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aftner WEmd v fgamdte artertor

(Complex Numbers and Quadratic Equations)

*» Mathematics is the Queen of Sciences and Arithmetic is the Queen of

Mathematics. — GAUSS *

4.1 i (Introduction)

et swensti § g T X S =X 1 T = geienon
T A Tk =R H] e TN 1 sreEEd TR 2
T 2 7 T T x2+ 1 = 0 &1 HIE ardfaeh g Tal
T 2+ 1=0" 84 >=— | W@ B € 3 T
arEdfersh @ 1 a7 SUiaY Bl @ gEfau St g
FUTTeA! < < WOTTell o ®9 H agH 1 STeydehdl 8 o™
o B9 TR0 x2=— 1 1 A U< Y Heh | aqd |, T&A
3IRYT FHHT ax? + bx + ¢ = 0 F A U FEA 8, 58T
D=5 dac <032, e arafas densti & gomet o
EREREG %l ‘W. R. Hamilton
(1805-1865 A.D.)

4.2 wfmsy @@t (Complex Numbers)

TH HETT A R (] Hohad i ¥ e 1 9 ¥ i =—1 9T B 21 TR e
2 fF i & 2+ 1=0 1 TF & 2
a+ib % YU &I TH G Jel g 3N b arfos St ¢, Ts aftgs gen

_] .
afenfid et B1 ST ok fAu, 2+43, (- 1)+ i3, 4+i[ﬁj iy ged )

GiEY W& g=q +ib & U, o AEATHER AWT Heddl ¢ 99 Rez g1 Fefua
o STl @ 31 b SreutTeh WRT el € a1 Imz 511 Fefd fran St 21 Seeeo
% fag, afk z=2+i5, 7@ Rez =2 3R Imz =5 3 WA Head 2 =a +ib A z,=
¢+ id 99F B 49fg a=c3Rb=d
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EE'TQTUTI?Jﬁ4x+i(3x—y)=3+i(—6),~_r|ﬁx3:ﬁ'{ymE@T@%,ﬁﬁx?’:ﬁ'{y
1 hifSTul
T o fem @
4x+i(Bx—y)=3+i(-6) . (1)
THI IR o I qT HIeqHH T H GHE od U, %‘ﬁ‘JT‘?I‘Eﬁ'dT%
4x=3,3x—y=-06,

. 3 33
S g9q g1 i T, x:Z IR y=7

4.3 Tftmsr el @ serfura (Algebra of Complex Numbers)
3G 90§, T WY eAed oF SIS o1 fashr S

4.3.1 gt qftger, g&ren’ &1 9T (Addition of two complex numbers) I
Zl=a+ib3ﬁTzz=c+idaﬁ§ﬁW%Tﬂ@T§%|ﬁazl-i—zza?mﬁﬁ‘:!ﬁﬂ:@ﬁm
Y gitwifea feran s @
Zl+zz=(a+c)+i(b+d),ﬁﬁ?:@ﬁﬂﬂ@l%l
I F fAaw, 2 +3)+(=6+i5)=Q2-6)+i(3+5)=—4+i8
aftny "gemne o 4 fEfatad won w1 @ w2
() Taa frag < 9y Sens &1 9w U aing e e 2, el
T wfmy wemst 2 e 2, % fau, 2 + 2, TF Wiy wen 8
() 7 fafma frag fel < wfwmy gemsn z, a1 2, & fag
21+Zz:Zz+Z1
(i) ®E=wrd fram fe=l @9 wfmg w@emen 2, z, o1 z, & fag
(z,tz) tz,=z +(z,+ z).
(iv) AN THF T e THs T 0+ 0 (0 o R <0 STl ),
NI TeqHeh 31oel Y[ Ay e wea ¢ o fF g aftay
& z,z+ 0=z
(v) IRTHE Glaeiy &7 fide 9o qfmy 9@ z=q + ib, & fau &d
i W& —a +i(— b) (—z % g <A S 8) U Bt §, Sfeh Fntere
Tl SAel z 1 B el gl B9 Uk o € T oz + (2) =0
(FTCH TTH) |
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4.3.2 3 WiAgT &3 FT 3T (Difference of two complex numbers) =81 1 T8
gy e 213:ﬁ'{ z, %l HR ZI—ZZ'FFF:I YR afiwri femen S @
2, —z, =z, + (~z,) ST (6 + 3i) — (2 — i) = (6 + 3 i) + (-2 + i) 3N
2Q-D)+(+6-3i)=—4-4i

4.3.3 @hmsr 9@&msi’ &1 T (Multiplication of two complex numbers) T NS
z,=a+ib WM z,=c +id FE A Y F@A | @ EEA z .z, ARG €9
Y gitwfea feran w8

z, z,= (ac — bd) + i(ad + bc)

IR F A, (3+05) 2 +i6) = (3 X2 5% 6)+i(3 X 6+ 5 x 2) =24 + 28

Tftry GEmst o UM w1 Giea o Frefefea W e €

(i) Hoer Toraw < witay wemstl &1 UA%d, Th 9y 9@ e ®, 9
Tfmy wemsti 2, 9o 2, o U, PHAR 2, z, Th AfEHg Fe e 2

(i) s fafa fam fael < dftng demet 2, 9 2, & fag,

Z1Z2:Z221
(i) g fram feel i wftng gemet 2, 2, 99 2, & fog
(z,2,) z,= 2, (z, z,)

(iv) TIUTIeHeR TR ohl TR TSt G& 1+ 0 (1 o gRI ST Sl @),
TR qeHeh 31 Wehel WIS WEAT Fgeldl ¢ e for g aftmy
WTZQ’TWZJ:Z

(v) NI Ufaeim o1 i Jois Y Ay 9@l z=a + ib

(a#0,b#0) & fau, g4 wfmy den TR
2! o g <M1 Sl €) W Biell €, z 1 TOlcHeh el sheard 8 fores

1
— Yl
b? (Z

1
o z—=1 (TOTcHE THHAS)
z
(vi) dea fram ol d afms demst 2,2, z, & fag
@ z,(z,tz)=z2,+zz
(b) z,+z)z,=z 2,1z 2z
4.3.4 T qftasr &3 FHT YTTHA (Division of two complex numbers) TH= g

& g2 Wiy "emstt z a2, & fau, SRl z, # 0, T L frefefed vHR @

2
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z 1
Renfya fan S & Z_;:ZI_

2

3 % for, W fernz, = 6+ 3i aﬁtzzzz—i

ER S i : -‘(‘I)E
L TSR ee) 522+ S

R+i[

6+3z B?E

=— gz 3+i(6+6)F= (9+121)

4.3.5 i #t T (Power of i) %ﬁ EIIE

l'_3 :% :i

T w9, R g ko fem, =1, M =g = ], =
4.3.6 TF WUT qrlad GE&T & TAGA (The square roots of a negative

real number)

T B P2=—18R (—ipP=£=—1.30T — 1 & =nigel ; 3K —; &
Tafy fag o7, ®1 e gAR fog ke i BRI

e BH 3@ Gehd & b i 3N —i <Al FHIRTO 12 + 1 = 0 3@l 12 = -1 o BA B

= TR, (ﬁi)zz(«ﬁ)2 2=3(C1)=-3
S (—ﬁi)2 = (—\B)2 2=_3
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gafay —3% wige 3 3R —./3; %
R @ Shaet 37 1 <9 & fow & wdiew 23 1 YA TR S ®, sterfq

V=3 = 3i.
Y Al ¢ Tk e ardfas 9@ §, @6 g = Ja -1 = VJa i,
T S € for wefi oo At wE@msti o @R b ok fU JaxJb=+ab T

qiomy q9 ft I B, 59 > 0,b<0Fa <0, b> 0.
R 2 AR ¢ < 0,5 <0, B9 IHH! W9 W B
Fe FITC foF 2= V=1 V=1 = J(—D)(=1) =1 =1 Sk 20 o1 1 fatana™ &

2=—

AT, Jaxyb#Jab IR a IR b A FO1 ATEfoH FEA
AN AR g 3R b S H ¥ A off T B, 76 W T4V g xb=vab =0
4.3.7 dmas (Identities) 39 THEffEd dodm e %1 fog =@ &
forei wfmy weme 2, 3R 2, & fau
(z,tz,))=z2+z2+2zz,
Suufa %ﬁ'wgﬁ?ﬂ%,(Zl+22)2=(zl+zz)(zl+zz)
= (z,+z)z+(z, +z) z, (s =)

=z} ¥ 2,2, + 22, + 2} (SeT fram)
=zl +22, + 22, + 23 (oM &1 %9 fafma =)

=22 422z, + 2
T 4ifg &9 fr=fafad qams! o fag # 9d o

: 2
() (z2,-2z) =2 -2zz,+2;

. 3
(i) (z,+2z,) =22 +3z%z2, + 3223 + 23

3
(i) (z,—z) =2’ 327z, +32,25 — 73

(iv) le —Z; =(Zl +22)(Z1 —Zz)

I | ogd U E dcqHehl 1 Siter gt arsafas gemsti o fae g €, st
iy Femst ®1 9o o o fag feman s o 2
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sarevur 2 ffafed ot o +ib & ®9 H 9 B
1 1 3
(M) (g] ) (i) (2i) [—gzj
) S5, -5 B é_
= 0 [ j 3 =3 =5"3%
i) () (20) (_glj = 2X8><8><8X15 =ﬁ(12) l=ﬁl

SETET0T 3 (5-3i) Hl a+bich ®9 H FH i

T BHWW R, (5-3i)P =5 -3 x5 x(3i)+3 x5 30— (3i)
— 125 225i— 135+27i =— 10— 198i

SATET0T 4 ( \/§+\/_)(2\/_ ) H g +ibh T Y FH H
7w 2 (—B+v2) (23 -1) = (B3 +42i) (243-)

= —6+\3i+246i -2 = (—6+«5)+«5(1+2\5)i

4.4 GfmsT G 1 WGTe 3 T (The Modulus and the Conjugate
of a Complex Number)
M AT 2= g + ib Teh HHY @A 2| Tl z &1 ik, S | z| R <A1 €T 2, i

FHUR AR T [, p2 BN AR e S € e |z = 24,2 SR
z 1 G, Sz R g9t S ®, WS W@ o — b e €, AUfd 7 =a—ib

—5i =22 +(=5)% =29,
R 37i=3-i, 2-5i=2+5i, 3j—5=3i-5
eH U G & TR RO Sfm "' 2 = o + ib 1 O faeE

SR % A, [ 340] =32 +17 =

_ _ z
7= ! = a +1i b =a lb=|z|2,€1?n%

a+ib @ +b>  a*+b* P +b

et zze|af
aa: forgl < wfmy Hemetl 2, @ 2, fau frafafed feset 1 g 9 =
feran T e 2:
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2]
() |z z|=|za]|2] @ |7 =|Z—2,aﬁ:|zz|¢o
(i) z2,=27 2 V) ztz=z5%z
(2).a
v) -, _Ez RIS z,#0.

FETETOT 5 2 — 3 R T[OMcHeh Yfdel F1d ShifsIa|
gl HH fe@n z=2-3i

Tz =2+3i 8 |z =22 +(-3)’ =13
zfeTq, 2 — 3/ o1 OIS Jfdaim

zZ  2+3i 2 3.
= =—+—igrd |
|2 13 13 13 E &

SR & T 9N e fetartEd €1 9 of Ern s 9@ B
1 243 243 243 2 3.

R —_—

T U203 232 +3)  22-Gi)? 13 13 13

N

3a1eT0T 6 fr=fafEd &1 g +ib & ®9 | Had Rl

5442 s
O (i)

_o5+2i 5+x/§ixl+x/5i_ 5+5V2i+2i -2
OO T TV e (Vi)

_ 3+6J§i:3(1+32ﬁi) RN

1+2
1 1 i i
h, 35
P =—= = - = —=i
(i) 3 (l-z )171 —i i =i’
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| womeet 4.1 |
YT 1 9 10 % I Afmy Gemet § YdS hl g + ib o ®9 H Fad HIfST

. (51‘)[—%1)

3T+ +i(T+i7) 5. (1—i)—(-1+i6)

2o » [B3eg 5
I

T 11 ¥ 13 I 9y Fenel ¥ e H O Ufaam F1d it
11. 4- 3§ 12, J543; 13. —i
14. fr=fafad =59 &1 o +ib o ®9 H S HifoT;
(3+i/5)(3-1V5)

(V3++21)-(V3-ir2)
4.5 3mis aet 3% aj:ﬁ'q %9t (Argand Plane and Polar Representation)
S o B9 e W & A © b et H@Ae (x, y) o Yk hitd 9T o §d,
T XY @ # =) INEIRE o st o Y
el | 52 x— @781y — 3781 G0 <1 Sl
2, Th efgd foig W e 1 st
qfmy &N x + iy H1 S HEd IH
(x,y)a?@ﬁ%,ﬁﬁ@mﬁg
(v, y) o &9 ¥ i fsgor feean sn

Hehdl ¢1 I8 HUA faelidd: 9 B ' D(2,0)
%o aitmg gemsi S92 + 4i,

k.
(]

.9 .19 .—-39
1 +1 3. 1

£

=)
3

=)

~2+3i,0+ 14,2 + 0, —5 —2i 3R 1-2i i *EES-D) *F(1,-2)
Sifer sfa I (2, 4), (-2,3), (0,1), (2,0),

(-5,-2) T (1, -2) d» "G ¥,

afrefa 5.1 o fageti A, B, C,D,E 3R F Y

SR st freaor faman e 2 MR 4.1
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e, T weeh fag 1w iy }\
e gr Tt feran e €, wiws q g P(x,y)
a1 e T HEA T (X%

amie aa H Ifmg W (x + iy) H

Hik g P(xy) ¥ ¥ 03 0(0,0)

19 w1 W BT YW wiAT X< o

(3TRfd 5.2)1 .0
-9 W fag, wfmy Femst

a+i0"5‘?aw‘ﬂ"‘ﬁ%ﬁ§3ﬁ'{y—?ﬂa‘1'{

> X

v

Y
P(x, y) st 4.2

fog, wftag Gemst 0 + ib 9 o 9 B

gl omfs qa ¥ x-er 3R )-el HE:

X' € SX R & SR FUE ST FEad B

3 qa ¥ Ifmy 9=l z =x + iy

3R =GR gt z=x — iy @1 fagsi

P(x, y) 3R Q(x, —y) & gN Frefua feran

> <

M Q(x,—y) T | S e @, T8 (x, —y) afash
Y i < e Ty (v, y) 1 T e
3MMeRTd 4.3 el © (SMHT 5.3)1
fafaer semEvor
(3-2i)(2+3i)

SEETT T ooy T 9gH S Hh

(-20)(2+30)  6+9i-4i+6 12+5i 4-3i

BT (0 42i)2-i) T 2-i+dit2 | 4+3 4-3i
_ 48-36i+20i+15 _63-16i _ Q—Ei
16+9 25 25 25
3-20)(2+3i 63 16
C-20Q+3) . 6,16,
(1+2i)(2-1) ' 25 25
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a+ib

ST 8 AR x+iy= - 7 W S F R 242 =1

= 5 - (a+ib)(a+ib) a*—b*+2abi  a*-b* 2ab ;
BARHAE T, XV D= (b a+ib) — l+b: a b b
a*—b? 2ab

safal, x — iy =

- i
a*+b* a*+b*

, . . . (a2_b2)2+ 4a2b2
sﬁw X +y _(X+ly) (x_ly)_ (a2+b2)2 (a2+b2)2

(a* +b*)?
(@ +b)?

37T 4 U¥ fafaer gy=nadr

.
.

{ils +GJZT 1 A T4 BT

2. Fet 1 wfmy wemsti 2, 9N 2, & fo, fag Fifsw:

Re (z, z,) = Rez, Rez, — Imz, Imz,

3. [ 1 2)[3_4ij F AR 9 H gREfdd il

1-4i 1+i )\ 5+i
) a—ib ) oo a*+b?
4. A x—iy=|—— @ fag Hfow o (x°+y27)=——;
c—id c+d
. _ zy+z,+1
5. A z,=2—i,z,=1+1i, —Zl—Zz+i T A A HITTC)
N2 2 2
+ x +1
6. A% avib= T gz it B, a4 p -
2x +1 (2X2+1)
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11.

12.

13.

14.

gty gead o) fgerda gl 93
Az, =2—i,z,=-2+i, /= 1 °9F Fefer)

(i) Re LTZ] (i) Im[i_j
Z 214

T (x—iy) (3 +5i), —6—24i I T ? dI SEdferh GEAT x 3R A HifeTQ

1+i 1-i
1-7i 1+i

T A A SIS

A (x + iy) = u -+ iv, A T R §+§:4<x2—y2>

B—a

afe o 3R B iy Wiy wed € e |B] =1, || _gp| #1 99 9@ &)

TR |1 | = 2" o YW qUlich oAl ki HEAT Tl IS
I (a + ib) (c + id) (e + if) (g + ih) =A + iB &
Al WY R (@ + ) (E+ ) (@ + 1) (@ + h) = A+ B

1+

aﬁz[:] =1, @ m 1 ZFq9 gt AE 1A RIS

ST

& a+ib o YT FH TH G&A, SR ¢ 3R b AAfaH G &, Th qimyg G

Fedl ©, o GHS @ % o WM SR b THHT HUTE AN
FEad 2

* T!'Fﬂzl=a+ib 3ﬁ122=c+id,ﬁ<_9l

(1) z, tz,=(a+c)+i(b+d
(i) z,z, = (ac — bd) + i (ad + bc)

¢ T YR 9fws §& z=a+ib(a#0, b= 0)F fau, & afmyg Fen

a . b 1
+1 3 — —
Boip | PR o hl A& BId %, 3@ B Tq0 z! g BIECAERIBSIG] %
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aﬁwzmwmmémﬁﬁs(mtb)( Sy )

a
a*+b*  at+b*
=1+i0=1 9= B 2
¢ -[%R:ﬁ-lluﬁz'; ka;m’ﬁk:1,i4k+1:l~’l~4k+2:_1,i4k+3:_l~
o TfES e z=qg+ib FHFH z gR e fFan S ? SR Z =a—ib
ST <@ S ?

feeTliaeh gy

FATA 7§ 9 A I GBS o foh Tk KU1 HE&A oF A h] ARAToh HEAT
Wﬁ'ﬁwqﬁ%ﬁwsﬁqmeahavira (850 o)
F S B Felt TdYH TH Sfeds ol TUwd: oo Rl IR ou
wpfa i 9] Wug' ¥ "amn 6w (i) s gofert (ufin) @ 2, e
THHT aiigd el B 21'7 Uk R R o Bhaskara 3 1150 g ®
AUt pfa “serfora’ o off faen €, “sor ufer *1 w1 afga T2 gl @
FifH 78 Tw o7f T& 21" Cardan (1545 %) 7 x+y =10, xy =40 %I &
FH H I FHE W M @ $=H x=5+ /-5 My =5- /-5 THH
A % B9 W A o 59 S=iH W sm=ea 5o fh 3 gend =ef (useless)
&1 Albert Girard (ST 1625 %) = 01 G & T H1 TR & ik
el foh, 309 o0 JgU AHIhY i fSaHt =1d 2, 3 gol W I | Fem
g1 Euler 3 WI9eM /=] 1  Hehad UM foha aen W.R. Hamilton (RIS
1830 %) o Th Y[ IO TR ST 3R ek ‘ hieufTer @’ o A
1 BIed T AW & g + (b F AT&dfash G & HHd I (a, b) F €9
o g&qa fomam

J

 —
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