > 7, Interval (—ee,-2) U (7,0)

3 3
Increasing : x> 5 Interval (5’00)

Increasing for all x

Decreasing —4 < x < 4

. 3 ) 3
Decreasing x > 5> Increasing x < -

Increasing (=2, 2) U(-Le0),
Decreasing (-2, 1)

Maxima and Minima

Open Interval & Closed Interval : If xc g (R = set of finite real number)
‘a’ and ‘b’ the open interval with end point @ and b is denoted by (a,b) is the set
{x € R,a< x < b} forclosed Interval [a,b] isthe set {x € R,a<x < b}

[T570 |
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Local Maxima (Relative Maxima) Y

In the fig(1) A'is called a point of Local A
Maxima at x = a because the value of the
function at Ais greater than at any point in M N
the neighbourhood M and N ie., at

x=a—-handx=a+h
J@

.. f(x) is said to have a local maxima at x
= a there exist an interval (a —h, b+ h)
neighbourhood of ‘a’ such that © a—h a ath *

fla) fla h)and f(a) fla h). fig (1)

Local Minimum (Relative Minima) ¥

In the fig(2) B s called a point of Local o~
Minima at x = b because the value of the N
function at B is small than at any point in
the neighbourhood M and N ie., at x = b
—handx=b+h

w

.. f{x) is said to have a local minima at )
x = b there exist an interval (b—h, b +
h) neighbourhood ofb such that 0 b—h b bh x

JB)Y<f(b=h) fig (2)
JB)< f(b+h)

Note:

(1) A function may have many local mixima and many local minimal values. In fig(3) f(x) has
attained maxima at A, C, E, G and minima at B, D, F, H.

(i) Points oflocal maxima and local minima ofa continuous function always occur alternately.

(i) A maximal value in a neighbourhood can even be small than a minimal value in another
neighbourhood ie., in the fig(3) D and G.
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Maxima !
Definition : A function y = f(x) insaid to
have a maximumat x = a is there is an open
interval (a—h, a+h) such that
f(x)< f(a) forall x (a h,a h) and

f{x) is maximum value of the given function.

From the fig(4) it is clear at A. The tangent
is parallel to x - axis !

.. slope=0

= f=0 f>0 \\< ,

at x=a—nh, f(x)>0 /

at x=a+h, (x>0

Hence is f(x) is maximum at x = a the

f'(x) changes sign from+ve to —ve o o P T T
Minima : fig (4)

A function y = f(x) is said to have a minimum at x = b is there exist an open intervel

(b—h, b+h) suchthat f(x)> f(a) forall x e (b—h,b+ h) and f{b) is the minimum value
of'the given function.

From fig(5) it is clear at B the tangent is
parallel to x -axis

v

" slope=0

. f](x)>\ /4 0
dy

L, — = = 0 B
dx /9

at x=b—h, f(x)>0

at x=b+h, (x>0

ftb)
Hence f{x) is rmnlmu;m atx = bthen 5 o b . >
f{x) changes sign from—ve to +ve
fig (5)
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Working method for finding Maxima or Minima

dy _ ol
Step (1) find i /(%)
dy .
Step (2) put o 0. Solve the equation. Let x = a, x = b etc. be the value ofx
. d’y o .
Step (3) Find I (second derivativetent) = f'(x)
X
'y
forx=a, If e +ve then f(x) is minimum
X
'y
forx =a, If Ve then f(x) is miximum
X
'y
forx=a,lIf T 0 then f{x) is neither maximum nor minimum then
X
x = ais said to be a point of Inflexion
Step (4) To find the maximum or minimum value the corresponding value of
x = ab etc. is substitute iny = f(x) to gety ory .
Example 1 :
. - 2, 250
Find the minimum value of x~ + T
Solution :
250
Lety:f(x)=x2+7 ............ )
dy -1 dy 250
L =2x4250 = A} et
d * (xz ) = dx * x?
dy 250
s L 0=2x-2
put dx * x’
250
e =W =20 = P=125=() o [x=5
d’y -2 500
in. —=21)-250| — | = -
Again, 5 =2(0) (x3 ) 2475
[ 573 I
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d’y , 500 2+500

atx=35, = =3 125 () o f(x) is minimum

for minimum value subx=51n (1)

2
S, ymin= (5)2+%0=25+50=75

Example 2 :

Find the maximum and minimum value of x* —9x2 +15x—1
Solution :

Let x*—9x* +15x—1
Q=3x2 -9(2x)+15(1)=3x> —18x+15

dy
put E=O o 0=3x"—18x+15

0
0=3(x"-6x+5) = §=x2 —6x+5

X' —6x+5=0
(x 5(x 1 0 x 1,5

2

dy

Now, ——=> =3(2x) -18(1) = 6x—18
dx
d’y
at x=1, I 6(1) —18 =-12 (—ve) <0 . Hence the function attain maxima
X

d’ . L
at x=35, d—f=6(5)—18=30—18=12 (+ve)>0 .. the function attain minima
X

for maximum value subx=11in (1)

S ymax = (1)’ =91 +15(1) -1

=1-9+15-1=[46]

for minimum value substitute x =15 in (1)

soymin= (5)° 915 15(5) 1
=125-225+75-1=[226]
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Example 3 :

. . logx .
Find the maximum value of T (xin real)

Solution :
log x
Let y=% ............. (1) by quotient rule
x(l)—logx(l) 1=1
Q=X— = 0= —(z)gx
dx x’ *
0=1-logx
log, x=1 S lx=e
5 1
gy |7 |- logx)(2x)
Now, %Y _ X
de (x2)2
_x 2x 2xlogx  3x 2x logx
x* x*
_ x(=3+2logx) C|d’y _ -3+2logx
x* Tldx? x’
d’y -3+2log’ -3+2(1 ,
at x=e, y_2rol8 = e=—3() ('.'log‘zl)

dx? e’ e
1

= —§<0 (.. eis+ve)

.". the function is maximum at x = e
for maximum value put x = e in (1)

_ _logj_
Soymax = -

1
Example 4 : Show that — is maximum atx=e
X

1
Solution : y T e (1)

apply log on both side
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1 1
logy=log— = logy=— logx
X X

diff. w.r.t. x by produce rule

1 dy 1(1 -1
o)
y dx x\x X
dy 1 1 logx
== 0, —(0) —
put o y( ) =
1-1
0= (2)gx = 0=1-logx
X
o log) =1 Solx=e
. dy | l-logx )
Again, b Y 2 apply quotient rule
iy x’ y(_xl)+(l —logx)% —y(1-1logx)2x
dx* ()
I A
atx = e, d 2/ e'f 83 0
dx e e
.. the function has a maximaatx =e
Example S :

1
Show that x* is minimum at x = ;

Solution :
Let y=x* ........ (H

apply ‘log’ on both sides
o log y=logx* = log y=xlogx Diff. w.r.t. x

14 = x(l)+ log x(1)
y dx x

Q:H—logx

1
y dx
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1
put Y _p ;(0):1+logx = 0=1+logx

1
= log;C =-—1 x:eil x=;

d
Now | = y(1+logx)
dx

Difth. w.r.t. x

dy

1 dy
=y|—[+1+1 —
e y(x) ( ng)dx

1
=2 1 logx)y(1 logx) = y —+(1+logx)’
X X
x 1 2
= x —+(+logx)
X

(22)ur £ (Y 6] e

. L. 1
.. the function has aminima at x=—
e

Example 6 :

Find the maxima and minima of the function f(x) 3x’ 9x> 27x 30
Solution :

Given  f(x)=y=3x=9x" =27x+30 .ccceeuue. (D)

i 33x%) 9(2x) 27(1)
dx

Q=9x2 —18x—-27
x

0=9(x" —2x-3) ¥ -2x-3=00=0

(x=3)(x+1)=0 sLox=3, -1
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2

Now, ‘j{xf =9(2x)—18(1)=18x - 18
d’y
at x=3, e =18(3)-18=54-18=36>0 s f(x) is maximum at x =—1
X
d’y
at x=-1, T =18(-1)-18=36<0 s f(x) is maximum at x =—1
X

.. for minimum value put x=3in (1)
Vo = 33 =9(3)° -27(3)+30
= 81 -81—-81+30=-51
for maximum value putx=—11in(1)
Vow = 3C D7 9C D? 27( 1) 30
=-3-9+27+30=45

Example 7 :
Find the maximum and minimum value of f(x)=x* —5x*+5x -1
Solution :
Let y=x"—5x*+5x" =1 wceovvrenne (1)
% Sxt5(4xT) S(Bx) = st 200 +15¢°
dy

put E=05 5x* —20x° +15x% =0

5x°(x" —4x+3)=0 = 5x* 0,x> 4x 3 0

x° =%, (x=3)(x-1)=0

|x=0, x=3, x=1|

2
LT 5(4x) = 2036 +152%) = 204" — 60x° 4 30x
X

Now

2
at x=0, Z—f=20(0)3—60(0)2+30(0)=0
X

.. f{x) is neither maxima nor minima at x =0
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20(1)°  60(1)* 30(1) = 20-60+30=-10<0

at x 1,

- f{x) is maximum at x = 1

at x 3, ay 203)° 60(3)* 30(3) =540—540+90=90>0
. f{x) is minimum at x =3
.. for maximum value putx=1at (1)
soymax= (1) =501 +51)* -1=1-5+5-1=0
for minimum value putx=3 at (1)
s ymin= (3)° —=53)* +5(3)’ —1=243-405+135-1 =28
Example 8 :
Show that x* —6x* +12x — 3 has neither a maximum nor a minimum at x=2.

Solution: Let y f(x) x* 6x* 12 3
d—y=3x2—6(2x)+12(1)
dx

0=3x>—12x+12 = 0=3(x"—-4x+4)

0
x2—4x+4=§=0 = (x-2=0 . |[x=2
d’y

—=3(2x) - 12(1) = 6x—12
X
d’y

at =2 =3(2x)-12(1)=6x—-12
X
.. f(x) has neither maxima nor minima at x =2

Example 9 :
Divide the number 40 into two parts suh that their product is maximum.

Solution : Let the number be x and y
Sox+y=40

product, p=xy
P =x(40 —x)

p=40x—x
for the product to be maximum difth.
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dp d’p

—=40(1) - 2x =-2<0

dx () dxz

0=40—-2x = 2x=40 .. product is maximum at
x=20,y=20

subin(1) .. y=40-20
.. the numbers are 20 and 20
Example 10 :
The product of two natural number is 144, find the numbers if their sum is minimum.

Solution :
Let the numbers are x and y

Given xy = 144

sum of numbers = S=x+y

144
S = x+7 from (1)

for the sum to be minimum differentiate w.r.t. x

é =1+ 144(—%)
dx X

— =l = ¥=14 - [x=1]

Second derivative test for minimum

dzy )
R VA

d’s 1
x=12, — = — (+
at o 6( ve)
. 144
subin (1) y=7 Ly=12

.. the two numbers are 12 and 12

[T580 |
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Example 11 :
Show that f(x) 4x° 25x* 40x’ 3 hasa point of Inflexion at x=0

Solution: Let  f(x) 4x° 25x* 40x’ 3

Z_y 4(5x%) 25(4x’) 40(3x’) = 20x* —100x’ +120x7
X

d
d—i 206°(x° Sx 6) = 0=20x (x—5x+6)
. 20x7 =0, x* —5x+6=0

x 220, (x 2)(x 3) 0

20(4x7) 100(3x*) 120(2x) = 80x® —300x2 + 240x

2

N ey
ow, dx2
d? y

at  x 0, == 80(0) 3000) 240(0) 0
X

."._f{x) in neither maxima nor minima
.. f(x) has a point of inflexionat x=0
Example 12 :
Divide 64 into two pars such that the sum of the cubes of two parts is minimum
Solution :
Let the two parts are x and y
Given x+y=064

sum of their cubes, s = x* + )°

s=x+(64-x)’ from(1)
for the sum to be minimum diffth. w.r.t. x

s =3x"+3(64—x)*(-1)
dx

0=3x" —3(64 - x)’

oo 3x =3(64-x)°
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=X =(64-x) = x=64—x

L 2x=64,x=32
Second derivative test for minima
d’s
) 3(2x) 3264 x)( 1) =6x+6(64—x)
d’s
at x 32, el 6(32) 6 (64 32) =192+ 192 =384 (+ve)
.. the sum is minimum

To find 2nd part subx =12 in (1)
Ly=64-32  yp=32
.. the two parts are 32 and 32
Example 13 :

Find the maximum and minimum of the function f(x) x* 12x* 36x 4

Solution :

Let y= f(x)=x"—12x" +36x -4 ....(1)
CU 12(2x)  36(1)
dx
0=3x"-24x+36 = 0=3(x"-8x+12)

0
.. x2—8x+12:§=0 = (x—=6(x-2)=0 - x=2and 6

2

d
Now dxf = 3(2x) - 24(1) = 6x — 24

2

at x=2, Zy 6(2) =24 =12 —24=—12(-ve)
X

B =
. f(x) is maximum at x = 2

dzy

at x 6, —= 6(6) 24 36 24 12( ve)
X

2. f{x) is manimum at x = 6
.. for maximum value put x=21in (1)
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vy (2 122 36(2) 4=8-48+72-4=80-52=28
for minimum value put x=6in (1)
y . =(6)’ —12(6)* +36(6)—4=216-432+214—-4 =6
Exercis 19.3

2 and 3 mark questions:
Find the maximum and minimum value of the following function.

L@ f(x)=x-3x () f(x)=x —6x>+9x+15, (0 x<6)
() f(x) x' 62x* 120x 9 (iv)  f(x)=2x=3x* —12x+12
V) f(x) 2x* 3x* 36x 10 VD) f(x)=9x" +12x+2
(Vi) f(x)=2x>—15x> +36x+10 (vii) f(x) 2x° 21x* 36x 20

X)) f(x) 12x° 45x* 40x° 6
2) The sum of two natural numbers is 48. find the numbers when their product is maximum.
3) Find two positive numbers whose sum s 14 and the sum of whose square is minimum.
4) Find two positive numbers whose sum is 30 and the sum of their cubes is minimum.
5) The product of two natural numbers is 64. Find the numbers is their sum is minimum.

ANSWERS 19.3

1. i) Minatx=1is-2, Maxatx=11s2
(i) Minatx=11is 19, Maxatx=31is 15
(i) Minatx=-61s—-1647, Maxatx=11is 8 and Minatx=51is-316
(iv) Minatx=2is-8, Maxatx=-11s 19
(v) Minatx=3is—17, Maxatx=-21is 54
} . -2 .
(vi) Minatx= EY is—2
(vi) Min at x=31is 37, Max at x =2 is 38
(vii) Minat x=61s —128, Maxatx=11is-3
(ix) atx=0,neither Max nor Min
Minatx =11is 13, Mxatx=21is-10
2. 24,24 3.7,7 4. 15and 15 5. 32 and 32
19.5 Total cost, Average cost and Marginal cost

Total cost (cost function) : The outflow usually raw material, rent, pay & salaries from
total cost.
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It is the sum total of all costs
Total cost = variable cost + fixed cost

TC=ax+b [x= output / quantity produced]
Average cost : Average cost is the cost per unit of the output

_ Total cost _ T.C
Quantity X

AC

Margtinal cost : Marginal cost is the additional cost incurred as a result of producing and
selling one more unit of the product ie., Instantaneous rate of change of total cost with
respect to output

[x=output]

Total Revenue, Average Revenue and Marginal Revenue

Total Revenue (Revenue function) : The money which flow into an organisation from
either giving service or selling product is called as Revenue

.. Total Revenue = price / unit X quantity sold
TR=pxxorpxgq
Average Revenue : Average Revenue refers to Revenue / unit Quantity sold

» AR=1C
X
Marginal Revenue : Change in total revenue bought about by infinitesimal change in quantity

sold

dx
Profit function : It is the difference between total Revenue and Total cost
. profit=TR-TC
Profit Maximization : For many production situation the Marginal Revenue exceeds the

marginal cost. As the level of output increases the amount by which M.R. exceeds M.C.
become smaller.

.". for profit maximization Marginal Revenue = Marginal cost at which the level of
output can be indentified.

Total profit (TP) : Total profit is the difference between
Total Revenue and Total Cost
TP=TR-TC

I584I



Basic Mathematics

REMEMBER

(i) variable cost+ Fixed Cost

(1) Total Cost(TC) = {(ii) A.C x Quantity

d
(2) Marginal Cost (MC) = E(T'C)

(3) Average Cost (AC) = Quantity

_ (@) Price x Quantity
(4) TotalRevenue (TR) = (ii) AR X Quantity

(Revenue function)

TR
Quantity

(5) Average Revenue=AR =

(Demand function)

d
(6) Marginal Revenue=MR = d—(TR)

X
(7) Total Profit=TP=TR-TC
(8) Profit Maximization : MR =MC
(9) Fixed cost=F.C=T.C (atx=0)

Example 1:

If the cost function of a firm is given by c¢(x) =x* — 3x + 7. Find Average cost and
Marginal cost when the output x =6 unit.

Solution : A.C=E
X
3
_X —3x+7 =x2—3+z
X X

d d
Marginal cost (MC) =£(T.C) =—(x —3x+7)

dx
=3x*-3
atx=6,MC=3(6)*-3
=108 -3=105
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Example 2:

The total cost function is given by

C=f(q) =q¢ - 3¢* + 15q + 27 (¢ = output). Find the average cost and the
marginal cost. What is the fixed cost in the cost function f(q)
Solution :

T.C
Average cost=A.C = 7

¢ =3¢°+15¢+27
q

q —3q+15+2
q

d
Marginal cost=M.C d_q (1.C)

=3¢*—3Q2q)+15(1)=3¢*—6g + 15
Fixed cost function is when ¢ =0 in £(0)

then f(¢) = 0 — 3 (0) + 15 (0) + 27.

|f(0) =27 = fixed cost|

Example 3:

3

If the total cost function C =9¢ —3¢° + % find the level of output at which Average

cost is minimized.

T.C
Solution : A.C=——
q
q3
9¢-3¢" ++ 2
__ 7 3 = AC=9-3¢L
q 3

or A.C to be minimise differentiate w.r.t. g
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Example 4:

The Total Revenue function is given by R = 400x — 2x?, and the total cost function
is given by C=2x? + 40x + 4000. Find

(i) the Marginal Revenue and Marginal cost functions

(ii) the Average Revenue and Average cost

(iii) the output at which Marginal Revenue = marginal cost.
Solution :

() MR=(TR)

%(4oox - 2x2)

400 (1) — 2 (2x) = 400 — 4x

MC = i(T.C)
dx

= di(2x2 +40x +4000)
X

=2(2x) +40(1)
=4x + 40

E 400x —2x°
X X

(i) AR 400 2x

_ TR _ 2x” +40x+4000
X X

AC

4000
X

(i) Given MR =MC
400 — 4x =4x + 40
400 — 40 = 4x + 4x
360 = 8x

_360
8

=2x+40+

X
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Example 5:
If the demand function is given by p =50 — 2¢ (p = price, ¢ = output). Find the value
of 'p' and 'q' at which the revenue is maximum and the revenue corresponding to

these values.

Solution :
Givenp=50-2¢9g ... (N
Total Revenue = TR =price x quantity
=P *q
=(50-29) x ¢
=50g — 2¢°
.. for Maximum Revenue diffn. TR w.r.t. ¢
dR
—=50(1)—2(2
T s0()-2(2)
0=50-4¢q
4g =50 : —@—units
7= R
d’R . .
g =—-4<0 .. Revenue is Maximum
25
sub q:%in(l) .'.p=50—2(7)
p=50-25
625
= = 25x 25/ = I—=%312.0
TR=pxgq x 23, :
Example 6:

The total cost of commodity is given by C = x*> — 7x + 2 where 'x' is the number of
units and the price / unit is ¥ 5.00. Find the profit function.

Solution :
p (x) =profit function= R(x) — C(x) ......... (1)
T.R (x) = price x quantity
=5.x
T.C (x)=x>—7x+2 subin (1)
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p(x)=5x—(x*-Tx+2)
=5x—-x*+Tx-2

|p(x)= -x’ +12x—2|

Example 7:

48
Thecost 'C' of manufacturing an articleisgiven by €= 5+7+ 3¢’ (¢ =number of

article). find the number of article produced at the minimum cost and also find the
minimum cost.
Solution :
Given C:5+ﬁ+3q2 ....... (1)
q

for minimum cost dittn. w.r.t. ¢

,_55=0+48p%)+x2@
q

dq
—48 48
0=—+06¢q 6q=;; 5 6g° =48
q=8 q=2
2 —
TC _ 48[ 2+ 601)
dq q
96
d*C 96 96
at g=2, i 2 . 6 12 6 18( )
.. Cis minimum

for minimum cost subg =2 in (1)

C 5 %; 32 5 24 12
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Example 8:
Let the demand function of an article be p = 75 — 2x and the cost function be

2
C(x)=350+12x+ X . Find the number of units and the price at which the total

profit is maximum [p = price, x = output]

Solution :
Total profit=T.R - T.C or
=R (x) = C(X) vvrenen )
R(x) = price x quantity
=(75-2x)x
=75x — 2x?
Xz .
c(x)=350+12x+7 subin (1)
2 x*
=|75x—-2x" |- 350+12x+—
p(x)=[75x-2x*] YT @)
x2
=75x - 2x" —350—12x—?
x2
p(x) =-2x" — ” +63x —350
for maximum profit dittn. w.r.t. x
d
_Lfijjl 2(2x) Ef 63
dx 4
Zx X
0=—4x—-"—+63 0=—4x—-=+63
/42 f— X 2
Lo 4x+63
2
x=—8x+ 126 So9x=+126
- % =14(+)

for total profit put x =14 inp =75 -2x
S p=75-2(14)=75-28

o p=X47.
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Example 9:

3
A manufacture gives the total cost C = % —74¢* +111¢ + 50 and ¢ =100p. (g = output,

p =price) find the level of output at which profit is maximised?
Solution :

3

T.C q? 74* 111g 50

2
:.M.C=£=Zq
dg %

=g*— l4g + 1111
T.R = price x quantity

—7(2¢)+111(1)

qg=100-p
=(100-g)¢ . p=100-g
=100 g — ¢*
d
MR:d—q(TR):loo(l)—Zq =100 - 2¢

for profit maximese
MR =MC
100 —2¢g = ¢* — 14q + 1111
q*—14g +2q + 111 - 100
¢ —12g+11=0 =(@-1)(g-11)=0

To find for which output the profit maximise

Takei(MK)< i(MC)
dq dq

d d
5(100—2q)<d—q (¢~ 14g + 111)

~2<2g- 14 ~2+14<2g

12 (29)

atg=1 12<2(1)
12 <2 doesnot satisfied
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Sog=11 12<2(11)
12 <22 (satified)

Example 10:

The demond function of a firm is p =500 — 0.24 and the total cost C =25¢+ 10000

(p = price, g = output). Find the output at which the profit of the firm is maximised.
What is the price charged.

Solution :
Given T.C=25¢=10000
T.R = price x quantity

=(500-0.2¢9)q
=500 g - 0.2¢°
for profit maximise : MR=MC .......... (1)
MR = (TR) = i(sooq -0.2¢")
dq dx

=500 (1) —0.2(2¢) = 500 — 0.4q

MC = i(TC)
dx

=25(1)=25

subis (1)

MR =MC

500—-0.4qg =25

0.4g =500 — 25

0.4 =475

,_475_4750
0.4 4

subis p=500—-0.2 (1187.5)

=1187.5 unit
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Exgrcise 19.4
2 and 3 mark questions:

1) Find the Average cost and Marginal cost if the total cost function of an article is given by
C = 5x* + 2x + 3(x = quantity)

2) The total cost fo a commodity is given by C =—x?+ 5x + 7 (x = number of unit) and the
price per unit is T 12. Find the profit function.

3) For the demond function 2x — Sy =7 (x = number of unit and y is the price / unit). Find the
Total Revenue, Marginal Revenue and Average Revenue.

3
4) The total cost of C of output Q is given by C =300Q —10Q* + % find the output level at

which the marginal cost and the Average cost attain their respective minimum.

5) The total cost of the production ofa firm in given by the following function C=0.7x+ 18 (x
= output) Find

(1) the Total cost for an output 10 unit
(i) the Average cost for an output 9 unit
(i) the Marginal cost for an output of 6 unit

6) If R =250x +45x> — x*, (R = total Revenue, x = no. of unit) what will be the Marginal
Revenue if x =25 unit and the Average Revenue ifx = 10 unit.

7) The total cost function of'a manufacturer is C = 5x*+ 500x + 50000. Find the output (x)
when AC = MC.
Q) If R=x (1 5= 3—%) What is the Marginal Revenue function and what will be the Marginal

Revenue if 100 unit were produced?

9) The Total Revenue (R) and the total cost (C) function ofa company are given by R (q) =
300¢4 — ¢* and C(q) =20 + 4q (¢ = output). Find the equilibrium output (Hint : equilbriums
MR = MC)

ANSWERS 19.4

1) AC=5x+2+2, M.C.=10x+2
X

2) px)=x*+7x—-17
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. 2
3) Price= y= ,TR = ,MR =

4) MC=X10,AC=X15

5) TC=X25,AC=2.7,MC=0.7
6) MR =% 625, AR =% 600

7) x =100 units

8) MR(x) 15 %andMR 7833

9) ¢ =13 unit.

kokokskok




Chapter
20 INDEFINITE INTEGRALS

20.1 Introduction

Students are already familiar with differentiation and have to find out the differential coefficient
ofa given function. In this chapter we have to find out the function whenever its derivative is
given. The required function is known as anti derivative (or primitive) ofthe given derivative.
The anti derivatives are called the Indefinite integral.

Integration is the ‘Inverse’ or ‘Reverse’ or ‘opposite’ process of differentiation.

There are two forms of integrals (i) Indefinite and (ii) definite integral. Definite integral is
used to find out the area bounded by the graph of a function under certain conditions.
Definite integral has wide range of application in the field ofengineering, science, economics,
finance, commerce etc. Definite integral will be discussed later. In this chapter we shall study
indefinite integral.

20.2 Primitive or Anti derivative

Definition : A function F(x) is called a primitive or an anti derivative or an integral ofa

function f{x) if % F(x) =Af{x)

o AN
Eg: (i) > is primitive of x, because dx( 5 =

(i) sinx is primitive of cos x, because o (sinx) = cosx
T f(l) b 4 oeny e L
(i) log x is primitive o » ) - because —- (logx)= ,

2 2
. o d
Note: that % + ¢ is also primitive of x, because d—(% +c)=x
X

: . . d .
(sin x + ¢) is also primitive of cos x, because — (sin x+c) = cosx
X

d.

. C 1 d 1
+ imi = — +c)=—
(log x + c) is also primitive of e because o (log x+c) B
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From the above examples, we can observe that the primitives or anti derivatives or integrals
of functions are not unique. There are infinitely many antiderivatives of each of these functions
and can be find out by choosing C arbitrarly from the set of real numbers.

In general, let F(x) be primitive of f{x) and let C be arbitrary constant. Then

LR+ 1= /(0
X

- F(x) + ¢, where Ce R denotes family of antiderivatives of f.
Indefinite Integral
Definition : Let f(x) be a function. Then the family of all its primitives (or antiderivatives) is

called the indefinite integral of f{’x) and is denoted by J S (x)dx

di[F(x) +cl=f(x) Jf(x)dx =F(x)+c
X

where F(x) is primitive of f(x) and c is an arbitrary constant called the constant of integration.

Symbols and their meanings

Symbols / terms Meaning

V f(x) dx Integral of fwith respect to x

fx) in| fix) dx Integrand

xin ] f(x) dx variable of integration

Integrate Find the integral

An integral of f'or primitive of f or A function F such that F'(x) = f{x)

antiderivative of f

Integration The process of finding integral

Constant of integration Any real number C, considered as
constant function.

20.4 Standard integrals
Integrals (Anti derivatives) Derivatives
n+ n+l

@ Jx”dx=;c+11+C,n¢—1 %(;H]ﬂ”

mjdx=x+c i(x)=1
dx

. 1 d 1
(ii) j;dx=logx+c E(logx)=;
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d
Xd —ot (55 = oF
(ii1) Je x=e"+c dx(e) e

(iv) jaxdx= T te d( @ ]za"

loga dx

loga
inx dx=— + —(—cosx)=sinx
v) Jsmx x=-cosx+c dx( )
i dx = sin x + —(sinx)=cosx
(vi) Jcosx x=sinx+c dx( )
(vii) J‘sec2 x dx=tanx+c

E(tan x)=sec’ x

(viii) Jcoseczx dx=—cotx+c d—(— cotx) = cosce’ x
x
(x) Jsecxtan dx=secx+c

—(secx)=secxtanx
dx

(x) Jcosec xcot x dx = —cosec x +¢

20.5

—(cosec x) = —cosec x cot x
dx

Properties of the Idefinite integral
Property (i)

L re dv= )
X

and Jf '(x) dx = f(x)+ ¢, where c is any arbitrary constant
Property (ii)

d d
It [ £ dx= - [ godx

Then f(x)dx ¢,

gx)dx ¢,
Property (iii)

If [/(x) g()]dx

S()dx  g(x)dx
Property (iv)

jk f(x)dx= kf S (x)dx, where k is any real number

[T597 |
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Property (v)

[l £y GO+ Fey 1,0 + ey £1(30) + = =+, f, ()] dx =

k[ fode k[ fL@de k[ fixde k[ f,(0dx

WORKED EXAMPLES

Example 1 :

Evaluate the following integrals:

1
@ [x'dx @) f6Vxdx (o) fﬁdx @ | Sel,xdx (e) 7.5%dx

(i)fgdx (g)f S i (h)] 92 dx (@) j4sec2xdx

cosec x sin” x
Solution :

S5+1

+c

Sd — X
o fra
xG
="—+c
6

(®) Jou dv=6[xds

X 3
6 X + 2
1 ¢ = 6X—x2+c
—+1 3
2
_ 3
T 4x2+c

al +c x§+c

= 5 = 2

— 41 —

3

-3 2
=—x’+4c¢

——
1 598 |
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1 ¢, 1,
(d) jSe"‘ dx=§je dx = ge +c
Ydx = x =7 +c
() [7.5%dx=7[5"dx g3
® j3ldx=3jldx = 3logx+c
X X
(2 8 dx=8 sinxdx =
g cOSCC X -8 cosx+c

9
(h) J S dx = 9_[ cosec’ xdx  =-9 cot X +c

(i)  4sec’xdx=4 sec’xdx =4tanx+c

Example 2 :
Evaluate the following integrals:

(a) I 2x2—%+2e" dx (b) I y dx
© I(x+i) dx ) j\/;(l—i)dx
(e) j’(es logx | g3 logsx) dx (i) 1(7;#) dx
(3x - zx)z x x loga
® [t @ M) [(3e* +5a% — ") ax
Solution:

3
2xP—=+2e" d
(a) J‘ X . e X

=2 x’dx-3 labc+2 e“dx
X

3

=2x? 3logx 2" ¢
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x*43x* = 5x

b | T &

2
X

Ji—zdx+3ji—zdx—5j.xizdx

1
= xldx+3 ldx-5 —dx
X

3
%+3x—5 logx+c

(c) j(x%) dx @ b & b

1 1 1
J X +—3+3x—(x+—) dx
X X X
1 3
J‘()f +—3+3x+—)dx
X X

jx3dx + jx”dx + 3j xdx + 3_[ %dx

-2 2

X x 3x
— — — 3logx c
4 2

3ab (a

b)

Jx
%H ;EH
i o x> x
B szdx_szdx = 1 Iy
3 1
= —x?-2x*+c
|600|
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(e) J’(es logx 4 &3 1og5x)dx

= J’(el“’g"5 +51°g5x3)dx m log a=log a"

J(x5 +x° )dx [ a" = x]

jxsdx + Jx3dx

6 4
X X

= —+—+c
6 4

7" -6.8"
o | ( = )dx

3x_2x 2
(2 f( 3x2x) dx

j (37 +277 -2.3"2Y)
327

- j(i—i+§—j—2)dx
= (%) dx+ | (%)X—J2dx

HNE .

+-—=-2x+c
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(h) J(3ex +5a" — " )dx [-e* =a]

= 3e"+5 a'— adx

X

3¢ 54
loga

ax ¢

Example 3 :
Integrate the following w.r.t.x.

5 sinx 1
2 —

(a) tanx (b) 3 cos” x (©) 1+ cos x (d) V1+cos2x

sin x cos’ x
. 2
(e) V1—sin2x ® 1+sinx (2) 1+ sinx (h) sec x+/sec’ x —1
. . 5+7cosx
(i) cosce x [cosce x +cot x]  (j) 5x° —3cosec’ x+ 6* (k) T x
Solution:

(a) j‘[an2 x dx

- J(sec2 x—1)dx 1+ tan’ x =sec’ x
= tanx—~x+tc
sin x

5
(b) j 3 coszxdx

5 si 5
= —j s1n2x dx = —jsecxtanx dx
37 cos” x 3

5
= —secx+c
3

1
1+ cosx

dx

© |

1 1—cos N .
j X = dx (Rationalise the Denominator)

1+cosx 1-—cosx

1- 1-
_ J- coszx i = _[ .cgsxdx
1—cos“x sin” x
[ 602 1
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1 CcoS X
. 2 dx - . 2
sin” x sin” x

dx

J’cosec2 X dx — fcosecx cotx dx

= —cotx+cosecx +c

(d) J\/I +cos2x dx

- rcos2x=2cos* x—1
= I\/ZCOS x dx

Multiple angle

= \/Efcosx dx

= \/E sin x+c¢

(e) [V1-sin2x dx

= j\/(cosz x +sin’ x—2sinxcosx) dx [+ cos® x+sin’ x =1]

= J.\/(cosx—sinxfdx

= J(cosx—sinx)dx

= Jcosx dx—Jsinx dx

= sinx+cosx+c

sinx

) j dx

1+sinx
sinx 1-sinx
= I - X - X
l+sinx 1-sinx

. )
sinx —sin” x
= J—d

1—sin’® x

. )
SInx—Sm Xx
= [

cos® x
sinx sin® x
= j > dx—J. — dx
cos” x cos” x
I 603 |
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2
CoSs X

@ |

1+sinx

dx

1 sin x
dx  tan®x dx

COSX COSXx

secxtanx dx— (sec’ x —1)dx

secx — J'sec2 xdx +de

secx—tanx+x+c

dx

cos’x l-—sinx
[
l+sinx 1-sinx

2 .
J~cos x(1- s1nx)dx

1 —sin’x
2 1_ ]
feos oSNy~ (1 sin vy

cos’ x

X+cosx+c

(h) jsec xv'sec’ x—1 dx

Isec xvtan® x dx

fsecxtanx dx = sec x +c

(1) jcosec x (cosecx +cotx)dx

f(cosec2 x + cosecx cot x)dx

fcosec2 x dx + fcosecx cotx dx

—cotx —cosecx+c

() J’(Sx3 —3cosec’ x+ 6")dx

5 x*dx 3 cosec’xdx 6 dx

4 X
= 5x—+3 cotx+ ctc
4 log,
[ 604 1
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5+ 7cosx
(k) I( sin® x )dx

= 5

COSXx

dx+7 dx

sin® x sin’ x

= SI cosec’ x dx + 7J cosecxcotx dx

= —5 cotx —7cosecx+c

ExERrcisk 20.1

I One Mark Questions:
2 6 x
(a) x —;+Se (b) 7 -10.9* (c) x*+e* =loga (d) 7%= (e) cot®x

9 cosx
® < (&) 7x* —4sec’ x

5sin® x
II Two Marks Questions:

@) % (b) (x—g ©) \/;(1—%) @ xi(x_%) @ 6*5:3x

1+sinx

(1) secx(secx —tanx)

(f) 3310g3x _ 77log7x (g) ll — oS 2x (h)
III Three Marks Questions:

cos® x

(a"+b") 1-cos 2x

(@) T () cosec xvcosec? x—1 (©) V1+sin2x (d) m

IV Five Marks Questions:

.2
secx Cos x sin” x
@) 1+sinx (b) 1+secx ©) 1+ cosx (d) 1+ cosx
ANSWERS 20.1
¥ x x e+l
r X -10 +c t -
I (a) 3 6logx+5e*+c¢ (b) log7 log0 (c) +e" —xlog a+c
7 9 3
(d) x7+c (€) —cotx—x+c (B —gcosecxte (g %—“an’”c

[605 |
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11 5 3 4 2
uoos 3 13
(@) Hx2+2x2—?x2+c (b) xj — % 3logx ¢

2x
5 G
3 711 S) A5
(©) %xz—x—kc (d) =x>-2x2+c¢ (e) 6 N e
3 7 log| = | log| =
5 5
X x
6 -5+ (8) —V2cosx+c (h) tanx+secx+c
(i) tanx —secx+c
G ()
b a
+ +2x+
(@) log(a) log(b) rre (b) —cosecx+c  (€) sinx—cosx+c
b a
(d) tanx —x+c¢
(a) tanx —secx+c¢ (b) —cotx+cosecxcotx+c
(¢) —cosecx+cotx+x+c (d) x—sinx+c

Integration by Substitution:

In the previous topic we have evaluated the integrals by using the standard integrals directly.
While the integrals of some functions cannot be obtained directly, but those functions can be
reduced to standard integrals by using proper method of integration.

Important methods of integration are:

1. Integration by substitution 2. Integration by partial fractions
3. Integration by parts

In this topic, we will discuss the method of integration by substitution.

The method of evaluating an integral by reducing it to standard form by proper substitution
is called Integration by substitution.

Some special forms of substitution

() If f@di= ()+e then flax+b)dv=" (ax+b)+c
a

w=log[f0]+e W=/

[f( )]n+1

i) JLrOol /! Gode ==




STANDARD THIFOREMS

: 1
M Jreae ) e fr@ bax — @ b) a0

Proof: Put gx+b=¢

1
= adx = dt :>dx=;dt
1
o flax+b)dx= f(t)—dt
a

= lJﬂf)dt ~Low+e
a a

= l¢(ax+b)+c, (a;tO)
a

i | %dxﬂog[f(x)]ﬂ,f(x)iﬂ

Proof:  putf(x) =1¢
= 1 1
fl(x>dx:dt “.J‘% dx:J.;dt

=log t+c
= log [f(x)]+c

[f(x)]n+l

i) [LACor £l e =

Proof: put f(x) =t
= f(x)dx=dt

"'“f(x)]n 1) dx=Jt"dt= " en /()] te
n+l

Standard results:

1 (ax+ by"!

(i) j(ax+b)"dx=a -

+c, n#-1 az0

1
ax+b

@ |

dx llog|arx b| c a0
a
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1
(]ll) jeawbdx — ;eaﬁrb P a+ 0
1 bx+c
(iv) J‘a”x”dx=—1 +c,a>0anda#1 a%0
oga
(v) [sin(ax+b)dx =T cos(ax+b)+¢ 220
a
(vi) jcos(ax b)dx lsin(ax b) c a0
a
(vii) [ sec” (ax+b)dx = D ian(ax+b)+c 220
a
viii) | cosec’ (ax+ b)dx = -1 cot(ax+b)+c
P a#0
x) |sec(ax b)tan(ax b)dx lsecax b) ¢
(i) P a#0
(x) jcosec(ax b)cot(ax b)dx _—lcosec(ax b) ¢ a0
a
(xi) jtan(ax b) dx llog sec |ax b| c az0
a
(xii) jcot(ax +b)dx = élog|sin(ax + b)| +c a0
(xiii) jsec(ax +b)dx = élog|sec(ax +b) + tan(ax + b)| +c a0

(xiv) jcosec(ax +b)dx = llog|cosec(ax +b) —cot(ax + b)| +c 420
a
Some other results:

) Jtanx dx = log|sec x| (ii) fcotx dx = log|sin x|

X Tt
tan| —+—
(5+%)

(iv) jcosecx dx = log|cosecx — cot(x)| = log

(iii) Jsecx dx = log|(secx + tan x)| = log

X
tan —
2

Typel: |[flax Dix To(ax b)

I608I
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Example 4:

WORKED EXAMPLES
Integrate the following functions w.r.t ‘x’
1
(a) 3x+5) (b) V2x-3 © - s (d)

(f) cosec’(5x - 3)

Solution :

(a) [Gx+5)dx

(b)

1 log (7x+38)
dx = +
© [org® 7 ‘
Sx+7
5x+7d — +
(d) Ie x s te
73x+4
3x+4 _ +
© I7 dx 3log7 ‘
—cot (5x-3
® Jcosecz(Sx—3)dx %x)+c
2x+3
(@ [sec(2x+3)tan(2x+3)dx = %
I 609 l

2+1
= M-'—C = M"‘C
32+ 9
f\/2x -3 dx
Lrl
1(2x-3)?

+c

j(zx—3)%dx = 2 (1+1)
2

3

1 2 =
—x—2x-3)*+c
2 3( )

1 3
5(2)(—3)2 +c

(g) sec (2x +3) tan 2x + 3)

+c

(e) 73 x+4
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Example 5:

Integrate the following functions w.r.t. ‘x’

(a) sin’x (b) tan?(3-2x) (c) sin’x

(d) sin 3x cos 2x (e) cos 5x cos 3x (f) sin 5x sin 2x
Solution :

() [sin’ xdx
From multiple angle

B jl—COSZxd cos2x =2sin* x—1
= —— " dx
2 . 1 —cos2x
ssinT x=——
1 sin2x 2
= —X—
2 4

(b) [tan’(3—2x)dx
= J[sec2(3 —-2x)— l]dx

_ tan(3;2x)_x+c

-1
5 tan(3-2x)—x+c

(c) [sin’xdx

j (3sin x —sin 3x) Iy

1 [ sin 3x = 3sin x — 4sin’ x]

= %[j?ﬁsin xdx —jsin3x dx]

1 cos3x
= —| 3cosx
4 3

-3 1
= —cosx+—cos3x+c
4 12




Basic Mathematics

(d) jsin 3xcos2x dx

From Transformation formula

Le . .
= EI[SIH(SX + ZX) + Sln(3x - 2x)]dx -+gin A cosB = l(Sln(A'F B) + Sin(A _ B))
2

= %j(sin 5x+sinx)dx

3 l[—cosSx
2 5

- COSX:|+ c

1 1
= —COS5x —COSX ¢
10 2
(e) jcoschos3x dx

= %“(cos(Sx +3x)+cos(5x — 3x)] dx [ cosA cosB %[COS(A‘FB) cos(A—B)]

= l cos8xdx+ cos2xdx
il |

1| +sin8x sin2x
= — + +c
2 8 2

1

= —sin8x+lsin2x+c
16 4

§)) jsin Sx sin 2x dx

= %“cos(Sx 2x) cos(Sx  2x)]dx l: sin 4sin B = %[cos(A—B) —cos(A+ B)]

1
= —|(cos3x—cos7x)dx
2

> -

1 [sin 3x sin 7x]
- = +c
3 7

sin3x sin7x

6 14
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Example 6 :
Evaluate the following integrals:

1+ cos x
V11— dx dx
@ ‘[ sin x (b) Il COS X © jl+cosx @ J-1+ cos X
Solution :
(@) [VI-sinx dx
j\/Sinz X rcos?E-2sinTcos dx [ sin? = 4 cos? X = 1]
2 2 2 2 2 2

- /(smg—cosz) dx

= J‘(sinE —cosf) dx
2 2

cos2x=2cos’ x—1

1+cosx
(b) .[1 cosx cos x Zcoszg 1
J‘20052)26
dx 2 X
2sin2§ jco 2 *

= j(cosecz g - l)dx ( 1+ cot® x = cos eczx)

X
—cot—

_ X
x+te —ZCotE—x+c

1
2
["612 |
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1
d.
© J‘1+cosx o

| PN LY LN
= 2co8’= = 27 cog?
X
1 tana
= —jsec2 —dx = 5 dx
2
X
= tan—+c
2
Example 7:
Integrate the following functions w.r.t. x
I 1 & 1 3
@ ) e x ®) x5 _Vaxi2 © x+Vax+3
d x 3x+2
@ vx+9 © 2x -5

Solution: (a) _[ \/— 1+x dx

LS T A S NS
AR R O N N
e,

x—1-x
L phedE,

= [(Vrex =i )ax

2 A
= 3 (1+x)2 —x2 [+¢

[613 |
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dx

J' 1
®) V3x+5—/3x+2

_ J 1 3x+5+3x+2
x+5-V3x+2 \/3x+5+\/3x+2
_ J-\/3x+5+\/3x+2dx
3x+5-3x-2

- %j( 3x+5+ 3x+2)dx

3 3
2(3x+5)2 2 (3x+2)?
33 33

1
= 3

2 ER) 3
= Z06x 52 =(3x 2
27 3% 97 5 Gx D7 e

f— | (N2 —V2xt3
© 15 +\/—2x+ N W I v

3(V2x —v2x+3)

- | o3 &

- 3(\/5—\/2x+3)d
-3 *

= (\/2x+3—\/g)dx

3 3

2 2
202x43) _2(20)°
3 2 32

3

1 21,8
= §(2x+3)2 —§(2x)2 +c
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X
dx
@ 155
(x+9-9) (x+9) 9
= —dx = dx — dx
Jx 9 Jx 9 Nx 9
= NXx+9 dx— 0 dx
Nx+9
.
3 2
C 2ctop 9(’”;9)
-3 -—+1
2
2 3 1
= E(x 9?2 18(x 9)?* ¢
3x+2
d
© '[Zx—S *
Multiply and divide by 3
2
x+=
= 3
2x-5
Multiply and divide by 2
3 2x+ﬁ 3 2x—5+5+i
= —_[ S = 2 3 ix
29 2x-5 2 2x -5
3 (2x—5)+9
= (" 34
2 2x-=5
= 2|: 2x_sdx+g ! dx]
20 2x 5 3 2x 5
_ gjldx 19 log (2x -5)
2 3 2

= %[x %log@x 5)] c
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EXERcISE 20.2

Integrate the following functions w.r.t. x
I Three and Five mark questions:

@ (-3 ) @t (©) @ o (© 3

10x+3
® sec’(x—5) (g) cosec(3—5x) cot(3—5x)
II Two marks questions:
(@) cos’x (b) cot’(5x+3) (c) cos’x (d) Gx+4)y+5
III Three marks questions:
(@) sin2xcos3x (b) cos9xsindx (c) cos 7xcos 6x  (d) sin1lxsin7x

© xx—s @ % ©® SEil ® ij:j

IV Four marks questions:

1

1
d -
1—cosx * © \/;—\/2+x

@ ITsinx ®) |

4 5
(d) N © Px+1-x+4

ANSWERS 20.2

I (a) %+c (b) %(2x+5)§+c (c) W+c
o 3553
(d) 1 +c (e) 5 Tog 3 +c (H tan(x-5)+c
@ cosec 23 —5x) te
—cot(5x+3) sin3x 3sinx

1 1.
II (a) 5x+zsm2x+c (b) x+c (c) T + 2 +c
Gx+4* 5T

(d) 12 3log5

+c
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-1 1 -1 1
—cosSx+—cosx+ —cosl13x+—cosS5x+
I (a) 10 X 5 x+c (b) %6 X 0 x+c
-1 . 1 . —sindx sinl8x
—sin3x—— + + +
(©) 26sm X 2smx c (d) 2 36 c

3 1

(e) %(x 52 10(x 52 ¢ (f) x—%log(2x+3)+c

(2 Ex ilog(Sx ) ¢ (h %x %log@x 4) c

5 25
IV (a) 25in§—2cos§+c (b) —cot§+c
-1 31 El -8 38 3
(¢ ?x2—§(2+x)2+c (d) ?(x 1)2 g(x 2)? ¢

-1 3 3
(e) 2—70(3x+1)2 —2—(;(3x+ 4?2 +¢

TYPE II f%dx =log[ f(x)]+¢

WORKED EXAMPLES

Example 8:
Evaluate the following:

1
© | x(3 +log x) d

2x+5 7x® + 7 log7
dx
()Ix+5x+3 ()I X +7*

dx

ion: 7=
Solution: (a) Let _[ 1+x
put 1+ x*=t
dt
=xcdr=dt - I=[=
t

=logt+c = log(l+x?)+c

[T617 |
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X

(b) Letl=[——adx

e+

put e’ +1 =t = e'dx=dt
dt

S l=1—

- _[t

=logt+c = log(e"+1)+c

1

© Letl=] Grlogn ™

1
put3+logx=t = . dx=dt

1
I=j;dl
= logt+c = log(3+logx)+c

2x+5
@ Letl=] 575054

put x> +5x+3=¢
(2x 5)dx dt

I:j%

=logt+c = log (x* +5x+3)+c¢

7x° +7" log7

- . dx
x +7

(e) LetI=J
put x' +7" =t

7x° 7" log7 at
dx

dt
21=]=
= logt+c

= log (x" +7")+c
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Example 9:
Prove that:
(a) Itan x dx =log(secx)+c (b) jcot x dx =log(sin x) + ¢
(c) Isec x dx log(secx tanx) c (d) Jcosec x dx =log(cosecx —cotx)+c
Solution :

sin x

dx

(a) LetI=jtanxdx = 1:]

COS X
put cosx=t

= —sinx dx=dt

sin x dx = —dt

L=
t
1
=—logt+tc = log¥+c
=lo +c =1 +
gcosx og (secx)+c

(b) Let /= [cotx dx

_ J’COSX dx

sin x
putsinx=t .. cosxdx=dt

t

= logt+c = log(sinx)+c
(c) Let Izjsecx dx

multiplying and dividing by sec x + tan x, we get

secx
1= J—(secx+ tanx) dx
(secx + tanx)

2
sec” x +secxtanx
- j( ) i
secx+tanx
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put sec x +tanx =t

= (secxtanx+sec’ X)dx=dt 1 = |—

= logt+c

= log (sec x + tanx) + ¢
(d) Letl= Jcosecx dx

Multiplying and dividing by (cosec x - cot x), we get

cosecx
I= j—(cosecx —cotx)dx
(cosecx - cotx)

(cosec” x — cosec xcot x)
= j dx

cosecx —cotx

put cosecx - cotx =¢

(—cosec x cot x + cosec’ x)dx = dt

_qde
t

o

= logt+c = log(cosecx—cotx)+c
Example 10 :
Evaluate the following:

(Bx+2) 1

e -1 3*log3
———dx ———dx dx d
@ 3x" +4x-5 (b Ie2x+1 © Jx—\/x @ -[3"+1 "

Solution :

(Gx+2)

B S

@ Letl J3x2+4x—5 *
put 3x* +4x-5=¢

(6x +4) dx = dt

dt 1 ¢dt
+ == I=—-|=
(Bx+2)dx > 517

1 1
=3 log t+¢ = Elog(3x2+4x—5)+c

[T620 |
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(b) LetI=JZZx+1 dx
e|e -
_ I € i e —e”

—( 1) = [
ele +— e +e

put e*+e =t = (e'—e )dx=dt
dt
L I=[=
I

=logt+c =log((e'+e™)+c

(c) Let I =Ix_1&dx

1
- I«/Q(J}—l)dx

de—dt
put\/;_lzt = 2\/;

de =2dt

Jx
I=2j%

2 log (\/;—1) +c

=2logt+c =

3*log3
3 +1
Put 3*+1=t

(3 log3)dx=dt

dt
==
t

(d) Let1= | dx

=logt+c
=log(3*+1)+c
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Example 11 :
Evaluate the following:

@ J

sin x

1+cosx

© J- tan x dx

2+ log sec x)

2
sec” xtan x
e ———=—

3+sec’ x

Solution :

sinx

(a) LetI = _[

1+cosx

put1+cosx=t = -sinxdx=dt

[
t

=—logt+c = —log (1 +cosx)+c

in 2
sin2x .

(b) Let1 = |

gl P

1+sin’x=t

1+sin®x
2sin x cos x
1+sin®x
Put
dt
t

I =

=logt+c = log(l+sin’)+c

J' tan x dx

(©) Letl = 2+log(secx)

1
+ =
2+log(secx)=t = seox

Put

tanx dx = dt

dt
t
=logt+c =

I:

) |
@ J

® |

secxtan x dx =

log [2 + log (secx)]+c

sin2x
1+sin’ x

1+tanx
1- tanx

tan x —cotx

= sinxdx=-—

= 2sinxcosxdx=dt

dt

sec? x + cosec’x
—dx

dt




1+tanx
(d) Let I = Il—tanxdx
1+ sin x
_ I%dx _ J-cosx+sinxdx
1- Cosx —sinx
coS X

Put cosx—sinx=t
(—sinx — cosx) dx = dt
(sinx + cosx) dx = —dt

dt
=—_[7 = —logt+c
=—log (cosx —sinx) + ¢

sec’ xtan x

e) Let] = | ———dx

© j 3+sec’ x
Put 3 +sec’x =t

= 2sec x sec x tan x dx = dt

dt
sec? x tan x dx = By

I—lﬂ —ll t+
217 poetTe

1
=3 log (3 +sec™x) +¢

2 2
sec” x +cosce’x
let]l = | ——dx
(f) j tanx —cotx
Put tanx—cotx=t

= sec’x + cosec? x dx = dt

dt
) e et
t

=logt+c=log(tanx—cosx)+c
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Evaluate the following:

I. Two marks questions:

(@ [ ds

@ [T

@ [——

1+ x

9x* +9° log9

X' +9°

3sinx
x
3+4cosx

II. Five marks questions:

1
(a) j\/;”d"

@ |

1+cotx
1- cotx

L. (a) log(l+x*)+c
(c) log(e*—x)+c¢

(e) log (2 +sinx)+c

-3
(2 7 log(3+4cosx)+c

L (a) 2log (1++x)+c

(c) log (e —e™) tc

(e) log(3+logsinx)+c

TYPE III :

EXERcIsE 20.3

4x+3

OB Fres s © 5

© J3isnn ® o
2

() j l-IS-I::losxx © j
cotx

) fm d ® J

ANSWERS 20.3

(b) log(2x*+3x+5)+c
(d) log(x*+9+c

1
) > log(2logx+5)+c

(b) —log(1+cos’x)+c

(d) log(sinx-cosx)+c

O —= 10g(4+500sec x)+c

Jlre] £1(x) dx=

EAQ]

n+1

[T624 |
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WORKED EXAMPLES
Example 12 :
Evaluate the following:
3 1 3
@ [@x+3)(x"+3x+5)%x () [ (logx)"ax
x+1
(c)j( )dx @ [er (e +2)ax

® [xJ3x*+5ax

5
© | x(3+2log x)° d

Solution :

(a) Letl = j(2x+3)(x2 +3x+5)2dx

put 2 +4+3x+5=¢t = (2x+3)dx=dt

3
3 t*+1
L=fra = 3,

+c

Il

W | o
~
Y
+
o

2, 2
= 5 (x*+3x+5)?2+c¢
1 3
(b) LetI= j;(logx) dx

putlogx=t¢

= ldx=a’t
X

Vo I= Jt3dt
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(c) Letl= J(\/;T:D dx

1
put Jx+1=r = = —=dx =2dt

2Jx = Jx

L I= Zfﬂdt

4 4
4 2

5
(d) Letl= Jex (e +2)2dx

put e+2=t = e'dx=dt

5
1= [dt
2
- 27 2 z
= 5 €= —t’+c=—(e"+2)* +c
—+1 7 7
2
(e) LetIIJ

———— dx
x(3+2log x)’
put 3+2logx=t¢

gdx=ah‘ = ldx=£
X X 2
5¢dt
- 1=5jt_5
—5+1
——jfsdt é><t +c
2 —5+1
t -5 B
=—-X—+c = —((3 2logx c
) 8( gx)
=5
= +
8 (3+2logx)*
[T626 |




(f) Letl= Jx\/3x2 +5 dx

put 3y 4+5=¢y = O6xdx=dt

xdxzﬁ
6

s 1= %_[\/; dt

1 232 12 1 2
= —XZf24+c = —t*+c=—0Bx*+5+c
6 3 9 9

Example 13 :

Integrate the following w.r.t. ‘x’

(@) sin® xcosx () sec’ xtanx (c)

(d) sec* xy/1+tanx (€)  sin2x1+sin®x

sec’ x +secx-tanx

® ; ®

(sec x +tan x)i

1-sin2x

(x+cos’ x)*
Solution :
(@) Letl= jsinSx cosx dx
put sinx={¢ = cosx dx=dt
o I=[rdt

4 c 4
t Sin X
= —+4+cC =

4 4

(b) Letl= Jsec3 xtanx dx

put secx =t
sec x tan x dx = dt

ol :jtzdt

f3 SCC3X
3 3

Basic Mathematics

CoSs X

(1 +sin x)’
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COSXx

(c) Letl= Jm

put 1+sinx=t¢

cosx dx = dt
dt

t73+1 _1
= +c = —2+C
-3+1 2t

2(1+sinx)

(d) LetI= Jsec2 xv/1+tanx dx

put 1+tanx=¢

sec’ x dx = dt
. Izj\/? dt

23 2 3
= §t2+c = §(1+tanx)2+c

(e) Letl= jsin 2x\/1+sin’ x dx

put 1+ sin’x=¢
2 sin x cosx dx = dt
sin 2x dx = dt

L 1=t at

3 2 3
= Zt2+c = Z(l+sin’x)2+c
3 3

sec’ x +secx + tan x

® LetI=J 3

(secx + tan x)?

dx

put secx +tanx=t = (secx tanx + sec’x) dx =dt

[T628 |

—



Basic Mathematics

dt
. 1= —3
t2
;3+1
t2
+c -1 _
= — = - = —+
73+1 =2t +c¢ Jt ¢
-2
= ——+c
\secx+tanx
1—sin2x
(2 LetI=J

(x +cos” x)’

put x+cos’x=t¢
1 — 2 cosx sinx dx = dt
(1 —sin 2x) dx = dt

dt
t
t—2+1 1
= +c¢ = -—--+c
—2+1 t
-1
= —2+C
X+ cos™ x

ExERrcise 20.4

Integrate the following w.r.z. x:
I. Two marks questions:

(@) J’2x(x2 + 2)§dx (b) j%(logx)z dx
(©) J‘e"\/ex +1 dx (d) Jcosz xsinx dx

(e) J‘cosec4 xcotx dx

II. Three marks questions:

(a) 2 ; o S
J6x+5(3x" +5x-4) dx (24 3logx)’
I 629 l
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j 1+e¢"
() (x+e*y
5" log5
@ | (5* +3Y
I sin 2x »
@ (1-cos’ x)*

5

I (a) %(x2+z)5+c (b)
@ —S"He @
3., s
IL (a) §(3x +5x—-4) +¢

-1
(©) er c

—1
© o543 €

.
® 0—costxy T C

I;dx

@ " ofx(Vx —1)%

® Jcosecz x+/1+cotx dx

COSE)C2 X —cosecxcotx

(h) J ]

(cosecx —cot x)Z

dx

ANSWERS 20.4

2’ 3 2 X 2
g(logx) +c (©) E(e +1)?2+c

—cosec” x
— “+c
4
1
(b) 3(2+3log x)5 +c
3 3
(d) 5(\/}—1)5 te
) 3
€3] ?(1+ cotx)? +c
4 3
(h) g(cosecx— cotx)* +c

20.7 Integration by Resolving into Partial Fractions

In this topic students will learn to evaluate the integrals of proper rational functions and

improper rational functions by resolving into partial fractions.

Example 14 : Evaluate

3
@ J D™

WORKED EXAMPLES

[T630 |

x+2

(b) I(Zx—l)(x—3)dx
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2x+3 2x
© Im @ I(x2+4x+4)(x—1)dx

x—1

© [

3

Solution: (a) Letl= Im ax

34, B
(x+1)(X+2)_x+l o @)

3=A(x+2)+Bx+1) .. )

put x=-2in(2), we get

3=A(-2+2)+B(2+1)

3=-B

S~ B=-3

put x=-1(2) we get

3=A(-1+2)+B(-1+1)

3=A

A=3

Consider ,

3 33
j— = —
Now, (D) = ih(x+2)  x+1 x+2

o J‘( 3.3 jdx ( J~ 1 . log(ax+ b) c)
x+1 x+42 ax+b a

1
x+1
= 3log(x+1)-3log(x+2)+c

1
_ 3mdx —3j

dx

x+2

(b) LetT= I—(zx_l)(x_3) dx

x+2 _ 4 . B
2x-1)(x-3) 2x-1 x-3 o (1)

Consider ,

X+2=A(x=3)+BQ2x~1) . 2)

[T631 |
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(Il PUO)

Substituting x=3in (2), we get
3+2=AB-3)+B(6-1)
5=5B
B=1

1
Substituting x= 5 in(2), we get

l+2:A l—3 +B 2><l—1
2 2 2

5 -5
2oyl = C A
5 (2j S A=-1

x+2 -1 N 1
2x-D)(x-3) 2x-1 x-3

= j( -1 + ! )dx
2x-1 x-3

1 1
:'sz—ldx+jx—3dx

_ log(2x-1)

+log(x—-3)+c

2x+3

(c) Letl= Im X

Consider

2x+3 A B C
2 = + ct— (1)
(x+D)(x-3) x+1 (x+1)° x-3

2x+3=A(x+1)(x=3)+B(x=3)+(x+1)°
put x=-11n(2), we get

2D +3=AC1+1)(-1-3)+B(1-3)+C(1+1)
1=-4B
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put x=31in(2), we get
23)+3=AB+1)3-3)+B(B3+3)+C(3+1)

6 +3 =C(4)?
9 =16C
_ 9
16

put x=01n(2), we get
2(0)+3=A0+1)(0-3)+B(0-3)+C(0+ 1)
3=-3A-3B+C

-1 9
= 3=-3A-3x—+—

4 16
3A——3+§+2

B 4 16
Al ge L3 164443

416 16
=

16

2x+3 -9 1 9

Now, (1) = (+D’(x=3) 16(x+1) 4(x+D* 16(x-3)

- de_lj
167 x+1 4

! a’x+2 de

(x+1)° 16° x-3

+210g(x—3)+c
4(x+1) 16

-9
— —log(x+1)—
T g(x+1)

2x
> dx
(x"+4x+4)(x-1)

(d) LetI= J

Consider

2x 2x A B C
2 = 2 = + st (D
(x"+4x+4(x-1) (x+2)'(x-1) x+2 (x+2)° x-1

[633 |
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2x=Ax+2)(x-)+Bx-1)+Cx+2* ... (2)
put  x=1in(2), we get
2()=A1+2)(1-1)+B( 1)+ C(1 +2)?

2=C(3)?
o2
9

put x=-21in(2), we get
2(-2)=A(-2+2)(-2-1) +B(-2 -1) + C(-2 + 2)?
-4=-3B

4

3

put x=0in(2), we get
2(0)=A0+2)(0—-1)+B(0-1)+ C(0+ 2)?
0=-2A-B+4C

3 +4(3)
0=-2A -3 +4|5

~ B=

=
3 9
2A_-42+8
9
2A—:i
9
=
9
(1) =
2x 2 4 2

= + +
(x+2)*(x=1) 9(x+2) 3(x+2)° 9(x-1)

.'.]:J.{ 2 + 4 -+ 2 }dx
9x+2) 3(x+2)7 9x-1)

[T634 |
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2L gL 21,
9 x+2 33 (x+2)7 99x-1

-2 2
- —log(x+2)- +=log(x—1)+c
= 3 g(x+2) 3012 9 g(x—1)
o
(e) Letl= dex
Consider,
x—1 x—1

-9  (x+3)(x-3)x)
Now, consider
x—1 A B C
= + T (1)
(x+3)(x—=3)x x+3 x-3 «x
x—1=Ax-3)x+B(x+3)x+Cx+3)(x-3)....(2)
put x=01n(2), we get

~1=C3)(-3)
~1=-9C

_ !

9

put x=31in(2), we get
3-1=AB-3)3+B@B3+3)3+C(3+3)(3-3)
2=B(6)3
2=18B

21

18 9

put x=-31in(2), we get
-3-1=A(3-3)(-3)+B(-3+3)(-3)+C(-3+3)(-3-3)
~4=A(-6) (-3)
—4=+18A

- B

aTA 2
1809
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Now,
1) =
x—1 -2 1 1
= + +—
(x+3)(x-3)x 9(x+3) 9(x-3) 9x

.'.I:J.( =2 1 +ijdx
9(x+3) 9(x-3) 9x

1 I 1

x+3 9¢x-3

Il
I
—_—
|
+

dx+ljldx
97 x

-2 1 1
= —log(x+3)+—log(x-3)+—logx+c
5 g(x+3) 5 g(x-3) 5108

Example 15:

1 x
e

dx
(a) Ix[(logx)2—3logx+2] (b) Imd"

2x*+5 6x*+2x+3
© '[2x2+5x+3 @ I(x+1)(3x+2)

Solution:

! dx

(@) Letl= Jx (1ogx)2—3logx+1

1
putlogx=t :>;dx=dt

dt
al= |
jt2—3t+2

o LA
Now consider, 2375 (t-1)(t-2) -1

B
t=2
I1=A(-2)+B(-1)
put =1, (2) we get, | =A(1-2)
A=-1

put t=21in(2),weget, | =B (2-1)
B=1

[T636 |
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1 -1 1
@)
(t D@ 2 t 1 ¢t 2
1 1
I — —— dt
Now ! [
= log(r 1) log(t 2) c
= —log(logx—1)+log(logx—2)+c
- 10g|:10gx—2]+c
logx—1
ex
b) Letl= | ————dx
(®) Le J.4e2"—4e’”—3

Put o* =t = e'dx=dt

dt
=
j 4t —4t -3
Consider

1 1 __A B
47 —4t-3  (2t+1)(2t+3) 2641 2¢-3
1 =AQ2t—3)+ B2t +1)

_3 3 3
Putf=—- wegetl=A 2-=-3 +B 2-=+1
2 2 2

1
= B=—
1=4B 1

1
put f=—5, we get

I1=4 2 —1 -3 +B 2.—l+1
2 2

1=4A -~ A=—
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| -1 |
R (1) = = +
Q2 +1)(2t=3) 4Q2c+1) 4(2t-3)
Now, 1= dr=— [ e[
4(2z D 4(2z 3) 442
i 2 32
Slog[2e 1] Slog(2e" 3)
8
2x*+5
©) LetI_J2x2+5x+3
Consider —2+5 Thisisani tional functi
onsidaer 2x2 +5x+ 3 Si1San nnproper rationa ction.

. convert improper into proper by division
1 = quotient

2x* 5x 3 2x* +5
2x2 +5x+3
O O O

—5x + 2 =remainder

X’ +5 2-5x
=l+-— ..
2x% +5x+3 2x* +5x+3
Now consider
2-5x 2-5x A B

2 5x 3 (x D2x 3) x 1 2x 3 @
2 Sx=AQx+3)+BGx+1) 3)
put x=11n(3), we get
2+5=A(2+3)+BCI+1)
7=A
A A=T
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-3 )
put x=7 in (3), we get
2—5(_—3)=A(2><_—3+3)+B(_—3+1)
2 2 2
2+1—5_B(—§+1j
2 2
19 -1
~Z Bl —
7-7)
B=-19

X +5 1 7 19

() = > =1+ —
2x°+5x+3 x+1 2x+3
Now,
x+1 2x+3
de+7J.—dx 19 +c
2x+3
-19
=x+7log(x+1)710g(2x+3)+c
q _f 6x” +2x+3 .
(d) LetI=) ) Gr+2)
. X +2x+3 X’ +2x+3
Consider =

(x+DBx+2) 3x*+5x+2

This is an improper rational function
2

3 +5x+2 | 6x°+2x+3
6x° +10x+4
IR

—8x—1
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6x”+2x+3 oy 8x+1
3x% +5x+2 3x2 +5x+2

6x2+2x+3_2_ (8x+1) .
3x* +5x 42 (x+D)@Bx+2) 7T 0

Now consider,
8x+1 A B
= TS 2)
(x+DBx+2) x+1 3x+2
8qx+1=ABx+2)+Bx+1) ... 3)

Substituting x=—1 in (3), we get
8(-1)+1=A[3(-1)+2]+B(-1+1)
-7=-A .. A=7

Substituting X = EY in(3), we get
8(_—2j+1 =4 3(_—2]+2 +B{_—2+1}
3 3 3

—16+3:B(—2+3j
3 3

—-13=B

B=-13

s 6x2+2x+3_2_ 7 N 13
'()33x2 5x 2 x 1 3x 2

I j(z B )dx
x+1 3x+2

2jdx j—dx+13

dx
3x+2

13
2x—710g(x+1)+? log(3x+2)+c

[T640 |
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Evaluate the following:
I. Five marks questions:

j dx+5 N
@ JiThE+2)

|
© | oD

5
© | = & ox )=
3e"

® |ore®

2
J- 3x°+2x+3 J

O N

ExERcIskE 20.5

3x+2
® | I

S5x+7
@ oo™

2x—1
O e

6
o | T(2(0gx) + Tlogrt 5

X +3x-2
i —dx
0 J.)c2—4x—12

ANSWERS 20.5

3log (x—1)+log(x+2)+c

(b) %log@x +3)+ %1og(3x -D+c

(©) %logx log(x 1) %log(x 2) ¢

8 1 8
(d) glog(x 2) %(x 2) Elog(x 3) ¢

©

®

(€3]
(h)

+ilog(x—3)+ c

_—Slog(x+ 3N+ ——-
36 6(x+3) 36

_Tslog(x 2) %log(x 2) log(x 1) ¢

6log(e” 2) O9log(e” 3) ¢

2log(logx 1) 2log(2logx 5) ¢
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(i x 4log(x 1) 3logBx 2) ¢

G) x+%log(x+ 2)+§10g(x—6)+c

20.8 Integration by parts
Theorem: If u and v are two functions of x, then

Juvdx = uf vax —I(%Ivdx)dx

Proof: Ifuandw are functions ofx, then

d dw du .
o (uw)=u o (product rule in diffh.)

Integrating both sides w.r.t. ‘x’, we get

uw = j(ufl—:)dﬁj(w%)dx

Ty (@W)dx .......... (1)
dx dx
d
Let Ew =v, then w= jvdx
From (1)

uvdx=u vdx— (ﬂ vdx)dx
dx

Note : Choose the first and second function in the order ‘LATE’ [i.e., Logarthmic, Algebraic,
Trigonometric and Exponential]

WORKED EXAMPLES

Example 16 : Evaluate

(a) _[xe"dx (b) Ilog xdx (¢) Ix log xdx
Solution: We know that
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Now consider, Jxe"dx

H = e
ere, u=x o
di
d—z=l V:Jexdxzex
xe'dx=xe' — e*(1)dx [From (1)]

= xe'—e'+c

(b) J-log x(1)dx

1
= — |x.—dx = —|1d
log x (x) jxxx x log x J x
= xlogx—x+c

(©) Ilog x.x dx

= lo x><x—2—jx—2 ldx
g Tl %

x’ 1
= 71ogx —ijdx

2 2

= x—lo x—x—+c
2 g 4

Example 17 : Evaluate
(@) Ixz log xdx ) Ixzexdx (c) I(l + x)log xdx

Solution :

3 3
1
2logxdx =logx.— - [X 24
(@) fx gx gx.— _[3xx

x’ 1¢,
= ?logx—gjxdx

3 3

x—lo x—x—+c
3 BT

[T643 |
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(b) szexdx =x'e" - jex.(Zx)dx

xle' — ZJ xe“dx

x'et =2 [xex - Iex (l)dx]
x’e’ —2xe" +2e" +c
(c) [(+x)logxdx = [logx(l+x)dx

2 2
X

X 1
lo +— —| x+= —d
gx x 5 Ix 5 xx

x° X

= logx(x+?)—j(l+5)dx
X’ X’

x —|logx x — ¢
2 4

(a) Ixcosx dx (b) Ixsecz x dx (¢) sz sin x dx

Example 18 : Evaluate

Solution:

(a) Ixcosx dx

= x(sinx) - [ (sinx)(1)dx
= xsinx-—cosx+c

(b) stec2 x dx
= xtanx— [tanx(l)dx
= xtanx—log(secx)+c

sinx dx

—
=
]

©

= x’(—cosx)— J— cos x(2x)dx
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—x*cosx+ 2chosx dx

= x’cosx 2 x( sinx ( sinx)()dx

x*cosx 2xsinx 2cosx c¢

Example 19: Evaluate

(@) I xe**dx (b) I xlog 3xdx (¢ I xcos(2x + 3)dx

Solution : (a) jxez"dx

2x 2x 2x 2x
e e e e

= X - Ddx = «x - +c
2 J2() 2 4

(b) [xlog3x dx

= Jlog 3x.x dx

2 2
X x° 1
= log3x.——|—.—.3d
0825 J2 3

2

x 1
= ?log?)x—gjx dx

x’ x°
= —log3x——+c¢
2 4

(c) [xcos(2x+3)ax

_ sin(2x 3) rsin(2x_ 3)

- = | e (1) dx

_ xsin(2x +3) N cos(2x+3) te

2 4
EXERCISE 20.6
I. Three marks questions:
Evaluate:
1
21 d ’1 —1 d

(a) f ogx dx (b) Jx ogx (¢ .[XZ og x dx

[645 |
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(d) jxe3x+5dx (e) jxsinx dx 6} jxcoseczx dx

(@) [x*cosxdx () [rsin(Sx+7)dx

ANSWERS 20.6

4 4

(@) 2xlogx—2x+c (b) X logx -t
4 16

_1 10 X 1 g d xe3x+5 e3x+5 .

x . - c
(c) —logx—— () . 5
(€) —xcosx+sinx+c () —xcotx+log(sinx)+c

xcos(5x 7) sin(5x 7)
(8 x’sinx 2xcosx 2sinx c (h) s + i Ty
skskosksk
[ 646 l



Chapter DEFINITE INTEGRAL AND
21 ITS APPLICATIONS TO AREAS

21.1 Fundamental theorem of integral calculus.

Let f(x) be a continuous function on the closed interval [a, b] and F(x) be an anti-derivative
of f{x) than

b
[ f(x)dx=F(b—F(a)
F(b) - F(a) is also denoted by [F(x)]’
b
s [ S = [Fo)] = F(b) - F(a)
Here ‘a’ is called as lower limit or inferior limit and ‘b’ is called as upper limit or superior
limit.

Note: The value of a definite integral of a function is unique and it does not depend on
different forms of indefinite integral.

Ifjf(x)d x = F(x) + c then,

[rede [Fey o] [Fo) ] [Fa) <]

=F(b) - F(a)

b
Thus the value of If (x)dx s same even if we take J f(x)dx =F(x)+C

‘WORKED EXAMPLES
Example 1 :
Evaluate ) .
2 . ’ z g §
(a) Ide (b) Ieb (C) ISinx dx (d) _[Sm x dx
1 2 5 2 0 . 747“
Solution: (a) Jde - %]
! 1
_2 1,13
2 2 5 T 5
[ 647 |
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(b) J dx = 2]

T

2 Vs
(C) jSmx dx = —cos x]oz
0

= —cos%—(—cosO)

—0+1 =1

4 T
(d) _[ Sec’x dx _ tan x]i

il 4
4

T T T T
tan——tan(——) = tan—+ tan—
4 4 4 4

=1+1=2
Example 2 : Evaluate
cx+3
2x"+—|d d
) I(x ) w [ @
(c)i sin x dx
» 1+cosx

Solution :

(a) _[(Zx + )dx

3 1

=i+1o X
3 g

| S———
(=)

Il
N
[SRR )

+

—

=)

&)

—_
N—_——

|
N

|
w |

+

—_—

o
(0)°]

=}
N—_—

[SSHINN
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3x+3
® [

3
x+2+1 2x+2 PO |
y X+2 \ X +2 o X+2

= x]z+log(x+2)]z = 3-0+log5—log2

2 sinx
c dx
© !(1+c0sx)
from half angle
22sincos L3 sinx = 2sin > cos =
_ dv _ 3 22
© 0 2c0s’ T - jtan dx 2 X
2 0 cosx =2cos 5—1
x %
:210g(se05) = 2log secz —2log(sec0)
0
= 2log~/2 - 2log(1)
= 2(log+2) [ log1=0]
1
e +1
@ [
(o1
—|l+—dx = y—¢7] = J—el—(0—¢?
Jlugd = mer] = 1m0 e
ISP -
e e
~ 2e-1
e

Example 3 : Evaluate

(a) .[x _4) dx (b) i(6x+1) 3x% +x+5 dx
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2 H
© !xexdx (d) [xcosx dx
0
Solution :
3
2x
— = d
(a) Let I=-(,;(xz_4)2 o

Put ¥*—4=t = 2xdx =dt
when x=0, t=-4

x=3, =5
_ _—_1]5
s tl,
_Zll A4S
5 4 20
_ 2
20

(b) j(6x+l) \V3x* +x+5 dx

Put3x*’+x+5=¢t = (6x+1)dx=dt
when x=0 t=5

when x=1 t=9

9 93 9
1= [Ntde = —12:|
s 3

_ 2g_s
3

- %[27—5\/3]

(©) _{xex dx

2
= J'xex dx
1

xe' —e' ]12 = (28— —(e—e)

2

= e

[T650 |
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(d) |xcosx dx (byparts)

O 0 | 8

= xsinx—fsinxdx =xsinx+cosx

2
X cos dx = xsinx + cosx]

N‘é'_,lx)‘;l

-7

COS —

Il
N
N |

@

=

|

o

o

w2
SR
N’
N||

)
<5
=

N
||
N’
I
)

= 5 0 3 0 =9
Exgrcisk 21.1
Evaluate:
I. One mark questions:
1 2 T
@) {xz dx (b) {(x+e")dx © jsin2x 0
0

:
(d) j cosec’x dx (e) j(sin X+ cosx)dx
T 0
4

II. 3 and 5 mark questions:

T 2x+5 L L
(@) { * (b) 1(10x+3)\/5x2+3x+7dx (c) sz+3 dx

x +5x+3) ' 3x+5
3 2 1
(d) [xsinx dx (© ! mdx
ANSWERS 21.1

1 3,

L@ 3 (b) S+e—e (c) 1 (d) -2 (e) 2
1. (8

1. (a) % (b) %[15@ ~27] (o) % l‘glog(g) @1 (e 1ogE
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21.2 Application of definite integrals to area bonded by curves and lines with the axes.
Introduction:

In this topic, we shall use definite integrals to find the areas enclosed by curves. Here we
shall study areas enclosed by parabolas, straight lines, etc.,

Area enclosed by simple curves:

Theorem: Let f (x) be a continuous non-negative function in interval [a, b]. Then
the area of the region bounded by the curve y =f (x), the x — axis and the ordinates

b b
x=aand x = b, is given by_[f(x)dx or Iy dx

Proof: Y,

fig ()

»
>

O S E F R X

Let H(x, y) be any point on the curve and S (x + dx, y + 8y) be a neighboring point on the
curve HE and GF be perpendicular to x-axis. Let A be the area of SEHPS and A+ dAbe
the area of SFIPS. Thus the area EFIHE = (A + 8A) —A=SA

Fromfig 1, we have
Area EFGHE < Area EFTHE <Area EFITE
y.0x <8A<(y+3dy) dx
Dividing throughout by &x
SA
y<—< y+0y
Ox

Applying the limit as &x — 0, we have

: . O0A .
iy < Him <m0+ &)

dA
= ySESy (. 8y >0asdx—0)

[T652 |
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dA
=Ty = dA=ydx = A=jydx

d
A=Fx)+C
When x = a then HE coincides with SP and the area A becomes zero
0=F(a)+C ———(1)

Again, when x = b , than HE coincides with QR, then the area becomes, the required
area A thus, we have
A=Fb)+C —(2)
From (1) and (2) we have
F(b)-F (a)=A

F(b)—F(a)= | f(x)dx

Thus the area a bounded by the curve, y = f{x), x —axis and the ordinates x = a and x = b
is given by

A:jydx:jf(x)dx

Note: Note: [fthe function f (x) is continuous non- positive in the closed interval [a, b] then

b
the curve y = £ (x) lies below the x-axis and the definite integral J f(x)dx is negative since

the area of a region is always non- negative the area of
the region bounded by the curve y = f'(x) the x-axis the y=d \

N

ordinates x = a, x = b is given by or

[ () dx

b
Jydx

Similarly, /s x =g
The area of the region bounded by the curve x = g(y), \
N

the y - axis and the abscissae y = ¢, y =d is given by
SINNN\N
y=c

fig2)

d

jx dy

c

or

fg(y) dy
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21.3 Areas between curves vy

Iff (x), g(x) are both continuous in [a,b] and
0 <g (x) <f(x) for all x € [a,b], then the
area of the region between the graphs of
vy = f(x), y = g(x) and the ordinates

X =a,x = bis given by j[f(x)—g(x)] dx

Similarly the area of the region between the
graphs of x=/'(y), x =g(y) and the abscissae

y=c y=dis given j[f(y)—g(y)] dy

WORKED EXAMPLES

Example 1 :
Find the area bounded by the curve y =x?% x - axis and the lines x=1 and x = 3.
Solution:

3
Required area [A] = jy dy
1

3 e 3
2
= d =

_ 271

3 3

26 .
= 3 Sq. units
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Example 2 :
Find the area bounded by the curve x =2)?%, y - axis and the abscissae y =2 and
y=4.

Solution :

I

Required area = Jx dy

[N

4 3¢
2 3 2
_2(64)  2(8)
3 3
e n2
=73 "3 73 Sq.units
Example 3 :
Find the area bounded by the parabola y*=16x and its latus rectum
Solution :
v I (4,V
x=4
—+ X
(0] S (4.0
vam—  fig(s)

Since the parabola is symmetrical about x - axis
Required area =2 area OSLO

I
|
2]

128 )
= 3 Sq. units
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Example 4 :

Find the area bounded by the parabola y*=4x and the linex—y =10
Solution :

The given curve is )* = 4x (1)
and the lineis x—y =0 2)
Solving (1) and (2) we get the points of intersection
Put y=xis (1) < A
x? = 4x t '
4,4
xX*—4x=0
xx-4)=0
x=4
x=0, x=4 S5
. The required area is -
4
A=[[/(x)~g(x)]dx
0
4 - fig (6)
=”:2\/;—x:|dx = 2.—.x? _x_:|
0 2 0
3
:i'4§_E i(zz)z 16
3 2 3 2
32 16 32 g = 32-24
302 33
_§ t
=3 Sq. units.

Example 5 :

Find the area of the region between the parabolas y*=4ax and x*> =4ay
Solution :

x> =4day

fig(7)




)
()
To find the points of intersection, solve (1) and (2)

2

Put y=z—a in (1)

Xz ’
4a
x*=64a’x = x*—64a’x=0

x(x*-64ad*)=0
x=0, x=4a

Givencurve are )? = 4ax

x* = 4ay

". Required area is
4a 2
A=| (2@ - x—) dx
0 4a

~2 5 X " 4 . (461)3
:2 —x2-— — b N )
“37 12a:|0 =3aldap =0

2 _ = —

3 2 2 2
:%\/2‘ 3.4 64a 32a 16a

Basic Matihemoatics

12 3 3
164’ .
= 3 Sq. units
Example 6 :
Find the area bounded by the parabola ? = 4x and the line y = 2x — 4
Solution :
The given parabola is y*=4x
2
= x=2- (1)
and the given line is
y=2x-4
y+4
= X=T )
solving (1) and (2) we get
v _y+4
4 2

=y=2y+8 = y’-2y-8=0
>0+2)(y-4)=0=y=-2,4

[T657 |
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". The points of intersection are A(1,-2) and B (4, 4)
. Therequired area

- 4+8—E)—(1—4+3) _15-102
3 3 3
27
=3 9 sq. units
Example 7 :
Find the area of the region included between the curve 4y = 3x* and the line
3x-2y+12=0
Solution : ‘1; -2+ 12=0
The given curve is 4y = 3x?
ie y=%x2 S P
The given line is
3x-2y+12=0 A =iy
3x+12 23) .
V== 2
solving (1) and (2) we get
fig (9)
x+12_3
2 4

=32 -6x—-24=0 =>x*-2x-8=0
>x+2)(x-4)=0 =>x=-2,x=4
". The points of intersection are A(-2,3) and B (4, 12)

. Required area
4 2
3x+12 3x
_ -2 g
A [ 2 4 @
2 3 04
_ 3 )2
2 2 4 3




Basic Mathematics

Eall A e

S e

II.

214

£+ 6x — x_3:|4
2

4 4|
- E.E+6(4)—ﬁ _ 3l +6(-2)+—
24 4 4

[12+24-16]-[3-12+2]

= 20—-(-7) =20+7

= 27 sq. units

EXERCISE 21.2

Two marks questions:

Find the area bounded by the curve y = x? x - axis and the ordinates x =0, x= 1.
Find the area bounded by the curve y* = 8x, x - axis and the lines x =0, x = 2.
Find the area bounded by the curve x> = 8y, y - axis and abscissas y =3, y=6.
Find the area bounded by the curve 3x* =4y, y - axis and the lines y =1,y =2.

. Five marks questions:

Find the area bounded by the parabola * = 4ax and its latus rectum.

Find the area bounded by the parabola y* = 4x and x* = 4y.

Find the area bounded by the curve y?= 5x and the line y = x.

Find the area enclosed between the parabola x> = 4y and the line x =4y — 2.
Find the area enclosed between the parabola y* = x and the line x +y = 2.
Find the area enclosed between the parabola y? = 4ax and the line y = mx.

ANSWERS 21.2

1 16
. (D 3 Sa- units 2) 3 s units

(3) V3(16-4V2) sq.units  (4) i(zf 1)sq. units

8a’ . 16 , 25 ,
(D) % sq. units 2) 3 s units 3) % 54 units

9 , 3 , 8a’ :
4) 354 units &) 5 84 units (6) 3a3 $q. units

Application definite integrals to cost and revenue function.

Students have already learnt to calculate marginal cost and marginal revenue. In this topic
we will learn to calculate total cost and marginal revenue

[T659 |
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_dc

MC = Q where 'C' is the total cost, Q is the quantity produced.

[MC = marginal cost]

d
Total cost (C) = IMC dx

Where 'a' & 'b' are the lower and upper limits respectively of the total cost function with
respect to marginal cost.

In case of an indefinite integral is used in finding the total cost function, then the constant
'c'is considered as fixed cost.

J— dR .
MC *E where R is the total revenue

b
Total revenue (R) ZIMR dx

Where 'a' & 'b' are the lower and upper limits respectively of the total revenue with respect
to marginal revenue. In case of indefinite integrals, the constant will always be taken as zero.

APPLICATION TO COMMERCE

Example 1 :

Compute the total cost for the marginal cost function f(x) = 6x* — 6x + 12 as summing
that the fixed cost is T500.

Solution :
flx)=6x*—6x+12=M.C
Fixed cost =%500

Total cost = ffl(x) .dx
= f6x* —6x+12.dx

3 2
LA P
302

o T.C=2x*—3x* + 12x + 500
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Example 2 :

The marginal cost function is given by f'(x) =15x?+ 2x + 1 where x is the level of
output. Find the total cost, Average cost, total variable cost, given that the fixed
cost 3100.

Sol. Given
fi(x)=15x>+2x+ 1 =M.C

Total cost = Jf‘(x) Ldx = lexz +2x+1.dx

15x°  2x7
. = +—+x+C
T.C 3 St
C=%100

T.C=5%+x>+x+100
Total variable cost = 5x° + x* + x.

Total cost 5 100
Average cost = -, Sx*+x+1+ o
Average variable cost =5x*+ x+ 1.

Example 3 :
The marginal cost function of a first is 3x? — 20x + 100 where “x’ is the level of
output. Final the total cost function if the total fixed cost is T 500 what is the average
cost.

Solution :

Total cost = j 3x? — 20x+100 dx

3 2
_ 326 0r C
3 2

T.C=x*-10x>+ 100x + 500

500
A.C=x>—10x+ 100 + ~

Example 4 :
If the marginal revenue = 76 — x* find the maximum total revenue. Also find the
total and the average revenues. Write the demand function.

Solution :
f(x)=M.R=76 — x*

Total Revenue J7 6—x>. dx

3

T6x -4 C
3
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Il
(e

when  Output=0 Total revenue =0 - C
3
Total revenue R = 76x — %

Total Revenue

Average revenue = B
3
X
T6x —— 2
= 3 = 76—
3

X
Average revenue = price per unit which is nothing but the demand function
2
.. the demand function =76 — x?

Example 5 : The marginal cost =8 + 0.08x and the marginal revenue = 16. Find the total
revenue, total cost and total profit. Assume that the fixed cost is nil .

Solution :
Under conditions of perfect competition, MR is constant when MR = MC; profit is maximized
16 =8 + 0.08x
8 =0.08x
8
X=—
0.08
800
x= e 100 units
Totalrevenue = jM.R dx = j16 dx
= l6x
Total cost = IM.C. dx = j(8+ 0.08x)dx

2

— 8x+ 0.08%+C

Itis givenfixedcost 0 .. C=0

T.C = 8x + 0.04x?
Total profit = 16x — (8x + 0.04x?)

= 8x — 0.04x?

Total profit = 16x — (8x + 0.04x?)
Putting x = 100 in the total profit function, we have
Total proof = —0.04 (100)*+ 8(100)
—0.04 (10000) + 800
400 + 800 = 400

[T662 |
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Example 6 :
The marginal cost curve for a super Bazaar is 1.16 — 04x. Find the total cost for
C(0)=144.

Solution:

C(0) = 14.4 refers to fixed cost or means the total cost. When output is zero. In the short
rum analysis of cost, the only cost that anise even when there is no production is

Total cost = [(1.16-0.04x)dx

0.04x*

=1.16x— +C

T.C. = 1.16x — 0.02x* + 14.4
Example 7 :

A manufacturer produces x units of a product per week is marginal cost function
f(x) = 6x>+ 2x. Find the total cost when fixed cost =Z50.

Solution:
Marginal cost = f!(x) = 6x* + 2x

Total cost = Jfl(x) dx

= J6x2+2x.dx
3 2
= 6i+2i+c
3 2
T.C=2¥*+x>*+C
- C=7%50

T.C=2x"+x*+ 50
Example 8 :

The marginal cost function is £ !(x) = 6x> + 2x + 1 where x is the level of output. Find
the total cost, average cost, total variable cost, average variable cost. Given that
fixed cost = 370.

Solution:
Marginal cost = f'(x)=6x*+2x + 1

Total cost = ffl (x)dx

) 6x°  2x°
= I6X +2x+1.dx = T+T+X+C

T.C=2x+x*+x+70 (As C =%70)

[663 |




(Il PUC)

Total variable cost = 2x* + x>+ x

7
Average cost =2x+x+ 1 + —
X

Average Variable cost = 2x* + x + 1
Example 9 :

Find the marginal revenue when the quantity sold is 5 units for the demand function
P =300 - Q> If fixed cost is 50 and variable cost is 3 at what quantity will profit be
maximum

Solution :
M.R =price x quantiy
=(300-Q%) x Q=300Q - Q’
atQ=>5
M.R=300(5)—-125
= 1500 - 125 =%1375
T.C=V.C+FEC
= 3Q+50
d(T.C)
dQ
Profit is maximum when M.R=M.C
300Q-Q*=3
Example 10 :

Find the marginal cost is f '(x) = 1 — 2x + 12x° where x is the output. Find the total
cost, average cost, total variable cost and average variable cost given that fixed
cost is T 50.

Solution :
Given f'(x)=1—-2x+ 12x°, Fixed cost = ¥ 50

Total cost = jf‘ (x)dx

MC= =3

= J(1-2x+12x¢)dx
= x—x*+3x*+C
= x—x?+ 3x*+ 50 (Fixed cost = 50)

Totalcost
Average cost= ————
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50

x=x"+3x"+50  1-x+3x"'+—
- = x

X
Total variable cost = x —x?+ 3x *
Average variable cost =1 —x + 3x°
Example 11 :

X
If the marginal revenue is f' (x)=30 30 Find the total revenue and average

revenue obtained from on output of 60 units.

X
Solution : Total revenue = ff‘(x)dx = 1(30—%}&

2
X

60
Total revenue for an output 0f 60 units

) 60
_ 30x—x—:|

= [30x-

60

0

2
= 30(60)—% = 1800 — 60

Total revenue 1740

Total revenue
Average revenue = ——————
X

2
X

30x——
= 60

X

30—
= 60

60
Average revenue for an output of 60 units = 30— 0 %29

Example 12 :

Find the total variable cost of producing 10 units given that the marginal cost function
is f1(x) =275 —x - 0.3 x*, where x is the number of units produced.
Solution :

Total cost = Jfl (x)dx

[(275—x-0.3x7 ) ax
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2
—X

Total cost = 275x 5 —-0.1x*+C

2
Total variable cost = 275x — % -0.1x°

Total variable cost for producing 10 units

2
= 275(10) - @ —(0.1)(10)’
=2750-50-100 = 2600
Total variable cost for producing 10 units = 2,600.
Example 13 :
If the marginal cost of a product is 2x? — 4x, where x is output, find the total cost of
producing 16 units.

Solution :
Given M.C = 2x? — 4x

6
T.C = J.M.C dx = }(2x2 —4x)dx
0

_ 20 4
32
_2(16)"  4(16)
3 2
Total cost = 2730.66—512
= ¥ 2218.66
Example 14 :

Find the total revenue in rupees by raising the output from 20 units to 40 units when
5 2
the marginal revenue function is % +164 —100 where q is the output.

Solution :

Total revenue =TR = J MR dgq

40 qu
29 1164100 d
| 5164 g

20

; 40

5q 2
——+8g~—100
36 q q

20




Basic Matihrematics

5(40)’

=5 8(40)’ 100(40)] [

[8888.89 + 12800 —4000] — [1111.11 + 3200 —2000]
% 15,377.78

520) 8(20)" 100(20)

Example 15 :

If the marginal revenue = 10x —x?, find the maximum revenue. Write the demand
function.

Solution :

II.
. Ifthe marginal cost function is 3x*> — x + 5 where x is the output, then find the total cost,

Given MR = 10x —x?
Total revenue (R) = JMR dx

3
= [(10x—x*)dx =105 -2 +C
j( x*)dx = 10x’ 3

when output = nil, total revenue = nil

3

.. C=0 Hence R=10x>— %

. Total revenue
Demand function (P) = Average revenue = ————

X

p= 10x? _ﬁ
X 3
xZ
P=10x——
3

ExERrcrIse 21.3

Two marks questions:

. If the marginal cost ofa firm is f"'(x) = 10 + 6x— 6x* where x is the output find the total cost

amusing that that the fixed cost is ¥125.

30—x2

If the marginal revenue is given by f''(x) = . Find the revenue obtained from an

output of 50 units.

. Find the total revenue in rupees by raising the output from 10 units to 20 units when the

marginal revenue function is 2¢>— ¢ where q is the output

Three and Five marks questions:

average cost, total variable cost and average variable cost given that the fixed cost is Z25.
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X
2. Ifthe marginal revenue is f'(x) = 20 — 50" Find the total revenue and average revenue

obtained from an output of 30 units.

ANSWERS 21.3

L (1) 10x+3x*—2x*+ 125 (2) 111.1 (3)4516.6
;X , X 25
II. (1) Totalcost= x —7+ Sx+25, Average cost= x —E+5+?

2
. X . x
Total variable cost= x* ——+5x, Average variable cost= x* —=+5
2 & 2

(2) Totalrevenue = Z1110

Average revenue = 3185
sk osk sk ok sk




II P.U.C BASIC MATHEMATICS (CODE - 75)

Blue print of the Question paper (New syllabus 2014-15 onwards)

MODEL -1
D .of
G| cornechper [ rscing | P | P | e | | pe ol
o hrs
1 Mark | 2 Mark | 3 Mark | 5 Mark | 4 Mark | 6 Mark
UNIT-I | ALGEBRA (42 hrs)
1 Matrices & Determinants 13 1 1 2 - - 1 15
2 Ez:ir(r)ll?tatlon & Combi- 08 | | | ) ) ) 06
3 Probability 05 - 1 1 - - - 05
4 Binomial theorem 06 - - - 1 1 - 09
5 Partial fraction 04 - - - 1 - - 05
6 Mathematical logic 06 1 1 - 1 - - 08
UNIT-II | COMMERCIAL ARITHMETIC (34 hrs)
7 Ratios & proportions 10 1 1 1 1 - - 11
8 Bill Discounting 06 - 1 1 - - - 05
9 Stocks & shares 04 1 - 1 - - - 04
10 Learning curve 04 - - - 1 - - 05
11 ;;(r)lgil;m programming 06 ) ) ) 1 ) ) 05
12 tSaa).(les tax & value added 04 ) ) | ) . ) 03
UNIT-IITI | TRIGONOMETRY (12 hrs)
13 Heights & Distances 04 - - - - 1 - 04
14 Compound angle, mul-
e nge it | o |l ]
formule
UNIT-IV | ANALYTICAL GEOMETRY (10 hrs)
15 Circles 06 1 - - 1 - - 06
16 Parabola 04 - 1 1 - - - 05
UNIT-V | CALCULUS (42 hrs)
17 Eﬁﬁoﬁ Continuity of a 08 | | ) ) . | 09
18 Differential Calculus 10 1 1 1 - - 11
19 Application of Derivative 08 - 1 - - - 08
20 Indefinite Integrals 08 1 1 - - - 09
o e e <o [ [
Total No. of Teaching hrs | 1} 10 14 14 10 02 02 150

/ Marks

669




II P.U.C BASIC MATHEMATICS (CODE - 75)
Blue print of the Question paper (New syllabus 2014-15 onwards)

MODEL -2
S .of
S C}& Q@‘ Title of the Chapter Ti\;}rlgi)ng Pin Pgrt Pért Pgrt P;rt l\}::]l(ls
1 Mark | 2 Mark | 3 Mark | 5 Mark | 4 Mark | 6 Mark
UNIT-I | ALGEBRA (42 hrs)
1 Matrices & Determinants 13 1 1 2 1 - - 14
2 Ezl;nutation & Combina- 08 | | | ) ) ) 06
3 Probability 05 - 1 1 - - - 05
4 Binomial theorem 06 - - - 1 1 - 09
5 Partial fraction 04 - - - 1 - - 05
6 Mathematical logic 06 1 1 - 1 - - 08
UNIT-IT | COMMERCIAL ARITHMETIC (34 hrs)
7 Ratios & proportions 10 1 1 1 1 - - 11
8 Bill Discounting 06 - 1 1 - - - 05
9 Stocks & shares 04 - - 1 - - - 03
10 Learning curve 04 -1 - - 1 - - 06
11 {;irr:lear programming prob- 06 ) ) ) | ) ) 05
12 tSaz;.(les tax & value added 04 ) ) | ) . ) 03
UNIT-IIT | TRIGONOMETRY (12 hrs)
13 Heights & Distances 04 - - - - 1 - 04
14 Compound angle, multiple
angle, sub multiple angle 08 1 2 - 1 - - 10
& transformation formule
UNIT-IV | ANALYTICAL GEOMETRY (10 hrs)
15 Circles 06 1 - - - - 1 07
16 Parabola 04 - 1 -1- - - - 05
UNIT-V | CALCULUS (42 hrs)
17 Ifdulr?;tl Oic Continuity of a 08 | | . ) ) | 09
18 Differential Calculus 10 1 1 1 1 - - 11
19 Application of Derivative 08 - 1 - - - 08
20 Indefinite Integrals 08 1 1 - - - 09
2 ot e <l | e
Total No. of Teaching hrs | 5 o 1 g 14 14 10 02 02 | 150

/ Marks
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II PUC BASIC MATHEMATICS
WEIGHTAGE GIVEN TO THE CURRICULUM

1. Knowledge : 35% = 52.5Mark
2. Understanding 30% = 45 Mark
3. Applications : 25% = 37.5 Mark
4. Skill : 10% = 15 Mark
Total
UNIT WISE WEIGHTAGE
Unit
I Algebra = 48 Marks
I Commercial arithmetic = 33 Marks
IIT Trigonometry = 14 Marks
IV Analytical geometry = 11 Marks
V Calculus = 44 Marks
Total

INSTRUCTION TO QUESTION PAPER SETTERS
(New syllabus 2014-15 onwards)

Note: IN THE CHAPTER (4) BINOMIAL THEOREM THE PROOF OF THE BINOMIAL THEO-
REM FOR POSITIVE INTEGRAL POWER IS EXCLUDED

PART - E

6 MARKS QUESTIONS MUST BE SELECTED FROM THE FOLLOWING
TOPICS ONLY:

. Application of matrix: ( 3 x 3) order about statement problem, formation of linear

equation and solve them by matrix method

. Circle: Problems on concylic (circle passes through 4 points)

. Limits: standard theorem

m x"—q"

. Li . .
(i) prove that ' =n.a"'foralln € Q (Q = set of rational n is + ve, — ve and
X

—>a x—a

fraction)

.. Li i
(i1) Prove that m {Smx
x—0

Lim | tanx _1
x—>0| x ’

} =1, (x = angle mesuered in radian) and deduce that
X
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4 MARKS QUESTION MUST BE SELECTED FROM THE FOLLOWING
TOPIC ONLY.

. Binomial theorem: Application problems like Evaluate : (0. 98)° (1.01)%, (102)%,
(0.97)"... ect upto 4 decimal.

. Heights and distances : Application problems

. Linear programming problem (L.P.P) : Statement problems on L.P.P for mation-
tion of linear equations.

. Cost and revenue function : Problems on total cost, total revenue, Marginal cost,
Marginal revenue, Profit Maximization. ..... etc.
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MODEL QUESTION PAPER -1
I1 PUC : BASIC MATHEMATICS [CODE : 75]
(NEW SYLLABUS 2014-15)

Time: 3.15 hours Max. Marks: 100

(i)
(i)

(iii)

Instructions:

The question paper has 5 parts A, B, C, D, and E. Answer all the parts.

Part - A carries 10 marks, part - B carries 20 marks, part - C carries, part - D carries 30

marks and part - E carries 10 marks.

Write the question number properly as indicated in the question paper.

PART — A
Answer ALL the questions: (1x10=10)

-3

.IfA [5 6 3],B |1 |(findAB

0

. If“P4 =360 find n.

Write the truth value of the proposition "If 2 is not a prime numbers then /3 is an
irrational number".

4. Find the mean proportion of 9 and 16

10.

. Define the 'Index of learning'.

3
. If Sin A=§, find Sin 2A

. Find the radius of the circle x> +)* —4x — 5= 0.

Lt x> =27
. Evaluate :

x—3] x-3

d
Iy 23/x cos2x 2,find ﬁ

1 .
Evaluate : j ; —sinx+3 dx.




II.

I1.

12.

13.

14.

15.

16.
17.
18.
19.

20.

21.
22.

23.

24.

II1.

25.

26.

(Il PUO)

PART - B
Answer any 10 questions: 2x10=20

2 -1
If A= [_1 ) :| Show that A? — 4A + 31 = 0 (I = Identify matrix of 2" order)

There are 15 points in a plane of which 5 are collinear. Find the number of straight
lines can be formed.

A boy drawn at random 3 balls from a bag containing 9 red and 5 while balls. What is
the probability of getting (i) all red balls (i1) 2 red and 1 white.

Write the converse and contrapositive of the compound proposition "If prashanth got
first class in mathematics then prof. John will gift him a watch".

A certain number is subtracted from each of the two term of the ratio 21 : 35 to give a
new ratio 3 : 10. Find the number which is subtracted?

Find the Banker's discount on ¥ 1000 due 6 months hence at 10% per annum.
Derive the value for cos 105°.
Transform 2sin 40° x cos 20° into sum.

Find the focus and the equation of Directrix of the parabola x* — 16y = 0.

Lim ( sin 3x.tan 4x ]

x—0 X

Evaluate :

e find 2
Ify =x*, find I
If S =4t — 6t + t — 7 (S = distance in mt, t = time sec)
Find the velocity and acceleration at t = 2 sec.

X

5 dx.
x +4

Evaluate : J

/4 5
Evaluate : _[0 sec” 3x dx.

PART - C
Answer any 10 questions: 3 x10=30)

-1 2
IfA = [ 3 4] verify A. (adj A) = (adj A). A=|A|.I and (I=Identity Matrix of 2" order).

1 1 1
a b ¢ (a b)(b c)(c a).

bc ca ab

Prove that




27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

Model guestion papers
Find the number of permutation of the letters of the word 'COMMISSION'. If the
word
(i) Start with M and end with M
(i1) 2S's are together
(iii) 20's are not together

In a class of 80 student 40 are taking Mathematics 25 are taking Statistics. If each
student has taken at least one of these subject. Find the probability that the student is
taking

(i) both Mathematics and Statistics

(i) only Mathematics
(ii1) Only Statistics
Asum of %. 2415 has to be divided among three person A, B and C in such proportion

that A's share to B's is 4 : 5 and B's share to C's share 1s 9 : 16. How much does each
get?

A bill of ¥ 5000 was drawn an 10/4/2013 at 3 months and was discounted on 1/5/2013
at 12% p.a. For what sum was the bill Discounted and also find the Banker's gain.

Find the Interest earned on ¥ 4897.50 cash invested in 15% stock at 81.50, given that
brokerage is 0.125%.

The price of a washing machine, inclusive of sales tax is ¥ 13,530. If the sales tax is
10%, find its basic price?

Find the equation of the parabola given that the ends of the latus rectum are L (3, 6) is
Focus is (0,-3) and Directrix is y = 3

_ o dy
If x = a cos’t, y = b sin‘t. find Eatt_A‘

The height of a cone is 30 cm and it is constant the radius of the base is increasing at
the rate 0.25cm / sec. Find the rate of increase of volume of the cone when the radius
is 10 cm?

Find the maximum and minimum value of the function f'(x) = x° — 5x* + 5x* — 1.

S5x J
Evaluate: fm X

Evaluate: sz.cos 3x dx.




IV.

39.

40.

41.
42.

43.

44.

45.

46.

47.

48.

(Il PUO)

PART - D
Answer any 6 questions: (6 x5=30)
10
. ) ) 1
Find the term Independent of 'x' in the expansion of [«/; + ?J -

2x+1
Resolve o D(x 2)Bx 1) into partial fractions.

Verify: ~(p  ¢q) [(~ P q) -~ q] is a Tautology or contradiction or neither.

A jar contains two liquids X and Y in the ratio 7 : 5. When 6 litres of the mixture is
drawn and the jar in filled with the same quantity of Y, the ratio of X and Y becomes
7 : 9. Find the quantity X in the jar initially.

Samsung company which manufacture LCD TV. The 1st lot of 10 unit was completed
in 1400 labour hrs. Find each subsequent lot, the commutative production was doubled.
And it has observed that 90% learing effect applies to all labour related cost. The
anticipated production is 320 unit of LCD TV find total labour cost required to
manufacture 320 unit and also find the total labour cost at ¥ 20/per hrs.

Using the graphical method, solve the following. LPP:-
Objective function : minimize z=1.5x + 2.5y
Subject to constraints : x+3y2>3

x+y=>2

and x>0,y>0.

Show that sin’ 9. sin30 cos’® cos36 3
sin@ cos@

A circle has its centre on x-axis and passess through (5, 1) and (3, 4). Find its equation.

2
Y 0xY 1ay o,

2 2
Ify = (¥ +a>)°, show that (x* a*) dx’ dx

Find the area enclosed between the curve y = 11x — 24 — x? and the line y = x.




Model guestion papers

PART - E
V. Answer any 1 questions: (1x10=10)

49.(a) Transport corporation operate bus service between two villages. Data regarding the
passenger traffic during the 1% three days of the week is given below along with the

total revenue. (6)
No. Passenger of travelled
Day Children Senior citizen Adult Total
Revenue ()
1 10 10 20 90
2 30 20 10 100
3 10 20 30 140

Find the bus fare charged per children, senior citizen and per adult. By using matrix
method.

(b) The angle of elevations of the top of an unfinished tower at a point distance 120 mt
from its base in 45°. How much higher must the tower be raised so that the angle of
elevation at the same point many be 60°? 4)

Lt xn _ an -
50.(a) Prove that =na

X—a X—a

for all 'n' belongs to rational (n is + ve, — ve or a fration). (6)
(b) Find the total Revenue obtained by raising the output from 10to 20 units. Where the

2
marginal revenue function in given by MR = 3( x—} —10x+100 (x = output).
20

“)

* kk k%
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MODEL QUESTION PAPER -2
II PUC : BASIC MATHEMATICS [CODE : 75]

(i)

(NEW SYLLABUS 2014-15)
Time: 3.15 hours Max. Marks: 100
[nstructions:
(i) The question paper has 5 parts A, B, C, D, and E. Answer all the parts.

Part - A carries 10 marks, part - B carries 20 marks, part - C carries, part - D carries 30

marks and part - E carries 10 marks.

(iii) Write the question number properly as indicated in the question paper.
PART-A
I. Answer all the questions: 10x1=10
4000 4001

1. Evaluate : 4002 4003!

2. Find nif "C, ="C,

3. Write symbolically "If gold is an elemont then water is a com pound.

4. Find the mean proportion of 36 and 4.

5. Write the formula for yield Percentage.

6. Write the value for sin 75°.

7. Find the centre of the of the circle x* + y* = 25

Lim x2 =22
8. Evaluate: = | =5 |
. dy .
9. Find —~ if y=3/x.
10. Evaluate : J.e“ dx.
PART B
II. Answer any Ten question. (2x10=20)
x+y 363
I1. If y o ox—y 4 2 find x and y.
| 678 }




12.

13.
14.

15.
16.
17.

18.

19.

20.

21.
22.

23.

24.

I11.
25.

26.

27.

28.

29.

30.

Model guestion popers

Find the number of words formed by the letters of the word "DELHI" How many of
them. start with D and end with I

Find the probability of getting a black Jack from a pack of 52 cards.?

If the truth value of p is true, q is false. Find the truth value of ~(p =~ g)v ~ p.

Ifa:b=3:5b:c=15:23finda:c.
Find the legally due date for a bill date 22/04/2014 due 6 months hence.

Tanya bought a coat for I 220 inclusive of sales tax 10%. How much was the sales
tax?

If TanA:%&TanBzé provethatA+B:§.

If y?> = 16x find the (i) Focus (ii) Latus Rectum of the parabola.

Lim tan56.sin’ 6

Evaluate : 050 o

If §=./t—1 find velocity (S = distance, t = time)
If Total cost C(x) =x*+ 2x + 1 find (i) marginal cost & (ii) Average cost.

2 1
Evaluate: _[1 - dx.

Find the area enclosed by the curve y = x> + 2x between the ordinates x =0 and x = 2.
PART C

Answer any 10 questions: 3x10=30

Show that, if in a determinant scalar multiple of the elements of any row or column is
added to any other row or column. The value of the determinant remains unchanged.

1 2
Find the inverse of the matrix |:3 4]~

Find the no. of parallelogram that can be formed from a set of 6 parallel lines intersecting
another on the set of 11 parallel line.

A bag contains 7 white, 3 red and 4 black balls, one ball is picked up at random. What
is the probability that (i) none is black (ii) ball is red (iii) ball is white.

Two quantities are in the ratio 3 : 4 If 10 is subtracted from each of them, the remainder
are in the ratio 1 : 3. find the quantities.

Calculate the banker's discount on face value X 1000 of the period is 73 days at 5% p.a
banker's commissions.
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31.

32.

33.

34.
35.
36.

37.

38.

IV.

39.

40.

41.
42.

43.

(Il PUO)

What is the market value of 9.5 stock when an investment 0f 12,400 produce income
Z1472.5.

Ananya went to the grocery shop to purchase biscuits for I 40, Rice for T 50, and
wheat for ¥ 50 sales tax on each item is 10%. How much should she pay to the shop
keepers?

If y =—4 is the equation of the drectrix, axis x = 3 and the length of lotus rectum in 8
find the equation of the parabola.

Differentiate 'e*' w.r.t. x by Ist priciples.
Divide 20 into two parts so that the product is maximum.
The side of a square is increasing at the rate of 10 cm/sec. If the side 20 cm. Find the
rate of increase of its area.
1
Evaluate : f dx.
I+ cosx

Evaluate : J.es“‘".cosx dx.

PART D
Answer any SIX questions (5 x6 =30)

4 4
Evaluate : (1+\/§) —(1—\/5) .
2x+1

Resolve in to partial fractions (x—D(x-2)(x-3)

Define Tautology and verify for tautology ~(p A gq) = (~ pv ~q).

. 5625 is Divided among A, B and C so that A receives one half as much as B and C
together receive and B receives one fourth of what A and C together receive. Find the
share of A, B and C.

XYZ company supplies water tankers to the government the 1% water tanker takes
20,000 labour hours. The government auditors suggest that there should be 90% learning
effect rate the management expects an order of 8 water tankers in the next year what
will be total labour hrs and the labour cost the company will incur at the rate of . 20
per hour.




Model guestion papers

44. Solve the following L.P.P by graphically

Maximise : z=400x + 150y
Subject to the constraints, 3x+y <600
x <150
<400
x=20,y=20

45. Prove that sin 3 A=3 sin A—4sin’ A
46. Find the equation of the circle passing through the points (0, 0) (1, 1) and has its
centre on X-axis.

dy  cos(x+y)

47. If & = sin (x +y) prove that o m.

48. Find the area between the curves x> =y and y* = x.
PART E
V. Answer any one question (10 x1=10)

Lim x" —g"

49. (a) Evaluate : =n.a"" for all rationals. (nis + ve, — ve & fraction)

X—>a x—a

(6)
(b) Expand (0. 99)° using Binomial theorem upto 4 decimal. 4)

50.(a)A sales person has the following record of sales for the month of Jan, Feb and March
2014 for 3 products A, B and C. He has paid a commission at fixed rate per unit but at
varying rates for products A, B and C.

Months Sales (units) Commission (3)
A B C
January 9 12 2 800
February 15 5 4 900
March 6 10 3 950

Find the rate of commission payable on A, B & C per unit sold by using matrix method.

(6)

(b) A person standing on the bank of a river observes, that the angle subtended by a tree

on the opposite bank is 60°. When he returns 40 meters from the bank he finds the
angle to be 30°. Find the height of the tree and the breadth of the river.

(4).




MODEL QUESTION PAPER -3
IT PUC : BASIC MATHEMATICS [CODE : 75]

(ii)

(iii)

(NEW SYLLABUS 2014-15)
Time: 3.15 hours Max. Marks: 100
Instructions:
(i) The question paper has 5 parts A, B, C, D, and E. Answer all the parts.

Part - A carries 10 marks, part - B carries 20 marks, part - C carries, part - D carries 30

marks and part - E carries 10 marks.

Write the question number properly as indicated in the question paper.

I1.

I1.

12.

PART —A

. Answer all the questions: 10x1=10

1 _
. I’[“A:[3 ]and B=[ 1}, find AB.
2 4 3

If 5P, = 60, find the value of .

Negate : "4 is an even integer of 7 is a prime number".
Find the third proportional to 6 and 24.

Define yield.

: 1 )
If sin A= 5 find sin 2A.

. If the length of latus rectum of the parabola x* = 4ky is 8, find £.
Lt X +1
- Bvaluate: ) 503
1 dy 1 2 2 2 1
haca 2= : dx.
. Find I ifx*—y*=a’ 10. Evaluate : j7x+8 X
PART B

Answer any Ten question. (10 x 2 =20)

If A= [ 2 _21], show that A? — 4A + 31 = 0. (I = Identify matrix of 2nd order)

In how many ways can 6 gentlemen and 4 ladies be seated round a table so that no 2

ladies are together?

[T682 |
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13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

II1.
25.

26.

27.

Model guestion papers

1 1 7
e - — = —_— B
If P(A)=.P(B)=1.P(AUB)= . find P(B/4)
Write the converse and contrapositive of “If two straight lines are parallel then they do
not intersect”.

2 numbers are in the ratio 3 : 5. If 5 is added to each term, then their ratio becomes 2:3.
Find the numbers.

A banker pays T 2380 on a bill of ¥ 2500, 73 days before the legal due date. Find the
rate of discount charged by the banker.

Sanju purchases a bicycle costing I 12,000. If the rate of sales tax is 9%, then calculate
the total amount paid by him.

cos 2A —cos 12A

=tan7A.
Prove that "5 mou G oA

Find the equation of a circle whose end points of it's diameter are (3, 4) and (1, —2).

Ifv= I—cos2x thtd—y—seczx
Y V1t cos2x” PrOvVemat o ’

. sin30
Evaluate : lim .
6-0 tan 20

The demand function of a firm is 2x — 5y = 7(x is the output, y is price / unit) Find the
marginal revenue.

Find : _[ dx.

3x?
1+ x°

2
Evaluate Jl x e’ dx.

PART - C
Answer any TEN questions : (10 x3=30)
Solve using cramer's rule : 3x + 4y =7 and 7x =y + 6.
l+a b c
. . : la 1 b ¢ 1 a b c
Using properties of determinants, prove :
a b 1+c

A team of 8 players has to be selected from 14 players. In how many ways the selections
can be made if

(1) 2 particular players are always included

(i1) 2 particular players are always excluded.
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28.

29.

30.

31.

32.

33.

34.
35.

36.

37.

38.

IV.

39.

40.

41.

(Il PUO)

A box contains 4 defective and 6 non-defective bulbs. Find the probability that at least
3 bulbs are defective when 4 bulbs are selected at random.

5 carpenters can earn X 540 in 6 days, working 9 hours a day. How much will 8
carpenters earn in 12 days working 6 hours a day?

Abill forI 2920 was drawn on september 11 for 3 months after date and was discounted
at 16% p.a for ¥ 2875.20. On what date was the bill discounted?

What is the market value of 6% stock if it earns an interest of 4.5% after deducting the
income tax of 4%.

The owner of a departmental store purchased an article of X 1500 at 4% VAT and sells
itat< 1700 to the customer at 4% VAT. How much amount did the shopkeeper deposit
to the Government as VAT?

Find the equation of a parabola whose focus is (=5, 0) and directrix x = 5.
dy
Ifx =asecH,y=btan 0, find Ir at Gz%.

The surface area of a spherical bubble is increasing at the rate of 0.8 cm*/sec. Find the
rate at which its volume is increasing when its radius is 2.5 cms.

Find the maximum and minimum values of the function f'(x) = 9x> + 12x + 2.

4x+3 d
Evaluate : fm X

1
Evaluate : j Trex dx.

PART -D
Answer any SIX questions: (6 x5=30)
1 2 3
IfA=5 0 2 , verify:AadjA=adjA. A=|A|.I(wherelis the identify matrix
I -1 1
of 3rd order).

4 11
Find the middle terms in the expansion of (\/; - —2) .

1+ 2x
Resolve into partial fractions : (x+ 2)2 (x— 1)'

[T684 |




42.
43.

44.

45.

46.

47.
48.

Modlel guestion papers

Examine whether p < ¢ and [( r—=q)n(g— p)] are logically equivalent.

Two taps fill a cistern separately in 20 mins and 40 mins respectively. Another pipe
can drain off 30 litres per minute from the cistern. If all 3 pipes are opened together,
the cistern fill in 72 mins what is the capacity of the cistern?

A company requires 1000 hours to produce the first 30 engines. If the learning effect
is 90%, then find the total labour cost to produce a total of 120 engines, at the rate of
% 20 per hour.

Solve the following (LPP) graphically:

Maximize : z=60x+ 15y

Subject to Constraits :  x+ y <50
3x+y<90
x,y20.

3
Prove : sin 20° x sin 40° x sin 60° x sin 80° = e

If y = x++/x? =1, prove that : (x*— 1)y, +xy, —y = 0.
Find the area enclosed between the parabola )? = x and the line x + y = 2.

PART - E

V. Answer any ONE question : (1x10=10)

49

50

. (a) Show that the points (2, —4), (0, 0), (3, —1) and (3, —3) are conyclic. ~ (6)
(b) From the top of a house 32 m high, the angle of elevation of the top of a tower is

45° and the angle of depression of the foot of the tower is 30°. Find the height of
the tower.

“4)

Lt, sin® 1 oaies i Lt [ tan6 _q
. (a) Prove: 650 0 0 is in radians and hence show that ool o |77

(6)
(b) Find the value of (1. 05)° upto 4 places of decimals, using Binomial theorem.

“4)

*kkk




MODEL QUESTION PAPER -4

IT PUC : BASIC MATHEMATICS [CODE : 75]

Max. Marks: 100

(NEW SYLLABUS 2014-15)
Time: 3.15 hours
Instructions:
(i) The question paper has 5 parts A, B, C, D, and E. Answer all the parts.

marks and part - E carries 10 marks.

(ii) Part - A carries 10 marks, part - B carries 20 marks, part - C carries, part - D carries 30

(iii) Write the question number properly as indicated in the question paper.
PART - A
I. Answer all the questions: 10x1=10
‘ . 500 503
1. Without expanding evaluate : 506 509!
2. Findrif ®C_ = "C, ..
3. Negate : If Ramya study hard then she will get the rank.
4. Ifa:b=2:5andb:c=3:5finda:c.
5. what rate of interest is realised by investing in 14.5% stock at 817
6. find the value of sin 70° cos 20° + cos 70° sin 20°.
7. Find the equation of the point circle with centre at (4, — 3).
Lt x*'-256
8. Evaluate: ., 4
9. Find 2 if Vx+fy=+a
dx '

10.

X

1+x7
Evaluate j[ ]dx.




II.
11.

12.
13.
14.

15.

16.

17.

18.
19.

20.

21.

22.

23.

24.

Model guestion popers
PART - B
Answer any TEN questions: 2x10=20)

11. Prove that if any two rows (or columns) of a determinant are interchanged then the
value of the determinant changes only in sign.

If a convex polygon has 170 diagonals, find the number of sides of the polygon.
In a single throw of two dice, what is the probability of obtaining a total of 9?
If p, q, r are three propositions with truth values T, T, F respectively find the truth

value of p —(~gnar).

Two numbers are in the ratio 3 : 5. If 9 is subtracted from each the new numbers are in
the ratio 12 : 23. Find the smaller number.

The Banker's gain on a certain Bill due six months hence is X 10 the rate of interest
being 10% p.a. Find the face value of the Bill.

If sing = 3and gis acute, find the value of sin3 9.
5

Show that sin (A + B) sin (A — B) = sin? A — sin® B.

Find the equation of the parabola whose focus is (0, —6) and directrix y = 6.

Find the value of k if f(x)= is continuous at x = 0.

d
If x =a secO, y = b tanb find d—i:

Find a point on the parabola y* = 18x at which ordinate increases at twice the rate of
the abscissa.
Find two positive numbers whose sum is 14 and the sum of the squares of the numbers

1S minimum.

Integrate W.I‘.txj(4x2 2x 7)% (4x 1)dv.




I11.

25.

26.

27.

28.

29.

30.

31.

32.
33.

34.

35.

36.

37.

38.

(Il PUC)

PART - C
Answer any TEN questions B x10=30)
2 3
If A= 45 show that A>— 7A — 21 = 0. (I = Idtenity matrix of 2nd order)

cosf@ —sinf 0
Find the adjoint of the matrix A= sinf cosf 0 .
0 0 1

In how many ways 3 boys and 5 girls can be arranged in a row so that no two boys are
together?

If A and B are events with P(A)=

P(A/B).

The driver of a car is travelling at the speed of 36kmph and spot a bus at 80mt ahead
of him, after 1hr the bus 120mt behind the car. What is the speed of the bus.

A banker pays <. 2380 on a bill of %. 2500, 73 days before the legally due date. Find
the rate of discount charged by the banker.

Find the interest earned on ¥ 4897.50 cash invested in 15% stock at 81.5 the brokerage
given is 0.125.

dy
If y \Jsinx +fsinx <sinx .. find -

Find the co-ordinates of the vertex, focus and equation of directrix of the parabola
S5x*+ 24y =0.

Raju goes to purchase a motor cycle which is priced ¥ 35,640 including 10% on sales
tax how ever the actual rate of sales tax at the time of purchase is 7%. Find the extra
profit made by the shop keeper if he still charges the original listed price.

A circular plate of metal is heated so that its radius increases at the rate of 0.1mm per
minute. At what rate is the plate's area increasing when the radius is 25cm.

o | L

.P(B)= g and P(AUB)= % find (i) P(B/A) (ii)

3
. X
The cost functionC  500x  20x* Y where x stands for output. Calculate the output
when the marginal cost is equal to average cost.
1

e +e”

dx.

Evaluate : j

Evaluate : LA sin5x.cos3x dx.




V.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.

Model guestion papers
PART - D
Answer any SIX questions: (5x6=30)

17
2
Find the coefficient of x!! in the expansion of (\/_ —;) ?

2% +16x+29 ' .
Resolve (x +3)2 (x+4) into partial fractions.

Prove that, ~(p < ¢)=(pa~q)v(gr~p).

If 15 men working 12 hours per day perform job in 16 days how long will it take for 21
men working 10 hours daily to do the same job.

The time required to produce the first unit of a product is 1000 hours. If the manufacturer
experience 80% learning effect. Calculate the cumulative average time per unit and
the total time taken to produce altogether § units. Also find the labour charges for the
production of 8 units at the rate of I 10 per hour.

Solve L.P.P graphically, maximize z = 4x + 3y subject to the constraints x+2y <5,
x+y<3 3x+y<7, x,y=>0.

The angle of elevation of an object from a point 100m above a lake is 30° and angle of
depression of its image in the lake is 45°. Find the height of the object above the lake.

Find the equation of the circle passing through the points (1, 1), (2, —1) and (3, 2).
2

Ify:(’“f\/W)m,provethat(l xz)‘;xJ; x% my 0,

Find the area enclosed between the curves y* = 4x and x> = 4y.

PART - E
Answer any ONE question: (1x10=10)

(a) Salesman Venki has the following record of sales during 3 months of July, August
and September for three products. A, B, C which have different rates of
commission.




(Il PUC)

Month Sales in Units Total
A B C Commission (J)
July 100 100 100 700
August 200 300 200 1700
September 400 900 100 3700

Using matrix method, find out the rates of commission on items A, B and C received
by Venki. (6)

(b) Find the value of (0.98)° using binomial theorem upto 5 places of decimals.

“4)

lim sin#é lim tan®

=1
50. (a) Prove that 650 8 and hence deduce that 850 8

=1.(0 in radian)

(6)

(b) A company produces two types of leather belts A and B. A is of superior quality and B
is of inferior quality. The respective profits are ¥ 10 and X 5 per belt. The supply of raw
material is sufficient for making 850 belts per day. For belt A, a special type of buckle
is required and 500 are available per day. There are 700 buckles available for belt B
per day. Belt A needs twice as much time as that required for belt B and the company
can produce 500 belts if all of them were of the type A. Formulate a L.P.P model for
the above problem. 4

Fededek




KARNATAKA STATE WOMEN COMMISSION

Karnataka State Woman Commission is the Legislative Commission
established on 06-08-1996 and is the important component of Karnataka State

Women and Child Welfare Department. The different facilities provided to exploited

women and the essential information to public about women are as follows:

FACILITIES:

L.

Women are facilitated to get solution and help regarding the family problems
such as ‘dowry’, ‘divorce’, ‘property disputes’, sexual harassment.

Provide counseling at ‘Parivarik Lok Adalath’ to solve those family litigations
which are not solved in Family Court for a long time.

Women are provided help/suggestion to file a case in family court.

A relief fund of a minimum Rs. 20,000 to maximum Rs.2, 00,000 is provided
to women who have attacked been by a person throwing acid on them causing
grievous wounds.

INFORMATION TO PUBLIC ABOUT WOMEN:

10.

11.

Giving and taking ‘Dowry’ is an offence.

Minimum age for the girl’s marriage is 18.

Better to keep the records of photos (with negatives) which are taken at the
time of marriage, gifts, an amount should a woman get by right, etc. which
would help at the time of any problems in future and they will serve the
purpose.

When a woman is raped, she should be given first-aid by the government
doctor and her clothes should be kept carefully for scrutiny later.

Do not forget to take medical attestation from government doctor when
woman is exploited physically.

When a woman dies unnaturally, post mortem must be done by a government
doctor.

Whenever, death, accident or dispute take place in a family, do not sign on
any paper given by the relatives of the women as the woman was not sound
mentally. It may lead to exploitation or cheating.

Since 1989, women have the right to get equal share in the parental property.
Immovable assets must be registered in both the names of husband and wife.
According to the judgment given by the Supreme Court, there should be a
committee to listen to complaints in order to prevent sexual harassment on
women at each working place.

At each taluk centre, there is a C.D.P office to provide
suggestion/help/counseling for women subjected to injustice.
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