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MISCELLANEOUS EXERCISE PAGE NO: 458
1. Write down a unit vector in XY-plane, making an angle of 30° with the positive direction of the x-axis.
Solution:

Let us consider,

If ¥ is a unit vector in the XY-plane, then F=cosdi +sinf).

Here, @ 1s the angle made by the unit vector with the positive direction of the x-axis.
Hence, for 8 = 30° we have:

F = cos30% +sin 3{}”_}' = g [ + %I

Therefore, the required unit vector 1s 2 2

2. Find the scalar components and magnitude of the vector joining the points P (x,, yi, z,) and Q (Xz, Y, Z2).
Solution:
First, let us consider,

The vector joining the points P(x,, y,, z,) and Q(x,. ¥, 2, )can be found out by:

P() = Position vector of () — Position vector of P

=(x-x)i+(n-n)i+(z-z)k

PQ =\ -x) +(r2-») +(z-=)

Therefore, the scalar components and the magnitude of the vector joining the given points are respectively

{[Iz —.‘L‘,),(}’: -3 )r{zz — )} and J{x‘: =X ]2 +(J’3 =M ): + {z: =& }:

3. A girl walks 4 km towards west, then she walks 3 km in a direction 30° east of north and stops. Determine the
girl’s displacement from her initial point of departure.

Solution:
It is given that
Let O and B be the initial and final positions of the girl, respectively.

Then, the girl’s position can be shown as
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P» East

South

OA = -4f

AB = f|ﬁ|cos 60°+ | |m|sin 60°

V3

:f3xl+_}'3x—
2 2

3., 3(

2 2
By the Triangle law of vector addition, we have

OB = OA + AB

(3. 33,

=(~ai)+| S1+=5
(i)e( 3043527)
=[—4+i]f+3J—}

2 2
[—3+3J'_~ 3.3 .
= i+ 5 I
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e | =|b|+|c
4.1 =b +C then, isit true that| | | | ? Justify
your answer.

Solution:

It is given that,
In AABC, let CB= da. CA=b . and AB=¢ (as shown in the following figure).

50, by the Triangle law of vector addition, we have a=b+c

lal, |5], and e _

And. we know that represent the sides of AABC.

Also, 1t 15 known that the sum of the lengths of any two sides of a triangle 1s greater than the
third side.

~|a < |£;| +|é|

» lal =[5+ e
Therefore, it 15 not true that ]

| x(feieR)
5. Find the value of x for which ’ is a unit vector.

Solution:

We know,
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(}Ivenx(; + ]+ IE}

" _r(;+j+£]\=|_
Now,

|1(: b _F+ﬂ|=l
Je+x + 27 =1
NET

Jix=1

X =

is 2 unit vector.

1
e

Therefore, the required value of x is + :u.h'l'"
3
6. Find a vector of magnitude 5 units, and parallel to the resultant of the vectors
a=20+3j-kandb=i-2j+k
Solution:

Let us consider that the

Given vectors,

G=2i+3j—kandb=i-2j+k

Letg be the resultant of 5 and & -

Then,

E=a+b=(2+1)i +(3-2)j+(-1+1)k=3i +j

Therefore, the vector of magnitude 5 units and parallel to the resultant of vectors 5 gnd /15

£5.8 = 5. (31 + ) =i.w21"_ﬂf i@j‘.

V10

7pd=i+j+k b=2i—j+3kand¢=i-2j+k , find a unit vector parallel to the vector 2d =& +3c

Solution:

Let us consider the given vectors,
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a=i+j+k. b=2i—j+3kandc=i-2j+k

2&'—{:’+3ff—2(F+j+§]—(2£—j+3£]+3(5—2j+£)
=2i+27+2k-2i+]-3k+3i-6j+3k
=3 -3j+2k

[2d -5 +3¢|= 3 +(-3) +2° =0 +9+4 =22

Therefore, the unit vector along 24 _j,' +3£ s
2d-b+3¢  3i-3j+2k 3 2 .

|2a'—.5+3¢:|_ J22 f J—j

8. Show that the points A (1, -2, -8), B (5, 0, -2) and C (11, 3, 7) are collinear, and find the ratio in which B
divides AC.

Solution:

First, let us consider,
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Given points are: A (1.-2.-8), B (5. 0.-2). and C (11,3, 7).

S AB=(5-1)7+(0+2) f+(-2+8)k=4i +2]+6k

BC =(11-5)7 +(3-0) j+(7+2)k =6 +3]+9%
AC=(11=1)i +(3+2) j+(7+8)k =10 + 5] +15k
|ﬁEi|:‘J'41+E: +6* = J16+4+36 = J56 =214
BC|= V6" +37+9° =36+9+81 =126 =314

AC| =107 +5" 415" = 100+25+225 =350 =514

~|Ac|=|AB +|Ht"'|

Therefore, the given pomts A, B, and C are collinear.
Now, let point B divide AC in the ratio Al S0, wehawve:
. A0C +0A
(A1)

s A1 +3] +7k)+(P -2] - 8k)

A+l
(A+1)(57-2k) = 1147 +34] + T2k + - 2] -8k
S(A+1)i-2(A+1)k=(114+1)i +(34-2)j+(72-8)k
On equating the corresponding components, we have:

S(A+1)=114+1
5A+5=114+1
6l=4
.
A:i::
6 3

Therefore, point B divides AC in the mtio  2:3,
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Given points are: A (1.-2.-8), B (5. 0.-2). and C (11,3, 7).

SAB=(5-1)7 +(042) j+(-2+8)k=4i +2] +6k

BC =(11-5)7 +(3-0) j+(7+2)k =6 +3]+9%
AC=(11=1)i +(3+2) j+(7+8)k =10 + 5] +15k
|ﬁEi|:‘J'41+E: +6* = J16+4+36 = J56 =214
BC|= V6" +37+9° =36+9+81 =126 =314

AC| =107 +5" 415" = 100+25+225 =350 =514

~|Ac|=|AB +|Ht"'|

Therefore, the given pomts A, B, and C are collinear.
Now, let point B divide AC in the ratio Al S0, wehawve:
. A0C+DA
T (A1)
I, A1 +3j+7:ff)-!-(l -2j-8k)
A+
(A+1)(57-2k) = 1147 +34] + T2k + - 2] -8k

5 —

S(A+1)i-2(A+1)k=(114+1)i +(34-2)j+(72-8)k

On equating the corresponding components, we have:

S(A+1)=114+1
5A+5=114+1
6l=4
.
A:i::
6 3

Therefore, point B divides AC in the mtio  2:3,

9. Find the position vector of a point R, which divides the line joining two points P and Q, whose position vectors

are(2&+5)and(5—3.&:]

Solution:

We know,

externally in the ratio 1: 2. Also, show that P is the midpoint of the line segment RQ.
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Given;vUP =2a+b, 0Q=a-3b _
Also_ given that point B divides a line segment joining two points P and () externally in the
ratio 1: 2. So, on using the section formula, we have

. EPd+5}{ﬁ—35)=45+25—5+35

OR = =3d+5b
2-1 1
Hence, the position vector of point R 1s 3d+5b
Now,
0Q +OR
Position vector of the mid-point of EQ = 2
(a-3b)+(3a+5b)
B 2
=2d+b

Therefore, P 1s the mid-point of the line segment RQ).

10. The two adjacent sides of a parallelogram are 20 -4 +5k and 1=2j-3k .

Find the unit vector parallel to its diagonal. Also, find its area.
Solution:

First, let us consider,
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Adjacent sides of a parallelogram are given as: a=2i- 4j +5k e:ml;fl'l‘IJ -
We know that, the diagonal of a parallelogram 1s given by a+b
d+b=(2+1)i +(-4-2)j+(5-3)k =31 -6 +2k
Hence, the unit vector parallel to the diagonal is
a+b 3i-6j+2k  3i-6j+2k 3i-6j+2k 3. 6. 2
7

|E+E|_ﬁhj+(4ﬂl+21_-J9+36+4'_ > gt gJt

50, the area of parallelogram ABCD =|{;r * IIﬁ|
i J ok
axh=2 -4 5
1 =2 -3
=i (12+10)— j(-6-5)+k(-4+4)
=22i +11j
=11(2i +j)

f¢§xﬂ=ll¢f44z=]]J§

Therefore, the area of the parallelogram 1s 11Y5 square units.
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Adjacent sides of a parallelogram are given as: a=2i-4;+5k and? =i =2 -3k

We know that, the diagonal of a parallelogram 1s given by a+b
d+b=(2+1)i +(-4-2)j+(5-3)k =31 -6 +2k
Hence, the unit vector parallel to the diagonal is

a+h 3-6j+2k  3i-6j+2k 3i-6j+2k 3. 6. 2:
= =—j——j+=k.
|u+b| J; _|_|: .ﬁ} +2? - J9+36+4 7 7 7 7
axb|
50, the area of parallelogram ABCD =
ik
ixb=2 -4 5
1 -2 -3
=i (12+10)— j(-6-5)+k(-4+4)
=--r+11j

=11(2i + j)

.:|¢;><fi|= IIN22+12 =1145

Therefore, the area of the parallelogram 1s 11Y5 square units.

|
11. Show that the direction cosines of a vector equally inclined to the axes OX, OY and OZ are ‘*'E

Solution:

First,

1
’E,

&=

Let’s assume a vector to be equally inclined to axes OX, OY, and OZ at angle «.

Then, the direction cosines of the vector are cos a, cos a, and cos a.

Now, we know that

Cos” @ +C0s @ +cos =1
Jeosta=1

COS L = —=

V3

Therefore, the direction cosines of the vector, which are equally inclined to the axes, are
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12.Let @ =1+4/+ 2k, b=31-2j+Tk and¢ =2~/ 4k . Find a vector d which is perpendicular

to both @ and? . andCd =15
Solution:

Assume,

Letd =di+d,]+dk .

Asd is perpendicular to both d andb . we have:

d-d=0
d+4d,+2d, =0 (1)
And,
d-b=0
3d, -2d,+7d,=0 .o(ii)
Also, given that:
¢-d=15
2d = d, +4d, =15 ...(1ii)
On solving (1), (11), and (111), we obtain
q
d,zE a, =— d.f.’:—E
3 3 3

- 160, 5~ T0- 1 . -
cd=—i-2 -k =—(160i -5 — 70k

R T 3{ i-5]-10k)

Therefore. the required vector 1s %[I 60f =5 - ?"ﬂﬁf]
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Asd is perpendicular to both d andb . We have:

—5}—7:}5?]

d-a=0

d +4d,+2d, =0 (1)

And,

d-b=0

3d, -2d,+7d,=0 (i)

Also_ given that:

é-d=15

2d -d, +4d, =15 ...(ii1)

On solving (1), (11), and (111), we obtain

5

d, =@.nﬂ =-—andd, = 10
. B 3 ' 3

cdap 35 M0, l(lﬁnf

3 3 3 3

Therefore, the required vector 1s

13. The scalar product of the vector
and A +27+3k
Solution:

Let’s consider the

%(Iﬁﬁf—i}—?ﬂﬁf]

P+ +k with a unit vector along the sum of vectors 2i+4) =5k

is equal to one. Find the value of .
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Sum of the given vectors is given by.
(27 +4]-5k)+(4i +2]+3k)

=(2+4)i+6j -2k

Hence, unit vector along(zf +4j- 55?:]+(.1f +2]+ 3,{:] is given as:
(2+A4)i+6j-2k  (2+A)i+6j-2k (2+44)i+6j-2k

JO+AY +6 +(=2)  VA+4i+a+36+4 VAT +4i+4d
Scalar product of(f + i+ E]with this unit vectoris 1.

. .o (24A)i+6] -2k
(f+j+k)-( 1}‘{ ey
ToJA 44+ 44

[2+A}+ﬁ—2_]

VAT +44+44

VAT +4i+44 =146
A*+4A+44=(2+6)

A +4A+44=2"+124+36
BA=8

A=1

Therefore, the value of A is 1.

Vector Algebra

14. If 9= b,c are mutually perpendicular vectors of equal magnitudes, show that the vector @+ b+eijg equally

inclined to ”’hand e,
Solution:

Let’s assume,
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Asd.b. and ¢ are mutually perpendicular vectors, we have
a-b=b-c=¢-a=0
Given :fhat:
lal=l6]=Ie]
Let vector 5+ | 4z beinclinedto 5 4, and & atangles 8, 6., and &, respectively.
So. we have
cos ) = (&HF.*‘E)‘J = &-E+E-E oL
d+b+éal  |a+h+éla
= |”|2 - [6-a=c.a=0]
ld+b -+l d
_
|u +E +C
(@+6+8)b G.5vh-h+a-h
costl, = — = = -
©ola+b+cb|  la+b+cp
B[ PO
= - = d-h=c-bh=0
G+b+¢|-|p| Ll J
.1
|.:.' +|f'JI+L|
b+ e S W S
mggs:(‘:”*_ (') & _a c+f_}. C+E-C
@+b+éle  |a+b+3e|
i I
= L =h.c=0
|u +b +L||£ [a . : ]
_ e
a@+b+c]
Now, as}éi|=|ﬁ§| =lc|. cos@ =cos#, =cosd, .
LA el =8
Therefore, the vector(.:i +h +E) is equally inclinedtoz 4 and 7 -
Hence proved.
15. Prove that[lEJ +h).{a +h] - |a +|b| , if and only if ‘_” E’are perpendicular, given‘_’ ?Hi b+ '[_]

Solution:
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It is given that

Required to prove:
(a+B).(a+b)=|d]

d-d+a-b+b-d+h-b =+ [ Distributivity of scalar products over addition ]

-

hr..

+

.:J"|2 +2d-b+ .f:l| = dr +|h-|.1 [a'whr =b-d {Scalar product 15 Gummutative]]
2d-b=0

d-h=0

Therefore, a and b are perpendicular. [a #0, b0 (GWE"]}

Hence, proved.

16. If # is the angle between two vectors ¢ %b , then @0 20 oply when

0<B<l 0<f<t
(4) 2 (B)
(C}D-:H{It (D}DEBEH
Solution:
Explanation:

Let’s assume @ to be the angle between two vectors ¢ and? .

Then, without loss of generality, Y and b are non-zero vectors so that
gu’e alzo know, s |ﬂ| [b| Gaiil
o, | .

a-b=0

| and llb are positive

dllb|cos@ =0

cos@ =0 [|ﬁ| and |:5 | are pnsitive]
0<g<t
2
2 0<p<”
Therefore, abz0 yhep z

The correct answer 1z B.

17.Let @ and ? be two unit vectors and 8 is the angle between them. Then ¢ b is a unit vector if
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0== =" 0=— g2
@ 4 ® 3 © ®
Solution:
Explanation:

Let ; and ; be two unit vectors andé be the angle between them.
Then, |a =|B[=1.

Now, ;+5 is @ unit vector if\a+b{=1.

a+B=1 |

(a+b) =1
(a+B)(a+5)=1
aa+ab+ba+bb=1

a'+35£+i£i'=1

1 +2.f}||t;|cnsﬂ+1: =1

1+2.1.1cosB+1=1

cusH:—l
3

Fah

b
=2

-
o

Therefore, a + b 15 @ unit vector if § = ETH

Hence the correct answer is D.

IS

18, The value of r(;x.ﬂ'{)+j(ka)+k(: x;]

(A)0OB)-1(C)1 (D)3
Solution:
Explanation:

It is given that,
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?(ij)+;(ka]+E[fx;]
=i-i+j(=j)+k-k
=1—j-j+1

=1-1+1

=]

Hence, the correct answer is C.

19. If # is the angle between any two vectors a andE . then aj;_' 5 |a . E| when #1s equal to
(A) O (B) % (C) g (D) =

Solution:

Explanation:

Let 8 be the angle between two vectors jandy .
lhen, without loss of generality, ;and p are non-zero vectors, so that |a‘| and |b| are positive.

a-b|=|axb|

dl E|cosﬂ:|&||5|sinﬂ

cos 0 =sin@ [|&| and |E| are pﬂsitivc}
tanf =1

o=

4
Thus, ::ﬁ| = |E P E| when Gisequal to %

So, the correct answer is B.
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