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EXERCISE 11.2

1. Show that the three lines with direction cosines

13‘ 13 ‘ 13 ‘ 13‘ 13 ‘ 13‘ 13‘ 13 ‘ 13 Are mutually perpendicular.

Solution:

Let us consider the direction cosines of L,, L, and L, be I;, m;, n;; l,, m,, n, and I, m;, ns.

We know that

If ., m;, n; and ., m,, n are the direction cosines of two lines,

And 0 is the acute angle between the two lines,

Then cos 0 = |ll, + mym, + n;n,|

If two lines are perpendicular, then the angle between the two is 6 = 90°

For perpendicular lines, | LI, + mym, + n;n, | = cos 90° =0, i.e. | LI, + mim, + nn, | =0
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So, in order to check if the three lines are mutually perpendicular, we compute | I.l, + mm, + nin, | for all the pairs of

the three lines.

Firstly let us compute, | LI, + m.m, + n,n, |

12 4) (-3 12) (-4 3
= —x— |+ | —x— |+ | —x—
13 13 13 13J 1313

|L_l: +m,m, +n,n,

48+ (-48)
13

So, LiL Ly ...... (1)

Similarly,

Let us compute, | lI; + m,m; + n,n; |

4 3 (12 -4 3 12
= —x— |+ | —x— |+ | —x—
13 13 13 13 13 I3J

L, +m,m; +n,n;
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(48)+48_
13

So, Lol Ly ..... 2)

Similarly,

Let us compute, | lel, + mym, + nyn, |

Ll +m,m, +nn,|= [ixEJ+ [jx_—SJ— [—Eij _ 36, E—_ [ﬂJ
13 13 13 13 13 13 13 13 13

48+ (—48)

13

S0, LiL Ls ..... (3)

~ By (1), (2) and (3), the lines are perpendicular.
L, L, and L, are mutually perpendicular.

2. Show that the line through the points (1, -1, 2), (3, 4, —-2) is perpendicular to the line through the points (0, 3,
2) and (3, 5, 6).

Solution:
Given:
The points (1, -1, 2), (3, 4,-2) and (0, 3, 2), (3, 5, 6).

Let us consider AB be the line joining the points, (1, -1, 2) and (3, 4, -2), and CD be the line through the points (0, 3, 2)
and (3, 5, 6).

Now,

The direction ratios, a,, b,, ¢, of AB are

(3-1),(4—-(-1)), (-2-2)=2,5, -4.

Similarly,

The direction ratios, a,, b,, ¢, of CD are

(3-0),(5-3),(6-2)=3,2,4.

Then, AB and CD will be perpendicular to each other, if a,a, + b.b, + c.c, =0

ad, + bib, + ¢.c, = 2(3) + 5(2) + 4(-4)
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=6+10-16

=0

~ AB and CD are perpendicular to each other.

3. Show that the line through the points (4, 7, 8), (2, 3, 4) is parallel to the line through the points (-1, -2, 1), (1, 2,
5).

Solution:
Given:
The points (4, 7, 8), (2, 3, 4) and (-1, -2, 1), (1, 2, 5).

Let us consider AB to be the line joining the points, (4, 7, 8), (2, 3, 4) and CD to be the line through the points (-1, -2,
1), (1, 2,5).

Now,

The direction ratios, a;, b,, ¢, of AB are
(2-4),(3-7), (4-8)=-2,-4, -4,

The direction ratios, a;, b,, ¢, of CD are
1-(1),2-(-2),(6-1)=2,4,4.
Then, AB will be parallel to CD, if

iy b1_ 1

iz bg o

So, a/a, =-2/2=-1

b1/b2 = '4/4 = '1
C1/C2 = '4/4 = '1
~ We can say that,

I EJ-l 1

2 N EJg N o
1=-1=-1

Hence, AB is parallel to CD where the line through the points (4, 7, 8), (2, 3, 4) is parallel to the line through the points
(-1,-2,1),(1,2,5)

4. Find the equation of the line which passes through the point (1, 2, 3) and is parallel to the
vector 31 + 2j — 2k

https://byjus.com
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Solution:

Given:
Line passes through the point (1., 2, 3) and is parallel to the vector.

We know that
Vector equation of a line that passes through a given point whose position

vector is a and parallel to a given vector b is

—_

So, here the position vector of the point (1, 2, 3) is given by
a=1+2]j+3Kk and the parallel vector i53i +2)-2K
~ The vector equation of the required line is:

T=1+2j+3k+A(31+2)-2k)

E

Where A is constant.

5. Find the equation of the line in vector and in Cartesian form that passes through the point with position
N YL an S A T

~1=] 41“an 1+<] k. is in the direction

vector d

Solution:
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It is given that

Vector equation of a line that passes through a given point whose position
vector is @ and parallel to a given vector h isT = a+ A b

Herelet, a=2i— j+4kand b= 1+2j-k

So, the vector equation of the required line is:

~ o

F=2i- ]+41::+l(_i+2]-k)

Now the Cartesian equation of a line through a point (X1, y1, z1) and having
direction cosines 1, m, n is given by

X-X, _¥Y-Vi_Z—1
] m n
We know that if the direction ratios of the line are a, b, c, then
1= 1 m= b n= <
\fa:—b:—c: \/a:—b:—c: \/a:—b:—c:

The Cartesian equation of a line through a point (Xi, v1, Z1) and having direction
ratios a, b, c is
X-X, _¥Y-V._zZ-z

a b C
Here,x1=2,vi=-l,Zz1=4anda=1.b=2,c=-1

* The Cartesian equation of the required line is:
x-2 y—(-1) z-4 x-2 y+1 z-4
= = — = =

1 2 -1 1 2 -1
g. Find the Cartesian equation of the line which passes through the point (-2, 4, -5) and parallel to the line given
y
X+3 y—-4 z+8
3 5 6
Solution:
Given:

The points (-2, 4, -5)

https://byjus.com
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We know that the Cartesian equation of a line through a point (X, y., z;) and having direction ratios a, b, ¢ is

X—Xx _Y—-h_ <-4
a b ¢
Here, the point (X1, yi1, Z1) is (-2, 4, -5) and the direction ratio is given by:
a=3,b=5c=6
~ The Cartesian equation of the required line is:

x—[—E]:}-‘—él_Z—(—S)j X+2 y-4_ z+5

3 5 6 3 5 6

7. The Cartesian equation of a line is

X-5 y+4 z-6

3 2 . Write its vector form.

Solution:

Given:
The Cartesian equation is
X-5 y+4 z-6

3 7 2 ..
We know that

The Cartesian equation of a line passing through a point (xi, y1, z1) and having

direction cosines |, m. n is
X=X _YV—Wn_Z—4
/ m n

So when comparing this standard form with the given equation, we get
X, =5,y,=-4,z, =6 and

I=3,m=7,n=2

https://byjus.com
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The point through which the line passes has the position vector
a=5i—4]j+ 6k and S
The vector parallel to the line is given by b =31+ 7+ 2k

Since, vector equation of a line that passes through a given point whose position
vector is 4 and parallel to a givenvector bisT= a+ A b

+ The required line in vector form is given as:

T =(51-4)+6k)+A(31+7)+2k)

8. Find the vector and the Cartesian equations of the lines that passes through the origin and (5, -2, 3).

Solution:

Given:

The origin (0, 0, 0) and the point (5, -2, 3)

We know that

The vector equation of as line which passes through two points whose position

—

vectors are 3 and b isT=a —l(b a)

Here, the position vectors of the fwo points (0, 0, 0) and (5, -2, 3)
are a =01+ 0j+ Ok and b = 51— 2j+ 3k, respectively.

~ The vector equation of the required line is given as:

r= oi—0]—012;—:-{(_5i—2j—312;)—(_oi—0]—013;)_-

T =(51-2j+3k)

Now, by using the formula,

Cartesian equation of a line that passes through two points (X1, yi, Z1) and (X,
1, Z2) 1s given as

X—x% _Y—h _£2—4

X2 — X1 y2—hn D — 10

https://byjus.com
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So, the Cartesian equation of the line that passes through the origin (0, 0. 0) and
(5,—2,3)1s
x-0 y-0

Z-
5-0 —2-0 3-

0
—
0

tad | M

¥
—2

X
5
~ The vector equation is

= A(51-2j+3k)
The Cartesian equation is

X y z
3

5 2
9. Find the vector and the Cartesian equations of the line that passes through the points (3, -2, -5), (3, -2, 6).
Solution:

Given:

The points (3, -2, -5) and (3, -2, 6)

Firstly let us calculate the vector form:

The vector equatmn of as line which passes through two points whose position
vectorsared and his T = @ —l(b a

Here, the pnsﬂmu vectors of the two pmnts (3,-2,-5) and (3, -2, 6)
area=31—2]j— 5k and b=3i— 2j+ 6k respectively.

* The vector equation of the required line is:
I=3i —zj—sk—}k[(si —2}—613;)—(35 —zj—sll;) -
T =31-2j—5k+A(31-2j+6k - 31 +2j+ 5k)

~ o

T=31-2j-Sk+A(11k)

https://byjus.com
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Cartesian equation of a line that passes through two points (X1, yi. z1) and (X,

V1. Z2) is
X—X _V—Wh Z—24

X2—x1 Y2—hn L — O

So, the Cartesian equation of the line that passes through the origin (3, -2, -5)

and (3, -2, 6) is
Xx-3 }"—(— )
- -2

o 0 11
+ The vector equation is
F=31-2)-5k+A(11k)
The Cartesian equation is
X-3 y+2 z+5

o 0 11

10. Find the angle between the foIIowmg palrs of lines:

(1]1—1_1— —'—ﬁ_(31—,,J 6k]and

r=7i—6k +u(i+2j+2k)

(11)1—31—-—_]—"1&——!(1—‘]—"1&]Hnd
_] 56k + u(31—5j 4k)

Solution:
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Let us consider 6 be the angle between the glven lines.
If 6 is the acute angle between 7 — a ¥ l,b and 1 = a —pb then

bib;
il 2]

cos il =

{J}
(1)1-4—5] k—x.(31 21+ 6k)and

7i— 6k + p(l —HJ "1«:)

Herel?.j = 3;—23—61;; and Ez i—Z:i—El::
So, from equation (1), we have

@i—ﬁ—ﬁk)ﬁ—zj—mﬂ

cost = - - e - -
Pi—zj—ﬁkHi—zj—Ek

...... (2)

https://byjus.com
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We know that,
al+bj+ck

S0,

= Jal+bi 4

=3+ + 6 =9+4+36=1/49=7

31+2j)+6k

And

= \/1: +27 42 = 1+4+4=./9=3
Now, we know that

(_a:i +b._j +ck)(al +b:j + c:i&) =a,a, +b,b, +¢,c,

i+2j+2k

So,
(31+2j+6k).(1+2]+2k) =3x1+2x2+6x2=3+4+12=19
By (2), we have
cosh = 19 :E

Tx3 21

(19
BZCDS_'[—J

21

So,

-

(31 +2j+6k).(1+2j+2k) =3x1+2x2+6x2=3+4+12=19

By (2), we have

19 19
cosB = S )
Tx3 21
(19
B:cos_:[—]
21

https://byjus.com
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(ii)§=3i—j—*l&—}-(i—"‘—zll;)and
r=2i-j- 561&—;1(31—5] 41q

Here, b _2k and b =3i- 51—4k
So, frcnm(l) mehave

(i—j—’*li;)( i—5j—4k)

cosh = |-

|1— — ‘31 5] 4k|

e (3)

We know that,
ai K|=a’+b’+¢
S0,
=2k = P+ (-1) 27 = I+ 144 = 6 =342
And
31-5)—dk|= /3 +(=5) +(~4) =0+25+16 =450 =512

Now, we know that

(_a._’i‘+b._j +Q1A{).(_a:i +b:j+c:12) =a,a, +b,b, +c,c,

Three Dimensional Geometry

~(1=3-2K)(31 5] -4k ) = 1x3+(=1)x (-5)+(-2)x(—4) =3+ 5+8=16

By (3), we have

cosf = 16 = 8
3><\/Z 5( 5x23 53
s

8 =cos [ﬁ

‘ o

|
o

%
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11. Find the angle between the following pair of lines:
LX—=2 y—-1 z+3 Xx+2 yv—4 z-5

(1) and
2 5 —3 -1 8 4
X ¥V zZ Xx-5 y-2 z-3
(11)—===—and == =
2 2 1 4 1 8
Solution:
We know that
If
X=X Y-V, Z-Z X=X, V=V, Z-4
L m, B and L mm, ) are the equations of
two lines, then the acute angle between the two lines is given by
cosO=|Lih+mymy +mng | ...... (1)
LX—=2 y-1 z+3 Xx+2 y—-4 z-5
(1) =—- and = = -

2 5 -3 -1 8 4
Here,a; =2, by =35, c;=-3 and
a=-1.bh=8c=4

Now,

1= a m= b n= ¢
\/a:—b:—c: \/a:—b: +c? \/a:—b:—c: e

Here, we know that

Jai +b +cl = \/2: +58 (3] =/4+25+9=4/38

And

\/a +bl +c = \/(—1): +8 +47 = J1+64+16 =+/81=9

So, from equation (2), we have

https://byjus.com
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q

= S 1115 = il ‘; nl Bl 5

msﬂz‘. B W W R W
\B3s) 1 9) (Bs) le) (s ) (o)
_|-2+40-12| |40-12| 26
|oo3s | o3| 938
26
B =cos 9\/3_8]

'y
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X Vv zZ XxX—-5 y-2 z-3
=~ =—_and = =

(W) 2 2 1 4 1 8
Here,aj=2.b;=2,c;=1 and
aa=4,bh=1,¢c=8

Here, we know that

Jai+bl el =27+ 27+ = a4
And

Jas+by+ey =47+ + 8" = Y16 +1+64 = /81 =9

So, from equation (2). we have

a 2 b. 2
1 = == —. M, = ——— = —
\/a‘—b‘—n:‘ 3 \/a._'—br—n:‘ 3
And
a, 4 b, 1
L ———ro s —n==_.
Jai+bi+e 9 yasbise 9
+» From equation (1), we have

cosh =

(20
BZCDS_'[—J
3

. From equation (1), we have

cosf =

20
0 :cos_'[—J
3

12. Find the values of p so that the lines

lI-x Ty-14 z-3 T-T7X y-—35

and =

2 4 (2 1) (1 8 |8+
—X— |+ —x—|4+]| = x—||=
3 QJ 3 QJ 3 QJ 7

{2 4 [2 1 [1 8y [8+2+8
—Xx— |+ =x=|+]| =x—||=
3 QJ 3 QJ 3 QJ 27

3 2p 2 3p 1

C,
n, = —
\/a._‘ +bs +¢’
C"I
n, = —
\/ag +b3 +c3
18 2
27 3
18 2
27 3

are at right angles.
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Solution:

The standard form of a pair of Cartesian lines is:

X-X _¥-yV_z-z X—-X, Y-V, -1
a, b, ¢\ and & b, S ()
So the given equations can be written according to the standard form. i.e.
—(x-1) 7(y-2) z-3 -7(x-1) y-5 —(z-6)
= — =— = =
3 2p 2 nd 3p 1 5
x-1 y-2 z-3 x-1 y-5 z-6
3 /7 2 _3pn /T o
3 Hp ! L) " aﬂd 3p ! L) l 5 .. (2)
Now, comparing equation (1) and (2), we get
2 -3
a::—S.b::Tp.c._:E a::Tp.bjzl.c::—S
and

So, the direction ratios of the lines are
-3, 2p/7,2 and -3p/7, 1, -5

Now, as both the lines are at right angles,
So, a.a, + bib, + ¢.c, =0

(-3) (-3p/7) + (2p/7) (1) +2(-5) =0
9p/7 +2p/7-10=0

(9p+2p)/7 = 10

11p/7 =10

11p =70

p=70/11

~ The value of p is 70/11

13. Show that the lines

X—-5 y+2 z X Y
7 =5 1 1 2

il
3 are perpendicular to each other.

Solution:

https://byjus.com
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The equations of the given lines are

X—-5 y+2 z X
7 =5 1 1

Two lines with direction ratios is given as

a,a, + b.b, + ¢.c,=0
So the direction ratios of the given linesare 7, -5, 1 and 1, 2, 3
ie,aa=7,b=-5c=1and
=1,b,=2,¢,=3

Now, considering
ad, +hb,+cc,=7x1+(-5)x2+1x3
=7-10+3
=—3+3
=0
~ The two lines are perpendicular to each other.
nd the shortest dlstance between the lines

:[ﬂfU+k]+nU—q+k]mm
r=2i—j—k+u(2i+j+2k)

14.
I

Solution:
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We know Lhat thi shortest dis._tanceha;m'een two
lines T = a, + Ab, and T = a, + b, is given as:

(5.53) (-

d =

- (1)

Here b}f cnmparmg the equanons we get,

a, = 1+2]+ k bzl—] L

a,=2i—j—k bJ:-i+j—f21~:

MNow,

(xl'i+},r.j+z.;f;}—[x:i+y::i+z k)= (x, —x, ]1+[y ~v,)j+(z, -2,k

g—a_gz(ﬁ—j—}::)—(’i#zjdr ] i—3j=

https://byjus.com
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(\1+Vj+z L) (x, i+V,]+2Z, )
a,—a, =(2i—j—k)—(i+2]+f{]=

(% =% )i+ (3 =3)i*(z=z)k
[ -3j-2k
TR o)

Now,

— ”~ " oy

b, xb, =(1-j+k)x(2i+]+2k)

L

ik
11
1 9

=

= —3i+3k
= Fxb— _3i43k

Now

[agi +b1j +Qk).(a:i+b3j +c3k) =aa, +bb, +cc,

(Exb_;).(a: =) :(—3i+31&).(i—3j—2}2) =-3-6=-9

Now, by substituting all the values in equation (1), we get
The shortest distance between the two lines,

k)
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—9
d=|—%
5
9
3v2 [From equation (4) and (5)]
3
V2
Let us rationalizing the fraction by multiplying the numerator and denominator
by V2. we get
3 N2
d= —x

.

NENG

32
>

. The shortest distance is 32/2

Let us rationalizing the fraction by multiplying the numerator and denominator by V2, we get

_ 3 N2 32
V2 2 2

= The shortest distance is 3v2/2

d

15. Find the shortest distance between the lines
Xx+1 v+1 z+1 X—3 yv-—-5 z-7
= } s ﬂ]]d = }I —

7 -6 1 1 -2 1

Solution:
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We know that the shortest distance between two lines

X+1 y+1 z+1 X—3 v-5 z-7
= = and == =

7 —6 1 1 —

K:_K: }."_‘_}.": z'\_z'_

-

1 s given as:

d= : - :

-

\/(b._c: —byc, )1 +(ca, —ca; ) +(ab, - E:lzb'_):

The standard form of a pair of Cartesian lines is:

(D)

X-X _¥-yV_z-1 X-X, ¥V Z-1Z,
a, b, ¢, and & b, C,
And the given equations are:
x+1 y+1 z+1 x-3 y-5 z-7
7 —0 I and 1 —2 1

Now let us compare the given equations with the standard form we get,
x1=-lL.yi=-lL.z1=-1;

X2=3,y2=5,02="7

ai=7,b1=-6,c1=1;

a=Llbh=-2,c:=1

Now, consider

X,-X, Y,-V, z,-z| P-(-1) 5-(-1) 7-(-1)] P+l 5+1
a b ¢, |=| 7 —6 1 = 7 —6
a, b: c, 1 -2 1 1 -2
4 6 8

-7 -6 1
1 -2 1

https://byjus.com

Three Dimensional Geometry


https://byjus.com/?utm_source=pdf-click
https://byjus.com/?utm_source=pdf-click

m BYJ UfS NCERT Solutions for Class 12_ Matr_ls Chapter 11 —

The Learning App Three Dimensional Geometry

=4(-6+2)—6(7-1)+8(-14+6)
=4(4)—6(6)+8(-8)
=.16—36—64

=-116

Now we shall consider

\/(b'.c: -b,¢, ): +(ca, —¢,a, ): +(a;b, —a,b, }:
- J{(—ﬁxl)—(—le)f S ((1x1)=(1x 7)) +((Tx=2)=(1x=6))
= J(6+2) +(1=7) +(=14+6)" = \[(=4) +(=6) + (-8

= J16+36+64 =A/116
By substituting all the values in equation (1), we get
The shortest distance between the two lines,

~116] 116
—_ 11 _’),\f_
J116 \/116

= The shortest distance is 2v/29

d=

nd the shortest distance between the lines whose vector equations are

16.
= (1—;.] 31&]—3(1—3]—31a]and
r=4i+5]—6k +n(2i+3j+k)
Solution:

We know that shortest dlstan-::e between two lines
F=a +AbandT=a, —pb is given as:

D —

(575 ) ez

F

d —
(1)

Here by comparing the equations we get,
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ay= i+2j+3k b, = i-3j+2k .4

a, =4i+5j+6k b,=2i+3j+k

Now let us subtract the above equations we get,

(X:i+}r:]+z:£)_(X:i+}r:]+z:f() = (X, _X:)i+(}r: —}5)]4-(2-_ _Z:]i“:
a,—a, =(41+5]+6k)—(i+2]+3k) = 31+3j+3k

And,

b:xE:(i—3j+2E)x(2{+3j+E)

i ik
=1 -3 2

2 3 1
_ —9i+3j+9k

— b, xb, = —91"—3}—911;

(4)
Now by multiplying equation (2) and (3) we get,
(_a._’i‘+b._j+c._l’q‘:).(_a:’i‘+b:j+c:l::):a._a:+b._b:+c._c:

b, xb, ) (a, —a, ) =(-91+3j+9Kk).(31+3]+3k)=-27+9+27=9
(_x )(q q_) ( i+3j+ )(31+3J+3) +9+ s

By substituting all the values in equation (1), we obtain
The shortest distance between the two lines,

9] 9
3./19

3
319 19

. The shortest distance is 3V19

17. Find the shortest distance between the lines whose vector equations are
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r=(1-1)i+(t-2)j+(3-20kand
r=(s+Di+(2s—1j—(2s+ 1k
Solution:

Firstly let us chsider the given equationns
_}f:(l—t)i+(’[—2)j+(3—2t)k
T=i-ti+tj—2j+3k -2tk

r= f—lj+312+t(_—i+]—2§:)

y f:(s+1)i+(2s—1)j—(zs+1)1}

.

j- k+5(1 +2j- ”k)
So now we need to ﬂlld the: shortest distance bemeen

I = 1—7J+3k+t( —1+j— ”k)andl—l—J k+5(1+7j ”k)

I =si 1—HSJ J—”sk k
1—

We know that shortest dlstance berween two lines
T=a, +Ab, afl T = a, —ub is given as:

(ot}

d= (1)

Here by cc-mparmg the equatmns we get,

?l-_=1—j 3kb —1+] Hkaﬂ
a,=i—j—k.b,=i1+2j-2k

Since,

(X;i"'}';]"'zzfc)_(X:i"'}':j"‘z:f“:) = (X, _X:)i"'(Y: —-Y: )j—|—(Z _z:)f{
S0,
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i ik
-1 1 -2
1 2 -2
= 2i—-4j-3k

= b, xb, = 2i —4j-3k e (3)

= [b, xby| = 22 + (-4) +(-3) = VA+16+9=v29
Now by multiplying equation (2) and (3) we get,

(_a._’i‘ +b._j - c_f().(_a:i +b3] +c311) =a,a, + b,b, +¢,C,

(b, xb, )(a, -, ) =(21-4)-3k) (j-4k) = —4+12=8

By substituting all the values in equation (1), we obtain
The shortest distance between the two lines,

8 8
29 29

d:

= The shortest distance is 8v29
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