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26t Feb Shift - II

Section A

Multiple Choice Question:

1. LetL be aline obtained from the intersection of two planesx + 2y + z = 6andy + 2z = 4.
If point P(a, B, ) is the foot of perpendicular from (3,2, 1) on L, then the value of 21(a + 8 + y)

equals:

(1) 142 (2) 68

(3) 136 (4) 102
Ans. (4)

Sol.  Equationofthelineisx+2y+z—-6=0=y+2z=4

x+2 -4
or—=y

Z
- _—_==9
3 -2 1

Q(3,2,1)

i
P(3A—2,-20+4,))

Dr'sof PQ : 31-5,-24 -2, A-1

Dr’s of y lines are (3,-2,1)

Since PQ 1 line

3(30-5)-2(-24 +2)+ 1(A-1) = 0

) =2
7

16 8 10
p(25,2,19)
7°7 7
34

21(a+p+y) = 21 (7) = 102
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6n+10 .
2. The sum of the series Y5 % is equal to:

M e+2el-10 (2)-‘*—1 +1—9e-1-10
(3) Te-Tel-10 BT e+= el +10
Ans. (3)
Sol. yoo n?+6n+10

n=1 (on+1)!

Put2n + 1 = r,wherer = 3,5,7,...

r—1\2
. n?+6n+10 _ (T) +37-3+10 +24107+29

2n+1)! - r! - 4 (r)
r(r—-1)+11r+29 _ 1 11 29

Now Yr—357... T S Zr 3,5,7- ((r 2 T - ;)
L, 1,1 1,1 1 1 1 1
:Z{(i+§+a+ ..... )+11(z+z+a+----)+29(5+;+;+ ,,,,, )}
_1(e— 2 e+:-2 N
=z T 2 )T

1

g{e——+1le+——22+29e———58}

1

= {41¢ - 2 - 80}

3. Let f(x) be a differentiable function at x = a with f’'(a) = 2and f(a) =

Then limWequals:
x—-a -
(1) 2a + 4 (2) 2a- 4
(3) 4- 2a 4)a + 4
Ans. (3)

Sol. By L-H rule

L = lim

x—-a

f@-af’(x)
1

v L = 4- 2a
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4. Let A(1,4)and B(1,-5) be two points. Let P be a point on the circle (x - 1)? + (y - 1)? =1
such that (PA)? + (PB)? have maximum value, then the points P, 4 and B lie on:

(1) a parabola (2) a straight line
(3) a hyperbola (4) an ellipse
Ans. (2)
Sol.
Yy
AL, 4)

’k ¢ P(1 + cos0, 1 + sin0)

B (1, -5)

~ PA? =cos?8 + (sinf —3)? = 10- 6sinf
PB? = c0s?60 + (sinf + 6)*> = 37 + 12sinf
PA? 4 PB?| 1oy = 47 46506 |may =60 =7

~ P,A,Blieonalinex =1

5. [Ifthe locus of the mid-point of the line segment from the point (3, 2) to a point on the circle,

x% + y? = 1is acircle of the radius r, then r is equal to :
1

1
(1) m (2) 2
(3) 1 (4) 5
Ans. (2)
Sol.
A(3,2)
/ Q(h, k)
.. P=(2h- 3,2k - 2) —oncircle
(h=3) 4 (-1 =1
.. 2 - 4
. 1
= radius ==
2
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the curve, is:

18 18
-3 24
4 18
3)— (€l
Ans. (2)
Sol. & =%
' dx ~  x

Curve intersect thelinex + 2y = 4atx =- 2
So,-2 +2y =4=>y =3
So the curve passes through (- 2, 3)

2
:>§—2+C

=C=—
3

. —-x  x?
S.curvels—=——
y 2

W

It also passes through (3, y)

-3 _9 4
T2 3
-3 19

=>—==
y 6

Ly =18
y 19

26 Feb | Shift II

2
6. Letslope of the tangent line to a curve at any point P(x, y) be given by @ If the curve

intersects the linex + 2y = 4atx =- 2, then the value of y, for which the point (3, y) lies on

Page | 4
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7. Let A be the area of the region bounded by the curves y = sinx,y = cosx and y-axis in the first

quadrant. Also, let A, be the area of the region bounded by the curves y =sinx,y = cosx, x-

axisand x = % in the first quadrant. Then,

(1) A, = A2and 4, + A, = 2 (2)A;: Ay = 1: 2andA4; + 4, = 1
(3) ZA]_ =AzandA1+A2=1+\/§ (4)A1 :AZ = 1=\/§andA1+A2:1
Ans. (4)
Sol. A +A2:fon/zcosx.dxzsinxlg/zzl

A= f:/4(cosx—sinx) dx = (sinx+cosx)|g/4 =v2-1

Ay =1-(2-1)=2-V2

A V2m1 1
T VZ(V2-1) | V2

2 2 3 3
8. If0<ab<1, and tan! a + tan! b = %, then the value of (a +b) — (a *0 )+ (a *D )—

2 3
a*+b* .
( ) + 0 IS
4

(1) loge2 2 loge(g)
3)e 4)e?-1
Ans. (1)

Sol.  tan~! (f_*abb) =Zsa+b=1-ab=>1+a)(l +b) =2

Now, (a+b)—(a2;b2) (a3;b3) +....00
- (a—“;+“?3....)+(b—"2—2+"3—3....)

=log.(1 + a) +log.(1+b) =log,(1 +a)(1 + b) =log,2
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logical expressions. Then:

(1) F; is not a tautology but F, is a
tautology

(3) F; and F, both area tautologies

(1)
F,(A4,B,C) = (AAN~B)V [~CA(AVB)]V~A

Using the set theory

9. Let F;(A4,B,C)= (AAN~B)V [~CA(AVB)|vV~Aand F,(A,B) = (AVB)V (B — ~A) be two

(2) F; is a tautology but F, is not a
tautology
(4) Both F; and F, are not tautologies

(AnBHYU(C'N(AUB)UA =(A—-ANB)U(S—AU[S-C)N(AUB)]

= —-ANB)U[AUB—-CN(AUB)] =S—AnBnC.Hence not a tautology.

Now F,(A,B) = (AVB)V(B » ~A)=(AVB)V (~BVA)

Using set theory (AUB)U(B'UA)=(AUB)U(S—AUB)=S

Hence it is a tautology.

Consider the following system of equations:
x +2y-3z =a

2x + 6y-11z = b

x-2y +7z = ¢,

Where a, b and c are real constants. Then the system of equations:

(1) has a unique solution when

(2) has infinite number of solutions when

20 - 2(25) -3(- 10)
20-50 + 30 = 0

a 2 -3
A= 6 -11
c -2 7

= 20a- 2(7b + 11¢)-3(-2b- 6¢)
= 20a- 14b- 22c + 6b + 18¢c
20a - 8b - 4c

4(5a- 2b- ¢)

26 Feb | Shift II

5a = 2b + ¢ 5a = 2b +c¢
(3) has no solution for all a, b and ¢ (4) has a unique solution for all @, b and ¢
Ans. (2)
1 2 -3
So. A=|2 6 -11
1 -2 7
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1 a -3
A,=12 b -—11
1 ¢ 7

= 7b + 11c- a(25) - 3(2c- b)
= 7b + 11c- 25a- 6¢ + 3b
=-25a + 10b + 5¢

=-5(5a- 2b- )
1 2 a

A3= 2 6 b
1 -2 ¢

= 6c + 2b- 2(2c- b) - 10a
=-10a + 4b + 2c
=-2(5a- 2b- )

for infinite solution
A=A = A, =A; =0
=>5a =2b+c

11. A seven-digit number is formed using digit 3, 3,4,4,4,5,5. The probability, that number so
formed is divisible by 2, is:

o @ 2
o OF
Ans. (3)
Sol. n(s) = %:zl
n(E) = %:2,
P(E) =20 =2 252 2

n(s) 717 2121217 7

12. If vectors c?l =xi-j+kand c?z =1+ yj + zk are collinear, then a possible unit vector parallel to
the vector xi + yj + zkis:

W5+~ )75 (-
©FIGIEN)) ®FE+i-0
Ans. (3)

Sol. f=—§=§=lﬂﬁ)

(i-31+39)

2
//12 +27

Unit vector parallel to xi + yj + zk = +

g ey (1)K
ForA = 1,itis -_l-—ﬁ
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13. Forx > 0,if f(x)= flx gie)dt, then f(e) + f G) is equal to:
(1) 5 (2)-1
3)1 (4) 0

Ans. (1)
Sol.  f(e)+f(3) = [ Tt + /" Zodt =1, + 1,
dz

— (V/elnt 1 gy = _9
I = [, o dt putt =—,dt =——

_ e_lnz % (_dz) _ fe Inz dz
— A 142 z2) 1 z(z+1)
z

elnt e Int elnt Int
f(e) +f( ) fl 1+td +f1 t(t+1) fl 1+t t(t+1) dt

elnt

= [ 2t {lnt=u,%dt=du}
:foludu=u72|:=%

2sin(-Z),  ifx<-1

sin(mx) if x>1
then a + b equals:
(1) 3 (2)-1
(3)-3 H1

Ans. (2)
Sol. If fis continuous at x =-1, then
fC-17) = f(-1)

= 2 =|la-1+ b|

> la+b-1] = 2..... )
similarly

faA7) = fM

> la+b+ 1 =

s> a+b=-

26 Feb | Shift II

14. Let f : R - R be defined as f(x) = lax? + x + b, if -1 <x <1.If f(x) is continuous on R,
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15. Let A = {1,2,3+,10} and f:4 > A be defined as f(k) = {

k+1 ifkisodd

k if kiseven * Then the

number of possible functions g : A — A such that gof = fis:

(1) 10° (2) 10C5s
(3)5° (4) 5!
Ans. (1)

Sol. — g(f(x)) = f(x)

= g(x) = x, when x is even.
5 elements in A can be mapped to any 10

S0,10° x 1 = 10°

16. A natural number has prime factorization given by n = 2*3Y5%, where y and z are such that

y+z=5andyl+z1 = g,y > z.Then the number of odd divisors of n, including 1, is:

(1) 11 (2) 6x
(3) 12 4) 6
Ans. (3)

So. y+z=5...(1)

14,15
y z 6
=>yz=26
>yz =6

Also (y - 2)? = (y + 2)? - 4yz
> y—z=+1 - (2)

from (1) and (2),y = 3or2andz = 2or3
for calculating odd divisor of p = 2*.3Y.5%
x must be zero

P = 203352

-~ total odd divisors mustbe (3 + 1) (2 + 1) = 12
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17. Let f(x) =sinlxand g(x) = ;:2_%_26. If g(2) :)lci_r)r% g(x), then the domain of the function
fogis:
(1) (o0, ~2]U[-3, ) @) (=0, ~1] U [2,0)
(3) (=, —2]U[-1, ) (4) (—o0,2] U [_;oo)

Ans. (1)

— lim X DE+D 3
Sol.  g(2) = ,IJE; 2x+3)(x-2) 7

For domain off(g(x))

| x%2—x-2
2x%2-x—6

| <1 (+ domain of f(x) is [-1,1])
=+ 1)?<2x +3)?=3x2+10x+8>0

=>0CBx+4)x+2)=20

18. If the mirror image of the point (1,3,5) with respect to the plane 4x-5y + 2z = 8 is (a,,7),
then 5(a + B + y) equals:

(1) 47 (2) 39
(3) 43 (4) 41
Ans. (1)

Sol.  Image of (1,3,5) in the plane 4x — 5y + 2z = 8is (a, B,7)

4(1)—5(3)+2(5)—8] _2

= 42452422 5

Thus,5(a+f+y) = 5(+2+2)=47
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19. Let f(x) = fo et f(t)dt + e* be a differentiable function for all x € R. Then f(x) equals.

(1) 2e(¢™ D1 (2) ee™D
(3) 2e¢ -1 (4) e® -1
Ans. (1)

Sol.  Given, f(x) = foxetf(t)dt +e*-- (1)

Differentiating both sides w.r.t x

f(x)=¢e* f(x)+e* (Using Newton Leibnitz Theorem)
f@) _ x
FO+1

Integrating w.r.t x

fszx(;)l dx = [e*dx

=In(f(x)+1)=e*+c

Putx =0

In2=1+4+c (Qf(0) = 1, from equation (1))
~In(f(x)+1)=e*+In2-1
=Sf)+1=2.e""1

= f(x) =2e¢"1-1

20. The triangle of maximum area that can be inscribed in a given circle of radius ‘r’ is:

(1) Aright-angle triangle having two of its (2) An equilateral triangle of height ZS—T
sides of length 2r and r.
(3) isosceles triangle with base equal to (4) An equilateral triangle having each of
2r. its side of length v/3 r.
Ans. (4)
Sol.  Triangle of maximum area that can be inscribed in a circle is an equilateral triangle.
Let AABC be inscribed in circle,
Now, in A OBD
o =T
OD = rcos60° = 5 A
Height = AD = >
60°
Again in AABD
0]
Now sin 60° = /2
AB r -
= AB = ar B!/ -
26t Feb | Shift II Page | 11
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Section - B

Integer Type

1. The total number of 4-digit numbers whose greatest common divisor with 18 is 3, is
Ans. 1000

Sol. Since, required number has G.C.D with 18 as 3. It must be odd multiple of ‘3’ but not a
multiple of ‘9’.
) Now, 4-digit number which are odd multiple of ‘3’ are,

1005,1011,1017,---, 9999 — 1499

(i) 4-digit number which are odd multiple of 9 are,
1017,1035,---,9999 —» 499
~ Required numbers = 1499 — 499 = 1000

2. Leta and S be two real numbers such thatae + f§ = 1and aff =-1.Let B, = ()™ + (b)",

P, = 11and P,,; = 29 for some integer n > 1. Then, the value of P? is

Ans. 324

Sol. Givena+f =1ab=-1
= Quadratic equation with roots a, 8 is x?-x-1 = 0
Sa’l=a+1

Multiplying both sides by a™!

an+1 = an + an—l (1)
Similarly,
'Bn+1 =p" + bn—l (2)

Adding (1) & (2)

Q™ 4 B = (@ + ) + (a1 + 1)
= Prpr = Pyt Pry

=29 =P, +11

=P, = 18

.. P? =182 =324

26t Feb | Shift II Page | 12
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3. Let X,X,, - X;4 be eighteen observation such that Y8, (X;-a) = 36 and X}, (X;- 8)? = 90,

where a and 8 are distinct real numbers. If the standard deviation of these observations is 1, then

the value of |a - 3] is

Ans. 4
Sol.  Given, 218 (X;-a) = 36
=Y x; —18a = 36
=Yx;=18(a+2) (1)
Also, Y18, (X;- B)? = 90
=Y x? +182%-2B8 Y x; = 90
=Y x? + 1862 — 2B x 18 (a +2) = 90 (using equation (1))

=Y x? = 90-18p2% + 36 (a + 2)

Now

2 _ 15.,2_ T\ _ . :
o —1=>182xi (18) =1 (-o =1, given)

2
= = (90 — 1847 + 36af + 72f) — (222) =1
>5—p%+2af+48 —(a+2)* =1
>5—p%+2af+4f—a’—4—4a=1
Sa?—p%+2af+4F—4a =0

> @-pBa—-p+4)=0

S>a—-p=-4%
Hence
Sla=Bl=4(a+p)

26t Feb | Shift II Page | 13
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1 xM lypxn-1
— aX
fo (1+x)m+n

4. In Ly, = fol x™1(1—-x)"1dx, for m, n > 1 and =aly, a €R, then a

equals

Ans. 1

Sol.  Ipn= fol x™ 1 (1 —x)"lax

1 -1
Putx—m:dx—mdy
1-x = 2+

y+1

0 n-1

% (y+
o yn1
= gy @
Similarly,
I = [ X" 1. (1 = )™ dx

[oe) m-—1
= Imn =f0 (yj_:_lmdy = (2)

From (1) & (2)

00 yM~14yn-1

Zlm,n = fo (y+1)m+n dy

1ym-1yyn-1 00 yM=14yn-1

:>21m,n = f() (y+1)m+n dy+ fl (y+1)m+n dy
|1 IZ

Puty = i inl;

dy = —ledz

1 ym—1+yn—1 0 Zm—1+zn—1
=2mn = |y iy 4V + [y e (42

_ 1 ym—1+yn—1 _
=lmn = |, Ty dy=>a=1
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5. Let L be a common tangent line to the curves 4x? + 9y% = 36 and (2x)? + (2y)? = 31.Then
the square of the slope of the line L is

Ans. 3

2 2
Sol.  E:Z+% =1 C:x?+y2 =2
9 4 4

equation of tangent to ellipse is
y=mx+VomZ+4 (1)
equation of tangent to circle is

y=mxt [Zm2+3 - (2)

Comparing equation (1) & (2)
2 31 2,31

Im°+4 = L mot

=36m? + 16 = 31m? + 31

=5m?=15=m?=3

1 0 O

0 2 0 ] satisfies the equation 42° + aA° + BA =
3 0 -1

numbers a and 3, then 8 — « is equal to

012 0 O 1 0 0]
0110 2 O0|=(0 4 O
0 0 1

=113 0 -1

1 0 0
0 4 0] forsome real
0 0 1

6. Ifthe matrix 4 =

Ans. 4

Sol. A% =

A3 =

COoOR OO R WO R
obhocoobrOo ONO
Roo Rro o
oh o oNO

oo R WO M

1 0 0
0 2 o0
3 0 -1

At =
A19=[ JA20 = (o 220 ¢
0 0 1
[1+a+p 0 0
L. H.S= A% + qA'® + BA = 0 220 4 q219 + 28 0
| 3a + 38 0 1—a-p

'100]

1 0 0
0 4 0
0 0 1

=22 + (219~ 2) =4

R.H.S = >a+pf=0and2?0+ a2 +2p =4

4-2%0
219_2=—2 =8 =2

LB-a=4

Sa=
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7. Ifthe arithmetic mean and geometric mean of the pth and gt terms of the sequence

-16,8,- 4,2, satisfy the equation 4x?- 9x + 5 = 0, thenp + q is equal to

Ans. 10

Sol.  Given, 4x?>-9x + 5 =0
=>x-1)A4x-5) =0
= AM=3GM=1 (AM2GM)
Again, for the series

-16,8,-4,2 -

pth term t, =—16 (_1)p_1

qth term t, =—16 (_71)(1_1

fpttq _ 5

Now, AM = 5

& GM= [t,t; =1

= 162 (— %)M_Z =1

=(-2)° = (-2)Pte?

=>p +q =10

8. Letthe normals at all the points on a given curve pass through a fixed point (a, b). If the curve
passes through (3, —3) and (4, —2v2), and given that @ — 2v2b = 3, then (a? + b? + ab) is

equal to

Ans. 9

Sol.  Letthe equation of normalisY —y = — % (X —x), wherem = Z—z

As it passes through (a, b)

= Ya—x)=-F(a-
b—y= m(a xX) = dy(a X)
= (b—y)dy = (x —a)dx

b y? _ x? .
=>by ——=>-ax +c (1)
It passes through (3, —3) & (4, —2v/2)

—3b-2=2-3a+c

2 2

=3a-3b-c =9 ...(ii)
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Also
—2V2b—4=8-4a+c
=>4a - 2V2b-c = 12 ... (iii)

Alsoa - 22 b = 3...(iv)(given)
From (ii) - (iii)
=-a+(2V2-3)b=-3 - (v)
From (iv) + (v)

=>b=0, a=3
~a’*+b*+ab=9

9. Letzbe those complex number which satisfy |z + 5| < 4and z(1 + i) + zZ(1 — i) = —10,
i = V/—1. If the maximum value of |z + 1|? is a + V2, then the value of (a + ) is

Ans. 48

Sol.  Given,|z + 5| <4
= (x+5)?2+y2<16
Also, z(1 4 i) + z(1—i) > —10.
=>x-y=-5...(2)
From (1) and (2)

Locus of z is the shaded region in the diagram.

y
4/x -y=-5
L QQ(—I, 0)
(_51 O)A 5 X
P

|z + 1| represents distance of z’ from Q(- 1, 0)

Clearly ‘p’ is the required position of ‘z’ when |z + 1| is maximum.
2P = (—5-2v2,-2V2)

=~ PQ%*=32+16V2

= o= 32

=p= 16

Thus, o+ = 48

26t Feb | Shift II Page | 17

Copyright © Think and Learn Pvt. Ltd.



10.

Sol.

Ans.

JEE MAIN - 2021

Let a be an integer such that all the real roots of the polynomial

2x° + 5x* + 10x3 + 10x2 + 10x + 10 lie in the interval (a, a + 1). Then, |a]| is equal to .

2
Let, f(x) = 2x°+ 5x*+ 10x3 + 10x2? + 10x + 10
= f'(x) = 10 (x* +2x3 +3x% + 2x + 1)

10x2(x2+x%+2(x+%)+3)

=10x2((x+§)2+2(x+§)+1>

= 10x? ((x+§) + 1)2 > 0;vx €R

. f(x) is strictly increasing function. Since it is an odd degree polynomial it will have
exactly one real root.

Now, by observation

f-1)=3>0

f(-2) =-64 + 80-80 + 40- 20 + 10

=-34 <0

= f(x) has atleast one rootin (-2,-1) = (a,a + 1)

50 |a| = 2
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