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Session 01

Introduction to Conic and

Parabola

Return to Top




@ Definition of Conic:

It is the locus of a moving point such that ratio of its distance from a
fixed point [ focus (S) ] to a fixed line [ directrix (L) ] is always constant.
The constant ratio is known as eccentricity (e) of the conic.

A

P
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When focus lies on directrix then (Degenerated conics)

Return to Top

N Y Y

Condition ‘ [ Nature of conic ]
e>1 [ Pair of distinct straight lines ]
e=1 | [ Coincident lines ]

0<ex<1 [ Point ]

e > oo | [ Parallel lines ]




(o]

When focus doesn't lie on directrix then ( Non - Degenerated conics)

| Condition | | Nature of conic |




®

For, general 2 degree equation : ax? + by? + 2hxy + 2gx + 2fy +c =0

A= abc + 2fgh — af? — bg? — ch?

Case . A= 0 (Degenerated conic)

: S.no ] Condition | ( Nature of conic

: 1 L h? > ab Pair of straight lines J
: 2 \ h? = ab Pair of coincident lines J
: 3 k h? < ab Point J

Return to Top




Case Il. A+ 0 (Non-degenerate conic)

.
J

Condition

Nature of conic

~

Hyperbola
2 | Circle
3 Parabola
\ Ellipse
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& Key Takeaways

Standard Equation of Parabola:

S(a,0) - focus
l:x+a=0-directrix

Let P(h, k) be a point on the parabola. Then,
we need to find the locus of P(h, k).

By definition of parabola,

PS = PM

= J(h—a)2+(k—-0)2 =PN+NM =h+a
= (h—a)?+ k? = (h + a)?

= k?=(h+a)?—(h—a)?

Return to Top

(a>0)
M|t iﬁi
< - > X
S(a,0)
x="—a




£ | Key Takeaways

Standard Equation of Parabola:

= k?=(h+a)?—(h—a)?
>k?’=(h+a+h—-a)h+a—h+a)
= k? = 2h X 2a = 4ah

~ Required equation of parabola is

STANDARD
EQUATION

Return to Top

‘ (a>0)
ofy "
) 0 .S(a,0)>X
x="—a
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Key Takeaways

focus

y? =4ax,a >0

RIGHTWARD OPENING
PARABOLA

> X — axis

A

Directrix v

<

0(0,0)

Y — axis




®

Terminologies

e Straight line passing through focus and
perpendicular to directrix is called axis

e Vertex: A point at which parabola and axis intersect.

e Directrix. > x+a=0orx=—a

e Foot at Directrix: FD = (—a, 0) point where axis
and directrix intersect.

* Focal chord: any chord passing through focus (a, 0)
®* Double Ordinate: Any chord parallel to Directrix

e Tangent at Vertex: A line passing through vertex
and parallel to Directrix

FD+Focus
2

* \Vertex =

Return to Top

VN Y
Tangent at
vertex:x =0
vertex
) e = Aﬂsxzo
FD | 0(0,0) S(il, 1)) X
focus

Directrix:x = —a



®
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Important terms

Latus Rectum: LR = Focal chord perpendicular to Axis
LR.:x=a
Here P, Q are end points of L.R.
~P=(a2a)& Q= (a—2a), PQ =4a

Remark: Double ordinate passing through the focus
is a latus rectum

vertex
AXIs
< — \ . ¢
0(0,0) S(il, 0)
focus
Q(a, —2a)

\ 4

Directrix:x = —a




®
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Important terms

Focal Distance:
Distance between any point on the
curve and the focus

Let A(x,y) be a point on the parabola y?

= AS = focal distance =AT =x +a

J A(X,y)
vertex
P \ N
0(0,0) S (a,0)
N
— agx focus
Directrix : x = —a



@ Standard parabolas:

A Y 4
y? = 4ax
€ . > X
x =—a|V(0,0) S =(a,0)
Directrix | v
Y
S =|(0,a) /x? = 4ay
< ¢
V(0,0)
: ) y=-—a
Directrix < >

Return to Top

>
>
>

> X
X =a
! [l Directrix
Y
Y
=a ; ]
< 4 > Directrix
0(0,0)
< > X
x? = —4ay
S =|(0,—a)




®

Standard parabola recap

| Equation | [ y? = 4ax ] ryz = —4ax‘ x* =4ay ||x* = —4ay

[ Vertex [ (0,0) ] (0,0) I (0,0) (0,0)

 Focus [ (a,0) ] r (—a,0) \ (0,a) (0,—a)
Directrix :[x:—a j xX=a | y=-—a y=a

| Axis | L X —axis J X —axis Y —axis Y —axis

i Length of L.R: L 4a J ( 4a | 4a 4a

iFocaIdistance:[ x+a ] 9% 1 @ y+a =97 4F @ |

(Tangentat |[ ._, |[ -0 | y=0 ( y=0 )
vertex | JL JL ) )

Return to Top




q Key Takeaways

SHIFTING OF VERTEX:

Consider rightward opening
parabola having Vertexis at (h, k) &
axis of symmetry parallel to X — axis

Consider the new X'Y’ coordinate

plane w.r.t the shifted origin 0'(h, k)

Equation of parabola w.r.t the new
coordinate system X'Y' is :

(Y")? = 44X’

We knowy,
[:> (y — k)2 = 4A(x — h)] 1L/J,hzolf]r_sflzlftlhg of origin
l X'=x—nh

Required eqgn. of the shifted parabola

Return to Top




Key Takeaways

FOR (y — k)? = 4A(x — h) :

(Y)? = 4AX'

Vertex: (x',y") = (h, k)
Focus= (A + h, k)
Directrixx x =h—A

Axis of symmetry:y = k

Return to Top




Axis of a parabola along x —axis. If its vertex and focus are at distances 2 'D
and 4 respectively from the origin, on the positive x —axis then which of

the following points does not lie on it?
JEE MAIN JAN 2019

(41 _4)

(6,4v2)

(5,2V6)

(8,6)

Return to Top
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Axis of a parabola along x —axis. If its vertex and focus are at distances 2
and 4 respectively from the origin, on the positive x —axis then which of

the following points does not lie on it?
JEE MAIN JAN 2019

Given:
Vertexis (2,0) “ (4, —4)
Herea =2

Equation of parabola will be: ﬂ (6, 4\/5)

(v = 0)? = 4-2(x—2)

> y2=8(x-2) (D) n (5,2V6)
All the options satisfy equation (1) except option (D).

=~ (8,6) does not lie on the given parabola. ﬂ (8,6)

Hence, option (D) is the correct answer.

g



Axis of a parabola along x —axis. If its vertex and focus are at distances 2 'D
and 4 respectively from the origin, on the positive x —axis then which of

the following points does not lie on it?
JEE MAIN JAN 2019

(41 _4)

(6,4v2)

(5,2V6)

EAAA

(8,6)

Return to Top
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SHIFTING OF VERTEX:

YA

Vertex

A

\ / Axis of symmetry

(h, k)

A

0(070) \ >X

v RIGHTWARD OPENING

[ -0?=2aG -1 |




SHIFTING OF VERTEX:

Return to Top

i (-1 = —4acx—1)
Vertex
/ AXxis of symmetry
(h, k)
< AN > X
0(0,0)

LEFTWARD OPENING




SHIFTING OF VERTEX:

Return to Top

Y 4

N

(h, k)

N [ G-n2=140-b)|

A\

Vertex

A

0(0,0)

> X
Axis of symmetry

v UPWARD OPENING




SHIFTING OF VERTEX:

Return to Top

Y)

N

NN

A

N

y Axis of symmmetry

©0(0,0)

(h, k)

> X

— Vertex

\

" DOWNWARD OPENING

[(x —R)? = —4A(y — k)]




@ NOTE:

e On shifting the parabola, coordinates & equations
changes but distances do not change.

l

Length of L.R.
Distance b/w vertex and focus
Distance b/w Directrix & Vertex

e The equationy = Bx? + Cx + D or (x — h)? = 4A(y — k)
represents a vertical parabola.

® The equation x = By? + Cy + D or (y — k)? = 4A(x — h)
represents a horizontal parabola.

Return to Top




If y2 + 2y —x + 5 = 0 represents a parabola. Find its vertex, axis of %
symmetry, focus, equation of directrix, equation of latus rectum,
length of latus rectum & extremities of latus rectum.

We have, y? + 2y —x + 5 = 0 (Parabola)
> y2+2y+ (12— (D2-x+5=0

>+ 1D?=x—4

= (y+1)2%=1(x — 4)

N J
Y

Rightward opening parabola with axis
parallel to X — axis & vertex = (4,—-1)

Comparing with (y — k)? = 4A(x — h)

Thus the transformed equation of the
parabolais:

(y— (1) =1(x-4)

Return to Top




If y2 + 2y —x + 5 = 0 represents a parabola. Find its vertex, axis of %
symmetry, focus, equation of directrix, equation of latus rectum,
length of latus rectum & extremities of latus rectum.

e, (V)2 =4A("); vy ' =y+1,x =x—4

4A=1=>A=%

Axis of symmetry:
Equation:y =0
le,y+1=0=>y=-1
Focus:

Coordinates: (4, 0)
>x=A4A&y =0

>x—4=A&y+1=0
>x=A+4 & y=-1

=X =%+4 & y=-1ie, (%,—1)
Return to Top




If y2 + 2y —x + 5 = 0 represents a parabola. Find its vertex, axis of %
symmetry, focus, equation of directrix, equation of latus rectum,
length of latus rectum & extremities of latus rectum.

Directrix i Latus Rectum:;
Equation:x' = —A4 : = 4A
1
Sx—4=— | =4x-
4 I 4
=>x = L : = 1 unit
4 1

Extremities of L.R.
Coordinates: (4, +24)
e, X'=4 &Y' =424

9 1 1
|.e.,x—4—z & y+1—i5

i.e.x=% & y=—l Sie. (ﬂ,—l) & (ﬂ’_i)

2’ 2 4

Equationof LR:AB = x = %
Return to Top




@ Position of a point w.r.t. Parabola:

Parabola y? = 4ax and a point (x;,y,)

l ,, |

y2 —4ax, >0 y? —4ax; =0 y2 —4ax; <0
~ Point is lying ~ Point is lying on ~ Point is lying
outside the the parabola inside the
parabola parabola

Return to Top

>~

P(x1,¥1)
°

y? = 4ax

A

S(a,0)



Consider the parabola y? = 4x . P(1,3) & Q(1,1) are two points
lying in the XY — plane. Then,

P & Q are exterior points.

P is interior & Q is exterior point.

P & Q are interior points.

P is exterior & Q is an interior point.

Return to Top
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Consider the parabola y? = 4x . P(1,3) & Q(1,1) are two points
lying in the XY — plane. Then,
Given : y? = 4x

S = y?—4x

|. For P(1,3)
SP(1,3) = 32 . 4(1) = 5 > 0

= P(1,3) lies outside the parabola.

Il. For Q(1,1)
Soan =1*—4(1)=-3<0

= Q(1,1) lies inside the parabola.



Consider the parabola y? = 4x . P(1,3) & Q(1,1) are two points
lying in the XY — plane. Then,

P & Q are exterior points.

P is interior & Q is exterior point.

P & Q are interior points.

P is exterior & Q is an interior point.

Return to Top




Session 02

Parametric Form and

Tangent to Parabola
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Parametric Coordinates

Let P be any point on the parabola y? = 4ax.
Then, P = (at? 2at);t €R

+ For all real values of ¢,

P(at?,2at)

A

x =at? & y=2at

satisfy the equation of the parabola y? = 4ax

y? = 4dax



®

Return to Top

Parametric Coordinates

r Parabola Il ¥ = 4ax y? = —4dax x% = 4ay x2 = —4ay
4 N N\

Parametric

Coordinate (at? 2at) (—at?,2at) (2at,at?) (2at, —at?)
\ VAN VAN
4 N\ N\

Parametric x = at? x = —at? x = 2at x = 2at

Equation y = 2at y = 2at y = at? y = —at?

1\ /A J U

NOTE :

When we add h and k to x and y respectively we get translated parabola.

The parametric equations of the parabola (y — k)? = 4a(x — h) are

x =h+at? &y =k + 2at.




The locus of a point which divides the line segment joining the %
point (0,—1) and a point on the parabola, x? = 4y, internally in
the ratio 1: 2, is:

CJEE \YEllNE]R 2020)
" 9x%2 — 12y =8
H 4x* —3y =2
E x2—3y=2
u 9x% -3y =2

Return to Top
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The locus of a point which divides the line segment joining the
point (0,—1) and a point on the parabola, x? = 4y, internally in
the ratio 1: 2, is:

(JEE \YEllNE]R 2020>

Let point P be (2t,t?) and Q be (h, k).
By section formula,

2t — B2

h=2%2, k=
3 3

Now, eliminating t from the above equations, we get
3h)\ 2

Replacing h and k by x and y respectively, we get the
Locus of the curve as: 9x2 — 12y = 8.

Hence, The correct option is (4).



The locus of a point which divides the line segment joining the %
point (0,—1) and a point on the parabola, x? = 4y, internally in
the ratio 1: 2, is:

CJEE \YEllNE]R 2020)

9x2 - 12y =8

4x* — 3y =2

x> —3y=2

9x% — 3y =2

AAAAa

Return to Top
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£ | Key Takeaways

Focal Chord: Any chord passing
through the focus of the parabola.

Properties of Focal Chord:
l. If P(t;) & Q(t,) are the ends point of a

focal chord then t;t, = —1

Proof :
P(t,) = (atf, 2at;) & Q,(at3, 2at;)
Equation of PQ using Two Point form is :

2at,—2atq )
—2aty = ———(x —at
y 1 atzz—atlz ( 1)

Y

P(at?,2at,)

A

0(0,0)

S(a,0)

Q (atZZJ zatZ)



Return to Top

ﬂ’ Key Takeaways

__2 .2 .
=y —2at; = s (x — aty)... ()

H_)
Slope of PQ

PQ is the focal chord

= S(a,0) — focus satisfies equation (i)
_ S — g2

= 0 — 2at; = s (a —aty)

= —2at# — 2at t, = 2a — 2at?

— _Zatltz - Za

— tltZ - —1

V&

P(at?,2at;)

A

0(0,0)

4

S(a,0)

Q (atZZJ zatZ)



®

Properties of Focal Chord:

ll. Length of the focal chord which makes
an angle a with the positive direction
of X —axis is

= 4acosec?a

Return to Top

y? = 4ax

A

0(0, 0]




®

Return to Top

NOTE :

Smallest focal chord is the one perpendicular
to the axis of symmmetry i.e. Latus Rectum .

= a = 90°

~ Its length = 4a cosec?(90°) = 4a

Y y? = 4ax
P
< —Ia 5
< > X
0 (0,0)
Q

= Length of Latus Rectum

= Minimum length of a focal chord



®

Properties of Focal Chord:

[1l. Semi latus rectum is the harmonic mean of SP and

SQ where P and Q are extremities of the focal chord

= |PS|, 2a, |QS| are in HP A

a,b,carein HP
|PS|x|QS|
*Thclilac 2ac

|PSI+1QS] e 2ac
ifh ="~ 0(0,0

A

Return to Top




If (2,—8) is at an end of a focal chord of the parabola y? = 32x and the other

end of the chord is (a, 8), then % =

a . o

RY/

Return to Top
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If (2,—8) is at an end of a focal chord of the parabola y? = 32x and the other

end of the chord is (a, #), then b

8
Given :y% = 32x
P(t) = (at? 2at)
Here,a =8
Coordinates of P are (8t?, 16t)
Given Coordinates of P are (2,—8)
On comparing, we get:16t = —8

1
St=-—-<
2

Parameterof Pist = —%

= Parameter of Q will be, —% =2

Y/ y?=32x
Q(a,p)
\ a
“0(0,0) S(8,0)
P(2,—8)

g



Return to Top

If (2,—8) is at an end of a focal chord of the parabola y? = 32x and the other

end of the chord is (a, B), then

Coordinates of Q = (a, B)
Comparing:
CHERECYRY)

a =32 and B =32

a+B_32+32_64_8
8 8 8

Y y?=32x
0(32,32)
(04
“0(0,0) 5\(8, W
P(2,—8)

g



e

If (2,—8) is at an end of a focal chord of the parabola y? = 32x and the other

end of the chord is (a, 8), then % =

ﬂ 18 ﬂ 32

Return to Top
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If AB is the focal chord of x2 — 2x + y — 2 = 0 whose focus is S and |AS| = [,

then |BS| =?

We have, x2 —2x+y—2=0
Firstly, we will transform the given equation

to a perfect square in x B

95}
V><

A

>x2—-2x+(1)?-(1)?*+y—-2=0

> (x—1)*= - (y - 3)

Thus, The transformed equation of the parabola is:
(x—1)?=—-(y-3)

> (N2 =—-4A0"); x'=x—-1,y =y—-3

1
4

4A=1=A=

x> —=2x+y—2=0



If AB is the focal chord of x2 — 2x + y — 2 = 0 whose focus is S and |AS| = [,

then |BS| =?
Y
Length of Latus Rectum = 44 = 4 X % =1 units T3
: 1 . L A
Length of Semi Latus Rectum = - units B 2
o X

|AS], %,IBSI are in HP

=>l=2.l’<l:
2 I+l
—-1)?=-(y-3
=>1+1"=41-1 v (x ) & )
=>1=41-1"-1

=1 (4] — b
Sl=1-#H-1)>1=_—

l
— |BS| =E

Return to Top




Key Takeaways

Position of a Line w.r.t. a Parabola:

Parabola: y? = 4ax Line:y =mx+c

Solve simultaneously to get

points of intersection
(mx + ¢)? = 4ax

= m?x2% + c? + 2 mcx = 4ax

[ = (m?)x% + (2mc — 4a)x + c* = 0]

The above equation we get is quadratic in x

Return to Top

A

0(0,0

Tangent line

» X

A

A

Non-Intersecting
line

v

°
S

Intersecting
line




Key Takeaways
Tangent line

Position of a Line w.r.t. a Parabola: 4

[ (m?)x? + 2mc —4a)x+c? =0 ]

We have three cases: 0(0,0

® ¢
S
Intersecting
W [Two real & distinct roots} line

A

Intersecting line

v

( ‘ (Real & repeated roots } Non-Intersecting

Tangent line line

Non-intersecting line

D<0 [Imaginary roots }

Return to Top




®
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Position of a Line w.r.t. a Parabola:
= (Mm?)x?+ 2mc—4a)x +c?> =0
D = (2mc — 4a)? — 4(m?)(c?)
= 4m?c? + 16a® — 16amc — 4m?c?
= 16a (a — mc)

= D = 16a (a — mc)

A

0(0,0

Tangent line

> X

A

l

Non-Intersecting
line

v

°
S

Intersecting
line



Position of a Line w.r.t. a Parabola:
Case |: CONDITION FOR INTERSECTING LINE
= Two points of intersection

= Two real and distinct roots

=D>0

[=> 16a (a — mc) > 0]

Ifa>0=>a—mc>0

)

Return to Top

Y 4

A

0(0,0)

.
S

> X

Intersecting line
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Position of a Line w.r.t. a Parabola:
Case |l: CONDITION FOR TANGENT LINE

= One points of intersection

= One distinct root <

= Two real and repeated roots
=>D=0
= 16a(a—mc) =0

>a—mc=0

= a =mc

Note: In y = mx + ¢, on replacing ¢ with % the line

becomes tangent to the parabola y? = 4ax

Tangent
Y4 line
0(0,0) !
e 5




Position of a Line w.r.t. a Parabola:
Case |ll: CONDITION FOR
NON-INTERSECTING LINE

= No points of intersection
= No real root
= Two imaginary roots

=>D<O0

[=>16a(a—mc)<0]

fa>0=>a—mc<0

Return to Top

A

0(0,0)




Key Takeaways

Equation of Tangent:

An equation of Tangent divides into three forms:

| POINT EORM ]

| PARAMETRIC FORM |

| SLOPE FORM ]

Point Form:

The equation of tangent to the parabola

y? = 4ax at P(xy,y1) is yy; = 2a (x + xy).

Return to Top
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Key Takeaways

Equation of Tangent:
Proof:
For y? = 4ax

Equation of tangent at P(x;,y,) becomes

yy: = 4a (22)

Differentiating y? = 4ax w.r.t x

:2y%=4a

dy _ 2a

dx y

Equation of tangent at P(xy,y;)

P(‘xll J’1)

A

~ 0

Tangent

v

y? = 4ax
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Key Takeaways

Equation of Tangent:

Proof:;
2a
>y—y; =—((x—x1)
Y1
= yy; — 2ax = y? — 2ax,
= yy, — 2ax — 2ax; = y? — 2ax, — 2ax,
= yy; — 2a(x + x1) = y? — 4ax,
%K—J

=0

= yy; = 2a(x + x;)

P(‘xll 3’1)

v

A

0

Tangent

y? = 4ax




Key Takeaways

Equation of Tangent:

Note:

The equation of tangentis given by T =0

where T expression is obtained by using the transformations:

Cx2 —> xxg

N

xX+x
Replace < * —» —2
Y+y1
2

XY1+YXq
2

\ 4

kxy

Return to Top
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Key Takeaways
Equation of Tangent:

Note:
For y? = 4ax

Equation of tangent at P(x,,y;) becomes

x+x1)

YY1 =4a( .

= yy; = 2a (x + x;)

P(‘xll 3’1)

v

A

~ 0

Tangent

y? = 4ax




Return to Top

Key Takeaways

Equation of Tangent:

Tangent at (xq,y;)

yy; = 2a(x + x;)

yy; = —2a(x + x1)

xx; = 2a(y +yq1)

 Equation of Parabola
2
y? = 4ax
L
p
y? = —4ax
;
x? = 4ay
;
x? = —4ay

xx; = —2a(y +y,)




Return to Top

Equation of Tangent:

Parametric Form:

The equation of tangent to the parabola

y? = 4ax at P(t) = P(at?, 2at) is ty = x + at?

A

P(at?,2at)

T

<
<

0

Tangent

y? = 4dax



@ Equation of Tangent:

The equations of tangent of all standard parabolas at t:

B G
:}’2 = 4ax L (at®,2at) ty = x + at?

i y2 = —4ax | [ (-at?2at) ty = —x + at?
( )

:xz = 4ay \ : (2at,at?) tx =y + at?

:xz = —4qay : (2at, —at?) tx = —y + at?

Return to Top




@ Equation of Tangent: Y %

P(Unknown)

Slope Form: T
The equation of tangent of slope m to the
parabola y? = 4ax is given by y=mx+% . O X
Tangent
y? = 4ax

Return to Top




@ Equation of Tangent:

The equations of tangent of all standard parabolas in slope form:

. ) [ c 5 ) 4 R A
| Equation of Point of contact in Equation of tangent
Parabola | | termsofslope (m) | _in terms of slope (m) |
(24 | [ &5 1 _ . \
\y = aax | B mZ'm ]l y=mx+— J
( 2 I ~\ 4 _i _Z_a) N\ s l _i ~N
\ y* =—4ax J ( m2’  m J . Y= mx )
e N ( ) e N
x% = 4ay (2am,am?) y = mx — am?
. J \. J \. J
x? = —4ay (—=2am, —am?) y = mx + am?
\. J \. J \. J

Return to Top




A tangent is drawn to the parabola y? = 6x which is
perpendicular to the line 2x + y = 1. Which of the following

points does NOT lieon it ?
CJEE Main 2021>
o 05
< | 55
o 59

Return to Top
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A tangent is drawn to the parabola y? = 6x which is
perpendicular to the line 2x + y = 1. Which of the following
points does NOT lieon it ?

(JEE Main 2021>

For y% = 6x, azg

Equation of tangent:y = mx + ¢
— =

>y=mx+ om

a

N
m

And = m =1
2
(Perpendicular totheline2x +y =1)
Tangentis:y=§+%:>x—2y+6=0

(5,4) does not lieonthelinex —2y+6 =0



A tangent is drawn to the parabola y? = 6x which is
perpendicular to the line 2x + y = 1. Which of the following

points does NOT lieon it ?
CJEE Main 2021>
n (0,3)
< | 5
o

Return to Top
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Let a line y = mx (m > 0) intersect the parabola, y? = x at a point P,
other than the origin. Let the tangent to it at P meet the x— axis at
the point Q. If area (AOPQ)= 4 sqg. units, then 2m is equal to

Given parabola y? = x (JEE Main 2020>

. t? t
Let the coordinates of P be (Z’E)

Slope of OP = m:>%=m..(i)
Equation of tangent at P is:

t? t
2 P(—,-
yt:x-}-% (4 2)
) t2 /
Now the coordinates of Q = (—:,0) « > Y

Area of AOPQ = % X base x Height

= % X 0Q x Altitude from P

y? = 4ax

g



Let C be the locus of the mirror image of a point on the parabola %
y? = 4x with respect to the line y = x. Then the equation of

tangentto Cat P(2,1) is: QEE Main 2021)
" 2x+y=5
H x+2y=4
a x+3y=5
H x—y=1

Return to Top




Let C be the locus of the mirror image of a point on the parabola %
y? = 4x with respect to the line y = x. Then the equation of

tangentto C at P(2,1) is:
S (21) (JEE \YETl 2021)

Image of y? = 4x,abouty = x isx? = 4y

Equation of tangent at P(2,1) is:
2x=2y+1)=>x—-y=1

Return to Top




Let C be the locus of the mirror image of a point on the parabola %
y? = 4x with respect to the line y = x. Then the equation of

tangent to C at P(2,1) is: QEE Main 2021)
" 2x+y=5
E x+2y=4
a x+3y=5
ﬂ x—y=1

Return to Top




Session 03

Equation of Normal in

Different Forms

Return to Top




In each of the equations of tangent for the standard parabolas, replace
x - (x—h)and y - (y — k) to get the equation of tangent for the respective
translated parabolas.

Properties of Tangents:

|. Tangents at P(t;) and Q(t,) intersect at R = (at;t,, a(t; + t,)).

T

y? = 4ax

P(at?,2aty)

A

Return to Top




@ Properties of Tangents:

Il. The portion of tangent between the point of contact (P(t)) and the point
where it meets the directrix (Q(t)) subtends right angle at focus.

P(at?,2at)

A

) — E >X

y? = 4ax

Return to Top




@ Properties of Tangents:

lll. Tangent drawn at the extremities of focal chord are perpendicular and
intersect on the directrix.

A
A Tl

P(at?, 2at,)

Return to Top
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Properties of Tangents:

Note :

Each point on the directrix

will give perpendicular tangents.

So, Equation of Director Circle
to the parabola y? = 4ax is

X =—qa

L )




@ Properties of Tangents:

I\VV. The foot of the perpendicular drawn from focus upon any tangent
lies on the tangent at vertex. Hence, circle described on any focal radii

as diameter touches the tangent at vertex.

Y i
P(at?,2at)
Q
< - > X
A/R{ N
Y
x=-a y? = 4ax

Return to Top




@ Properties of Tangents:

V. The area of the triangle formed by three points on the parabola is

twice the area of the triangle formed by the tangents at these points.

[Ar APQR =2 Ar AABC]

Return to Top




g

y = x + 2 is any tangent to the parabola y? = 8x. Find the point
P on the tangent such that the other tangent from it is
perpendicular to it.

y2=8x =a=2

Tangent drawn at the extremities of
focal chord are perpendicular and
intersect on the directrix.

P lies on the directrixx = —a = =2
~ P =(-20)

Return to Top




Key Takeaways

Normal :

The line perpendicular to the tangent at the point of

contact is called the Normal to the parabola at that point.

T:Tangent at P

P: Point of Contact

A

N
>

N: Normal at P

y? = 4ax

Return to Top




ﬂ’ Key Takeaways

Equations of Normal : Point Form

The equation of normal to the parabola

y2 =4ax at P(xq,y1) ISy —y; = —Z—;(x — X1)-

P(xb yl)

N

A

Proof:
We have, y? = 4ax

Equation of tangent at P(xy,y,) isT =0.
= yy; = 2a(x + x;)

= Miangent = i—? = Slope of tangent at P

= Slope of Normal = —Z—; [ + Tangent L Normal ]

Return to Top

b >

y? = 4ax



Key Takeaways

Equations of Normal : Point Form

= Slope of Normal = —;’—;

[ Tangent L Normal]

~ By POINT SLOPE FORM,

Equation of normalis: y—y; = —Z—;(x —X1)

Return to Top

A

P(xy,y1)

\

N
>

y? = 4ax



£ Key Takeaways
4

Equations of Normal : Point Form
Equation of normals of standard parabolas at (x4, y;) :

S. No. Equation Normal at (xq,y;)
1 y? = 4ax y=y1=—2 (x—x)
2 y? = —4ax Y=y =32 (x—x)
3 x? = 4ay y—y1=—i—?(x—x1)
4 x? = —4ay y—y1=i—?(x—x1)

Return to Top




Let the tangent to the parabola S:y? = 2x at the point P(2,2) meet the %
x —axis at Q and normal at it meet the parabola S at the point R. Then
the area (in sqg. units) of the triangle PQR is equal to

QEE Main JULY 2021)

25

Return to Top
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Let the tangent to the parabola S: y? = 2x at the point P(2,2) meet the
x —axis at Q and normal at it meet the parabola § at the point R. Then

the area (in sqg. units) of the triangle PQR is equal to

Solution:

Tangenttoy? =2x at P(2,2)isT =0
> 2y=x+2

- Q(~2,0)

Q __—]

QEE Main JULY 2021)

P (L,'D

\4

Normal at P(2,2)isy+2x =6

meets the curve at R (g —3)

2 A |
APQR = i1f-2 0 1
2 -3 1

Area of APQR = 22—5 sg. units

— (=20~

g



Let the tangent to the parabola S:y? = 2x at the point P(2,2) meet the %
x —axis at Q and normal at it meet the parabola S at the point R. Then
the area (in sqg. units) of the triangle PQR is equal to

QEE Main JULY 2021)

AAAa

25
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ﬂ’ Key Takeaways

Equations of Normal : Parametric Form

The equation of normal to the parabola
y? = 4ax at P(t) = P(at?,2at)
is given by y = —tx + 2at + at3.

Proof :

Here, (x1,v1) = (at?,2at)

Equationof N: Y —y1 = —Z—;(x —X1) (POINT FORM)
=y — 2at =%(x—at2)

=y = —tx + 2at + at3

Return to Top

P(at?,2at)

>
>

A

\

y? = 4ax



£ Key Takeaways

Equations of Normal : Parametric Form

Equation of normals of standard parabolas at t :

S. No. Equation CZ?;?S?E;T;S Normal at ¢t
1 y? = 4ax (at?,2at) y + tx = 2at + at?
2 y% = —4ax (—at?,2at) y — tx = 2at + at?
3 x? = 4ay (2at, at?) x + ty = 2at + at3
4 x? = —4ay (2at, —at?) x —ty = 2at + at3

Return to Top
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Equation of Point of Equation of
parabola contact Normal
y? = 4ax (am?,—2am)| y =mx —2am—am?
y2 = —4gx | (—am?2am) | y=mx+2am+am’
2a a a
x2=4ay (_;’ﬁ) y=mx+2a+ﬁ
2 a
x? = —4ay (za,—%) y=mx—2a—-—3




If the parabolas y? = 4b(x — ¢) and y? = 8ax have a common normal, then %

which one of following is a valid choice for the ordered triplets (a, b, ¢)?

QEE Main JAN 2019)

(1,1,3)

(1,1,0)

Return to Top




If the parabolas y? = 4b(x — ¢) and y? = 8ax have a common normal, then %

which one of following is a valid choice for the ordered triplets (a, b, ¢)?

If m is the slope of the common normal, then the (JEE Main JAN 201 9)
equation of normal to parabola y? = 4b(x — ¢) is given by

y=m(x—c)—2bm—bm3 - (1) (1 5 0)
2) )
Equation of normal to parabola y? = 8ax is

y = mx — 4am — 2am3 ---(2)

g ..
From equation (1) and (2), we get
m(x — ¢) — 2bm — bm® = mx — 4am — 2am? E
> m?(2a—-b) =c—22a-D>b) (11.0)
2 — —
= m = 2a-b ﬂ A
m220>——-220 G23)
- 2a—-b -
n——>2 - (3)
" 2a-b =

Return to Top Hence (1,1, 3) satisfies equation (3)




If the parabolas y? = 4b(x — ¢) and y? = 8ax have a common normal, then %

which one of following is a valid choice for the ordered triplets (a, b, ¢)?

QEE Main JAN 2019)

(1,1,3)

(1,1,0)

AaAaaa

Return to Top




Find the minimum distance between the curves
y2=4xand x* +y? —12x+31 =0

Y
; : 2 _ p) 2 _ —
Given: Curve y* =4xand x*+y“—12x+31 =0 A(44) P = i
Shortest distance between curves X
occur along common normal.
Equation of normaltoy? = 4x:tx +y =2t +t3 < —X
0 PJ (6,0)

~ It should pass through centre of circle (6,0)
=>6t+0=2t+t3

Ny —— B
=>t3—-4t=0 = U, (4,—4)
>tt—-2)(t+2)=0 t =2 (A)

t =-2(B)

Return to Top




Find the minimum distance between the curves
y?=4xand x* +y> —12x+31 =0

;L<

>

A= (t%2t) = (4,4) & B = (t%,2t) = (4,—4)

A(4,4 2 =4x
AP = distance between (4,4) & (6,0) = /20 (44) 4
CC'=d;=6—-5 ds o
= Shortest distance = AP — /5 0 P (6,0) —>X

=20 -5
. d,
=~ Shortest distance = /20 — /5 B
(4' _4)

Return to Top




@ Properties of Normal

I. Normal other than axis of parabola never passes through the focus.

Y4

Return to Top




@ Properties of Normal

Il.Normal at P(t;) meets the curve again at Q(t,), then

vt N y? = 4ax

P(at?,2at,)

A
A 4
N

Q(at2,2at,)

Return to Top




@ Properties of Normal

Ill. The point of intersection of normals at P(t,) and
Q(ty) is (Za +a(tf + tit, + t3), —at t, (¢ + tz))

Y
A \ NZ
N1 OJKA
’3&‘
Qko‘ yz = 4ax
< 0 > X
Q(Qg}e
/ “)
v

Return to Top




g

@ Properties of Normal

IV. If the normals to the parabola y? = 4ax at points P(t;) and Q(t,) intersect
again on the parabola at the point R(t3) then, t;t, =2and t; +t, +t; = 0.

[
»

P(t;)

A

R(t3)

Return to Top




A is a point on the parabola y? = 4ax. The normal at 4 cuts the
parabola again at B. If AB subtends a right angle at the vertex
of the parabola, then find the slope of Normal.

Given: y? = 4ax

Slope of normal N =m = —t;

mOA X mOB - _1
2at1—0 2at,—0
=2 | ]x|—7%—=)=-1
4a’tit; 1 < > X
a?t2t2 0(0,0)

= tltz == _4"‘ (l)

Using property Il: t, = —t; — ti (i)
1

Solving (i) and (ii):
tz = _4/t1

Return to Top




g

A is a point on the parabola y? = 4ax. The normal at 4 cuts the
parabola again at B. If AB subtends a right angle at the vertex
of the parabola, then find the slope of Normal.

TwT A TE ATy
=>tZ=2

=>t1=i\/§

[ m=i\/7]

Return to Top
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| Key Takeaways

Conormal Points

Points on the parabola through which
normals drawn are concurrent.

Here, (4, B and C) —» Conormal points
Feet of normal drawn from P(h, k)
Equation of Normal: y = mx — 2am — am?®
~ Normal passes through P(h, k)

= k = mh — 2am — am3

sam3+2am—mh+k=0

P(h, k)

A




Key Takeaways

Conormal Points

mq
:>am3+(2a—h)m+k=O] m, - €eR
N v J

ms

Cubic equation in m

At most 3 real roots and at least one real root

Return to Top




Key Takeaways

Conormal Points

Note:

From any given point P(h, k); maximum three
normals can be drawn to the parabola.

Also, If m;, m,, m; represent their slopes, then,

m1+m2+m3=0]

2a—h
mym, + myms + mym,; = ]

k
Mt ety — =

t1+t2+t3=0

Return to Top

[
»

A

N




If the three normals drawn to the parabola, y? = 2x pass through %
the point (a,0),a # 0 then 'a’ must be greater than:

(JEE Main 2021)

N[ =

Return to Top




If the three normals drawn to the parabola, y? = 2x pass through %
the point (a,0),a # 0 then 'a’ must be greater than:

. . EE Main 2021)
Let the equation of the normal is: (J '

y = mx — 2am — am?

Here,

4a =2 =>a=

N |-

13
y=mx—m--m

It passes through A(a,0) then
0=ma—m-— %m3

m =0, m?—2(a—1)=0
For real values of m

2@a—1)>0 ~a>1
Returnto Top




If the three normals drawn to the parabola, y? = 2x pass through %
the point (a,0),a # 0 then 'a’ must be greater than:

(JEE Main 2021)

N | =

AAASs

Return to Top




Session 04

Chord of Contact and

Introduction to Ellipse

Return to Top




@ Properties of Conormal Points:

|. The algebraic sum of ordinates of the feet
of 3 normal (conormal points) drawn to a
parabola from a given point is 0.

-t

P(h, k)

C (at?,2ats)

NOTE: (m; + my + m3) = 0= (t; +t, +t3)

II. Centroid of the A formed by
conormal points as vertices lie
on the axis of the parabola.

IIl. If three normals drawn to any parabola y? = 4ax
from a given point (h, k) be real, then h > 2a.

Return to Top

(2a,0)

v

A

S(a,0)

g



@ Properties of Conormal Points:

I\VV. A circle circumscribing the triangle formed
by three conormal points passes through
the vertex of the parabola and its equation
is2(x?2+y?)—2(h+2a)x —ky =0

Return to Top

Y)

N

h k)

A




LA

The number of distinct normals that can be drawn from (=2,1) to
the parabola y2 —4x—2y—-3=0

Return to Top




g

The number of distinct normals that can be drawn from (=2,1) to
the parabola y2 —4x—2y—-3=0

Given, y? —4x —2y -3 =0 Y A
=> @y —12%=4(x+1)

So,theaxisisy—1=0

A

o

4

[ ]
A 4

N

Also, (—2,1) lies on the axis of parabola and it is P(—2,1) (2a,0)
exterior to the parabola because

12-4(-2)-2(1)-3=4>0 \

Given diagram of Y2 = 4X
Y=y-1
X=x+1

Hence, only one normal is possible.

Return to Top




e

The number of distinct normals that can be drawn from (=2,1) to
the parabola y2 —4x—2y—-3=0

w

Return to Top




Key Takeaways

Chord of Contact:

A chord joining two points of contact of a pair of a

tangents drawn from an external point.

Y)\
2 = 4ax
2 y
P
(‘x{y Chord of contact
< = \Q\ > X
B

Return to Top




%
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Key Takeaways

y? = 4ax

Chord of contact

Chord of Contact: %
Equation of chord of contact AB isT = 0. A
For y? = 4ax, equation of tangent is : ( p )
X1, Y1
_ _ Aa(x+xq) _
T=0>=yy 5 =0 i’ ‘>\\/Q\

=>yy; —2a(x+x) =0

~ Equation of chord of contact is
yyi —2a(x+x,) =0

Note :

l. If P(x1,y,) is an external point to the parabola,
then T = 0 represents the equation of chord of
contactw.r.t P.

>X



Return to Top

Key Takeaways

Note :

II. If P(xq,y,) lies on the parabola,
then T = 0 represents the equation of

tangent through P (point of contact).

A

V&

N

P
(x1,Y1) y? = 4ax




Return to Top

Chord Bisected at point:
Fory? =4axie. S=y?>—4ax=0
Equation of ABisT = §;

= yy, = 2a(x + x;) = y — 4ax;

Represents equation of the chord AB
bisected at point P(x4,y;)

A

\( ~<

><V



@ Note:
T, and T, are pair of tangents drawn from

an external point P(xq,y;1).

A

> X

/

Then, combined equation of T; and T, is:

SS]_ = T2

For y?2 = 4axi.e. S = y? — 4ax
We know, S; = yZ — 4ax; and T = yy; — 2a(x + x;)

Then, SS; =T?ie. (y?—4ax)(y? — 4axy) = (yy, — 2a(x + xl))2

Represents the combined equation of T; and T,

Return to Top




g

If a chord, which is not a tangent, of the parabola y? = 16x has
the equation 2x + y = p, and midpoint (h, k), then which of the

following is (are) possible value(s) of p, h and k?

(JEE Adlv. 2017)

p=—-1h=1k=-3

p=2h=3k=—4

p=-2h=2k=-4

p=5h=4k=-3

Return to Top




g

If a chord, which is not a tangent, of the parabola y? = 16x has
the equation 2x + y = p, and midpoint (h, k), then which of the
following is (are) possible value(s) of p, h and k?

(JEE Adv. 2017)

Equation of chord: T = §;

ky —8(x + h) = k? — 16h

8 8h
S —cxty=k——

Comparing with given equation of chord, 2x +y =p

_322 sk=-4

k—%=p =>p=2h—4
( p # —2,line is not tangent)
~p=2h=3k=—4is possible value
Return to Top




If a chord, which is not a tangent, of the parabola y? = 16x has %
the equation 2x + y = p, and midpoint (h, k), then which of the

following is (are) possible value(s) of p, h and k?

(:JEEAdv.ZOTi>

—1,h=1,k=-3

p

p=2h=3k=—4

p=-2h=2k=—4

p=5h=4k=-3

AAAA

Return to Top




@ Reflection Property of Parabola::

e Any ray parallel to the axis of the
parabola will bounce off the parabola

and pass through the Focus.

* Conversely, any ray (light ray) emanating
from the focus will reflect off the parabola

in a straight line parallel to the axis.

Return to Top

A
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A ray of light moving parallel to the x-axis gets reflected from a
parabolic mirror whose equation is (y — 4)? = 8(x + 1). After
reflection, the ray always passes through the point (a, ), find the
value of a + g + 10.

As we know that all rays of light parallel to axis vy

of the parabola are reflected through the
focus of the parabola.

3
>

The equation of the given parabola is

P
A2 — 2 _ Reflected <
-4 =8(x+1) =>Y*=8X ray — v Incident ray
where Y=y—4 and X=x+1 < >
Y 7 N\.S(a,0) X

Now the focus of the parabola is (a, 0)
Therefore, X=a,Y =0
>x+1=2and y—4=0 v

>x=1and y=4

Hence, the focus is (1,4)
Thusa=1and g =4
Now,a+ B +10 =144+ 10 =15

4



®

Return to Top

ELLIPSE:

An ellipse is the locus of a moving point such
that the ratio of its distance from a fixed point
(focus) and a fixed line (directrix) is a positive
constant (eccentricity) which is always less
than1(0<e < 1).

Let the fixed point be F (focus) and the
fixed line (directrix) be L:lx + my +n =10

thenﬂz e < 1.
PM

For 2"* degree Non-Homogenous equation
ax?® + by? + 2hxy + 2gx + 2fy + ¢ = 0.
If A #+ 0,h? < ab then it represents ellipse

\ 4

L:ilx+my+n=20



Return to Top

Find equation of ellipse with focus as

(-1,1),

eccentricity= % and equation of directrixas x —y+3 =0

x—y+3=0“ P(x,y)
We know SP = ePM o
Let P = (x,y)
< = >
Now, the equation of ellipse will be: S(-1,1)
1 |x—y+ 3|
G+ DZ+ (- D=5 e
v g 2 V12412

Squaring both sides
8(x+1)?+8(y—1)2=(x—-y+3)?
= 7x%>+7y>+10x — 10y + 2xy + 7 =0



@ Standard Equation of an Ellipse

o x_z + Z_z =1 Thisisthe standard equation of the ellipse.
a

where b? = a?(1 — e?)

Return to Top
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Key Takeaways

Terms associated with an Ellipse

Centre:

® The point which bisects every chord of

A

the ellipse drawn through it is called

center of the ellipse.

e Here centeris 0 = (0,0).

e Foci: The fociare F; = (—ae,0) and F, = (ae, 0).




Key Takeaways

Terms associated with an Ellipse

Directrices: m

A

* The equation of directrices are x = _;‘0 F, O
a a
e and x = =
\4 a \
X =—=
Vertices : -

®* The points of intersection f the ellipse with the line
passing through the foci are called vertices.

Here Verticesare A = (—a,0) and A" = (a, 0)

Return to Top
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Key Takeaways

Terms associated with an Ellipse

Axi%\
4 ((=ae0) (ae: 1))

.

Major AXxis : Major
® The line which passes through the foci Y|
and is perpendicular to the directrices is (~a,0)
called major axis. A
xX=——
e

Return to Top

Here the major axis intersects the
ellipse at the vertices.

= The length of major axis is the distance between
its vertices = AA' = AA' = 2a

= The major axis is the longest chord of an ellipse.
= Here the major axis is along the x — axis.

~ Equation of major axisisy = 0.

0 y
(a,

0)

®1Q



Key Takeaways

Terms associated with an Ellipse

YA
B'(0,b)

Minor Axis :
. o o o A
® The axis which is perpendicular a
bisector of the major axis is called
minor axis. M| @
xX=—-=

Return to Top

Here the major axis intersects the

ellipse at the vertices.

Length of minor axis :

= Let the ellipse intersect the minor axis at B and B’

x2  y?
=>;+b—2=1

e AtBandB',x=0

>y2=b?=>y=4b -~ B=(0,—-b)andB = (0,bh)

Major|Axis
. o ((—ae0)

B|(0,—b)

Minor Axis

MY~

a,0)

X

A 4



Key Takeaways

Terms associated with an Ellipse

Length of minor axis:
AtBand B, x =0
>y2=bh22y=4b

e ~B=(0,—b)and B’ =(0,b)

[ Length of minor axis is 2b.]

Where b? = a?(1 — e?)

Equation of minor axis:

YA
B'(0,b)

h

AN s

* Here the minor axis is along the y — axis.

~ Equation of minor axisisx =0

Return to Top

Major Axi%
4 [(=ae0)
< P:1 Oy

(

a,0)

B|(0,—b)

Minor Axis

!

X

A 4

®|Q



Key Takeaways

Terms associated with an Ellipse

Double Ordinate;

A chord perpendicular to major axis is called double ordinate.

A YA A
B'(0,b) Here PQ —» Double ordinate
P
W ETII@AVES (—ae,0) |(ae, 0)|—
A\ R 9 FR|A| X
r(—a0) (a, O
B(0,~b) ¢
V_E Y 1 a
‘I SRE Minor Axis X SR

Return to Top




Key Takeaways

Terms associated with an Ellipse

Focal Chord :

A chord passing through focus is called focal chord.

A YA A
B'(0,b) Here PQ — Focal chord

P
Majorleisl_ (—ae, 0) % ]

) A F; 0 F\ /A X
(_a' O) (Cl, 0)
B0, —p) ©
Y a . Y . A 4 a
= —— Minor AxIs X =
e e

Return to Top




@ Terms associated with an Ellipse

Latus Rectum :

A focal chord perpendicular to the major axis is called Latus Rectum.

A YA A
B'(0,b) Here Latus rectum - P,Q; = P,0,
Pl PZ

Major Axis | (—ae,0) (ae,0) .

I A FRF 0 F| /A X
(—Cl, 0) (a, 0)
Q1

B|(0,—b) Q2

<

A
a
e Minor Axis P

Return to Top




@ Terms associated with an Ellipse

Length of Latus Rectum :

2
The length of latus rectum is given by %.

Here Latus rectum - P,Q; = P,0,

Return to Top




If the distance between the focii of an ellipse is 6 and the distance %
between its directrices is 12, then the length of its latus rectum is

CJEE \Ellg 2020)

yAVE]

NIl «

3v/2

Return to Top




If the distance between the focii of an ellipse is 6 and the distance %
between its directrices is 12, then the length of its latus rectum is

(JEE \Ellg 2020)

Let the equation of the ellipse be: z—z +Z—z =1 (a>Db)
Now, 2ae = 6 and == = 12

= ae = 3 and % =6

= q? =18

= (ae)’=a%?—-b*=9

= b*?=9

2b2  2x9
Length of latus rectum = == "= = 3v2

Return to Top




If the distance between the focii of an ellipse is 6 and the distance %
between its directrices is 12, then the length of its latus rectum is

CJEE Main 2020)

2/3

il

EAAA

3v/2

Return to Top




@ Terms associated with an Ellipse

Focal Distance:

® The distance between the focus to
any point on the ellipse is called

focal distance or focal radii.

Let P = (x,y) be any point on the ellipse.

e Then focal distance is PF; or PF,.

Return to Top

A




Return to Top

Focal Distance:

Let P(x,y) be a point on the ellipse.

PF, _

PF;,
e and T

PM;
— PFl == e(PMl) and PFZ == e(PMz)'“(i)
PM, =§—x and PM, =%+x

(i) = PF, = e(%—x)) and PF, = e(%+x))

~ Focal distances of P(x,y) = a + ex

A




Return to Top

Let PQ be a focal chord of the parabola y? = 4x , such that it subtends an

angle of % at the point (3,0). Let the line segment PQ be also a focal

2 2
chord of the ellipse E : Z—Z + % =1,a? > b?.If e is the eccentricity of the

(JEE Main 2022)

ellipse E , then the value ofei2 IS :

1++/2

3+ 22

4 + 53

1+ 2V3

P
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Let PQ be a focal chord of the parabola y? = 4x , such that it subtends an

angle of % at the point (3,0). Let the line segment PQ be also a focal

2 2
chord of the ellipse E : Z—z + % =1,a? > b?.If e is the eccentricity of the

(JEE Main 2022)

ellipse E , then the value ofei2 IS :

1 2

P =(t?,2t),Q = (t—z,——)

t

P=(1,2),0 =(1,-2)

For the ellipse :

— 4+ —1&ae=1
a

b2
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Let PQ be a focal chord of the parabola y? = 4x , such that it subtends an

angle of % at the point (3,0). Let the line segment PQ be also a focal

2 2
chord of the ellipse E : Z—Z + % =1,a? > b?.If e is the eccentricity of the

(JEE Main 2022)

ellipse E , then the value ofei2 IS :

1 4
;+b—2:1&ae=
1 4
a? a2(1—e2)_1

y) 4e®
¢ Tazen T
=>e2=3-2V2
=>i2=3+2\/§

e

g
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Let PQ be a focal chord of the parabola y? = 4x , such that it subtends an

angle of = at the point (3,0). Let the line segment PQ be also a focal
2

2 2
chord of the ellipse E : Z—Z + % =1,a? > b?.If e is the eccentricity of the

(JEE Main 2022)

ellipse E , then the value ofei2 IS :

u 1++V2
ﬂ 3+ 22
a 4+ 53
a 1+2v3

g



@ Alternate definition of an Ellipse :

An ellipse is the set of all points in a plane; the sum
of whose distances from two fixed points (Foci) in
the plane is a constant (length of major axis= 2a).

< ./

h<

»
>

P(x,y)

[PF1+PF2:2a>F1F2:2ae]

A Fi(—ae, 0)

(=a,0)

P

Majér axis = 2a

Return to Top
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What is the eccentricity of ellipse if length of minor
axis is equal to focal length.

N | =

~ | G

il =

S| w

Return to Top
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What is the eccentricity of ellipse if length of minor
axis is equal to focal length.

Let the ellipse be x +ﬁ =landa>bhb
a’? = b2

According to the given condition, 2b = 2ae

We know, c¢? = a? — b?
= c? = a? — a%e?

= 2a%e?=a? (v c=ae)

1
>e?==
2

>e =
V2



What is the eccentricity of ellipse if length of minor
axis is equal to focal length.

N

NIl

~|&

=l w

Return to Top




@ Vertical Ellipse :

® Major axis is along y-axis and Minor axis is along x-axis

2 2
® Equation of a vertical ellipse is= +% = 1 where, 0 < a < b and a? = b?(1 — e?)
a b

A
A\ 4
S

Return to Top




@ Vertical Ellipse :

Center: 0(0,0)

Foci: F; (0, be), F, (0, —be)
Vertices: B(0,b), B'(0,—b)
Major Axis: BB’
Length of Major Axis : 2b

Minor Axis: AA’

Length of Minor Axis: 2a
Directrices: y = ig
Length of L.R.: 2%2

Focal distances of P(x,y) : btey

Return to Top




@ Vertical Ellipse :

Return to Top

\4

A

Note :

e PF, + PF, = 2b (length of the major axis)

AFl = A’Fl = AFZ = A,Fz = b

(05 b)B y = +_
F
Q —s Py
b|b
< yr >0X
(_a; O)A b b (a, )
P
Q> F, 2
Sy
(0,=b)B’ ATHL

Where, AF; = Va? + b2e2 =Vb2 =b

The ellipse is symmetric about both X and Y-axis.

.. a?
Eccentricity, e = /1 — 1z




Key Takeaways

Axes of ellipse parallel to co-ordinate axes:

AX =h
Y 1 \
< > y=k
/‘\ C(h i)
< > X < >
0,0

Ky v

A 4 A\ 4

z2  y? (x-h)? | (y=k)? _
T PR P

Return to Top
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Key Takeaways

Axes of ellipse parallel to co-ordinate axes:

Case (i): Major axis parallel to x-axis

Equation of ellipse:

2 _1\2
(xh)+(yk)=1

a? b2

Where, a > b, b? = a?(1 — e?)

&
<

Center: C(h k)
Foci: Fi(h —ae,k),F,(h + ae, k)
Vertices: ACh—a,k),A'(h+ a,k)

A

S




Return to Top

Key Takeaways

Axes of ellipse parallel to co-ordinate axes:

Case (i): Major axis parallel to x-axis

Equation of ellipse:

(x-h)?  (y—k)? 1

a?

+b2

Length of Major AXis : AA' = 2a
Length of Minor Axis : BB' = 2b
Equation of Directrix: x=h+2<

e

Eccentricity :

AN

A X =

Q1

———————= ,:U
2




Session 05

Auxiliary Circle and Parametric

Equation of an Ellipse

Return to Top




@ Axes of ellipse parallel to co-ordinate axes:

Case (i): Major axis parallel to x-axis

Equation of ellipse: Loy

(x—h)?

a? b2

Ends of L.R.:

Py (h—aek+2),0, (n

bZ
—ae, k — —)
a

P, (h+ae,k+§),Q2 (h+ae,k—%2)

Length of L.R.:

2b?

a

Return to Top




@ Axes of ellipse parallel to co-ordinate axes:

Return to Top

Case (ii): Major axis parallel to y-axis

Equation of ellipse: ("‘2)2 L O
a b2

Where a < b,a? = b?(1 — e?)

Center: C(h k)
Foci: F,(h, k + be),F,(h,k — be)
Vertices: B(h,k + b),B'(h,k — b)

x=h
) B D
y k+e
12
< > =k
C(h k) A’
F,
b
) B’ bt
< T >



@ Axes of ellipse parallel to co-ordinate axes:

A

Case (ii): Major axis parallel to y-axis

Equation of ellipse: ("‘2)2 L O
a b2

A

Ends of L.R.:

o
—~
=
+

|$D
=
|
oy
Q
~—
)
N
—~
=
|
=
|
oy
Q
~—
A

Length of L.R.: -

Return to Top




@ Axes of ellipse parallel to co-ordinate axes:

Return to Top

Case (ii): Major axis parallel to y-axis

Equation of ellipse: ("‘2)2 L O
a b2

A

Length of Major Axis: BB' = 2b

Length of Minor Axis: AA" = 2a

b

Equation of Directrix: y=kx-
.. a?
Eccentricity : e= [1-+




v
In an ellipse, with centre at the origin, if the difference of the lengths of

major axis and minor axis is 10 and one of the foci is at (0, 5vV3), then the

length of its latus rectumis
@EE MAIN 2019>

10

Return to Top




g

In an ellipse, with centre at the origin, if the difference of the lengths of

major axis and minor axis is 10 and one of the foci is at (0,5v3), then the

length of its latus rectumis
@EE MAIN 2019)

Solution: Y

A

Given : An ellipse with Centre = (0, 0) B

Focus = (0,5V3), lies on Y- axis

A

~ Major axis is along Y-axis. =« be = 5v3 - (i) Al Jooja X

Also 2b—2a=10=>b—a =5 (ii)

a? = b2(1 — e?) B’
= b%2e2=Db%2—a? = (5\/5)2 =(b+a)b—a)
= 75=(b+ a)(5)

Return to Top =bta= 15"'0”)




g

In an ellipse, with centre at the origin, if the difference of the lengths of

major axis and minor axis is 10 and one of the foci is at (0,5v3), then the

length of its latus rectumis
@EE MAIN 2019)

Solution: Y
A

B

=b—a=5 (i)

= b+ a =15 - (iii)

A

A gooa X
Solving (ii) and (iii), we get;

b=10anda=5

Length of latus rectum = = 5

Return to Top




e

In an ellipse, with centre at the origin, if the difference of the lengths of

major axis and minor axis is 10 and one of the foci is at (0, 5vV3), then the

length of its latus rectumis
@EE MAIN 2019>

10

E&AAE

Return to Top




An ellipse, with foci at (0,2) and (0,—2) and minor axis of length 4, %
passes through which of the following points ?

CJEE MAIN APR 2019>

(2.v2)

(1,2v2)

(v2,2)

(2,2v2)

Return to Top




An ellipse, with foci at (0,2) and (0,—2) and minor axis of length 4,
passes through which of the following points ?

(JEE MAIN APR 2019>

Solution:

Foci are (0,2) and (0,—2) " (2,v/2)

So, major axis is y —axis.

. . x2 | y2
Let the equation of ellipse be St = 1 H (1, 2\/5)
Given: 2b =4 and 2c = 4

>b=2,c=2 ﬂ (\/7,2)

>c2=4=a%>-b%=4
=a’=8
. (2.2v2)
Therefore, equation of the ellipse is x: + % =1
By putting all the points, we get that

(v2,2) lies on the ellipse.
Returnto Top




An ellipse, with foci at (0,2) and (0,—2) and minor axis of length 4, %
passes through which of the following points ?

CJEE MAIN APR 2019)

g .-
g
9 (2.2)
- | (2.22)

Return to Top
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Let S and S’ be foci of an ellipse and B be any one of the extremities %
of its minor axis. If AS'BS is a right-angled triangle with right angle at

B and area of AS'BS = 8 sq. units, then the length of a latus rectum of

the ellipse (in units) is:
(JEE MAIN JAN 2019)

242

442
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g

Let S and S’ be foci of an ellipse and B be any one of the extremities
of its minor axis. If AS'BS is a right-angled triangle with right angle at
B and area of AS’BS = 8 sq. units, then the length of a latus rectum of

the ellipse (in units) is:
) (JEE MAIN JAN 2019)
Solution:

2 2
Let the equation of ellipse be = + 2> = 1,a > b

YA
Where S = (ae,0),S’ = (—ae,0) and B = (0,b) WB“

~ AS'BS is a right-angled triangle with right angle at B < S y K
= (S'B)? + (SB)? = (85")?

= a%e? + b? + a%e? + b? = 4a?e?

= b% = a%e?

bZ
= e’ =—

a

b2  p2
=l =Z2=Z



Return to Top

g

Let S and S’ be foci of an ellipse and B be any one of the extremities
of its minor axis. If AS'BS is a right-angled triangle with right angle at
B and area of AS’BS = 8 sq. units, then the length of a latus rectum of

the ellipse (in units) is:
) (JEE MAIN JAN 2019)
Solution:

= a? =2b2=a=+2b
Given, area of A(§'BS) = 8 sg. units

=>%><2ae><b=8

S y it
:\/be%bxb=8

=
= h%? =8

cb=2V2=>a=4
So, length of latus rectum

2
=£=@=4units
a 4



Let S and S’ be foci of an ellipse and B be any one of the extremities
of its minor axis. If AS'BS is a right-angled triangle with right angle at
B and area of AS'BS = 8 sq. units, then the length of a latus rectum of

the ellipse (in units) is:
(JEE MAIN JAN 2019)

242

442

EAAA

Return to Top




Return to Top

Key Takeaways

Equation of an EIIipse Referred to Two Perpendicular Lines as Axes:

Consider the elllpse — + — =1 where (a > b) Y
T P(x,y)
Let P(x,y) be any point on the ellipse
Then, PM = y,PN = x 0(0, 0) M
PM2

~ Equation of ellipse: —+ =1

Suppose, if minor axisisa;x + by +c¢;, =0 — L,

and majoraxisisbhix —a;y+¢c, =0 —> L,



Key Takeaways

Equation of an Ellipse referred to Two Perpendicular Lines as Axes:

— |a1x+b1y+c1| and PM — |b1x—a1y+62| Ll P(x;y)

/a§+bf ’bf+a§
L,

(PN)?2 | (PM)?

PN

p + 2 = 1;a>b
(a1x+b1y+c1 “ bix—aqy+cy 2
. ) a?+b? ) ( b2 +a? )
Equation of ellipse: ~————+-——"——"=1
Wherea > b

Return to Top
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Key Takeaways
Note:

® Centre is the point of intersection of L; and L,

e |f a > b, then major axis lies along L, and minor axis along L,
2 _ 2 _ 52

e |fa>b, b =a*(1—e") L, P(x,y)

® Ifa<b, a? =b%(1-e?) L,




® 4

Position of a Point W.R.T an Ellipse:

A

Let P(xy,y;) be any point in the plane of Al Outside

an ellipse:

x? | y? Inside

- )

< > X

. IfS; >0 —— P liesoutside the ellipse 0
i. IfSy=0 — Pliesontheellipse

iii. IfS; <0 — Pliesinside the ellipse

Return to Top




m If x2+9y2 —4x +3 =0,x,y € R, then x and y respectively lie in the intervals %

(JEE MAIN AUG ZOZD

[1,3] and [1, 3]

11 11
-4 ganal-3
378 3°3

11
3’3

] and [1,3]

[1,3] and [—1 1]

3’3

Return to Top




If x2+9y2 —4x +3 =0,x,y € R, then x and y respectively lie in the intervals | v
CJEE MAIN AUG ZOZD

[1,3] and [1, 3]

11 11
3 ganal-1
373 373

11
K]

] and [1, 3]

[1,3] and [—1 1]

3’3

'\ n ﬂ H
Q

Return to Top




If x2+9y2 —4x +3 =0,x,y € R, then x and y respectively lie in the intervals %
(JEE MAIN AUG ZOZD

Solution:

Given: x%2 +9y? —4x+3 =0
= (x?—4x+4)+9y°—-1=0
=>(x—-2)2+9y%2 =1

N2 2
:>—(x12) |

G
Since it is the equation of an ellipse,
Therefore, x and y will be on circumference of the ellipse.
x—2€[-1,1]

= x € [1, 3]

Andy € [—1 l]

3’3

Return to Top




Key Takeaways

Auxiliary Circle:

The circle described on the major axis as diameter is called the

Auxiliary Circle of the given ellipse. ”

~ x2  y?
) ;+b—2= 1; (a>b)

[ Equation of auxiliary circle x? + y? = a? J

A’ a A
< L 4 :X

Return to Top




Key Takeaways

Y
Auxiliary Circle: Bl
LN X2 y?
(ll) E-I_ﬁ: 1; (Cl < b)
b
. - . < * D¢
Equation of auxiliary circle x? + y? = b? 0
Bl
v

Return to Top




@ Eccentric Angle and Parametric Equation: %

2 2
Consider the ellipse: = +% = 1 (a > b) Q(acosf,asinf)
Auxiliary circle: x% + y? = a?

(—a,0)A’
Let Q be a point on Auxiliary circle M
(a 0)

QM 1 Major-axis — Meets the ellipse at P
P is called corresponding point of Q

The angle, 8 = £Q0A is called Eccentric angle of
the point P on the ellipse (0 < 6 < 2n)

AS

Return to Top




: : : D
@ Eccentric Angle and Parametric Equation: . '
0]

Q(acos@,asinf)
e Also,x =acosf,y = bsinf are the
Parametric equation of the ellipse
p p A’ 0 A
Z+5=1(a>b) y “H

v

A

Return to Top




@ Eccentric Angle and Parametric Equation: Y %

Q(bcosB,bsinb)

« For Elllpse Y _1.(a<bh) « e >

b2

Equation of Auxiliary circle: x? + y? = b?

and Q = (bcos6,bsinb)

B'%
P = (acosf,bsinf) —> Parametric form \

x =acosf,y = bsind — Parametric equation

Parametric equation:

[x=h+acos@,y=k+bsin9]

Return to Top




g

Chord Joining Two Points:

Y
Equation of a chord joining the = (acosB,bsinp) = (acosa,bsina)
two points P(a) and Q(B) on the Q(B) B P(a)
ellipse S =0

BI

Return to Top




Return to Top

Find the maximum area of the rectangle that can be

inscribed in the ellipse S =0

Solution:
2

2
Let equation of ellipse: S==5+% =1

Rectangle PQRS inscribed with its sides || axes

Let P = (acosf,bsinf)

Then, PQ = 2bsin® and, PS = 2acosf

<
s By p
Al N
RNl
Al O

~ Area of rectangle = PQ x PS
= 2b sinf X 2a cos@ = 2absin260
= 2ab sin 20 —> Maximum

Maximum area of the rectangle = 2ab

Note: Area of the ellipse S =0 —> mab



@ Position of point w.r.t ellipse:

(DE(P)>=<0
( Outside §; >0

Plies 4 OnsS; =0

\ Inside S; <0
(ii). PF, + PF, > =< 2a

 Outside PF, + PF, > 2a

Plies{ on PF, + PF, = 2a

\_ Inside PF; + PF, < 2a

Return to Top




@ Line and ellipse

e Solving equation of line with ellipse , we get

Line:y = ‘2|' c x?(a’m? + b?) + 2a%cmx + a®(c?> — b?) =0
Ellipse : 5 + 25 = 1 D = a?b?(a?*m? + b? — ¢?)
4 N N N
D <O
D >0 D=0
a’m? + b? < ¢?
a’m? + b? > ¢? a’m? + b? = ¢? .
Neither chord nor
Chord Tangent
9 JAN JAS tangent )

c = +Va?m? + b? # Condition of tangency

Return to Top




Key Takeaways

Point Form :
2 2
Equation of tangent to an ellipse S : Z—z +% —1=
ata point P(x1,y1)isT =0
x? > xx,
y% - yy
Equation:%+%—1=0 )
12 ! _nh)2 _1\2
Fors: &) ) O g S EE L O g
T:%+%—1—0 =>(x—ai;)x1+(y—b’;)Y1_1:0

Return to Top




Key Takeaways

Parametric Form :

Equation of tangent to an ellipse

at a point P(xy,y,) i |s -+ = yyl

Let P(x4,y,) = P(acos8,bsinf)

x(acos @) . y(bsin@)
a? b2

—1=0

=>fcost9+zsin6—1 =0
a b

Return to Top

—1=

OU)

P(acos@,bsin0)

LI

TN

y



Slope Form :

2

X2
a

2
The line y = mx + ¢ touches the ellipse = + 2 = 1.
If a®m? + b? = ¢?
= ¢ = +Va?m? + b?

N

So, equation of tangent to an ellipse S = 0

i
having slope 'm’ is /\‘
y = mx +Va?m? + b? : &/ g

A 4

Return to Top
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Let L be a tangent line to the parabola y? = 4x-20 at (6,2).If L is also a

2 2
tangent to the ellipse xT + y? = 1then the value of b is equal to:

20

14

16

11

(J EE MAIN 2021)

LA



g

Let L be a tangent line to the parabola y? = 4x-20 at (6,2).If L is also a

2 2
tangent to the ellipse =+ 2~ = 1 then the value of b is equal to :

Solution: (J EE MAIN ZOZD

Equation of parabola is: y? = 4x — 20

Tangent at P(6,2) will be:

2y=4(29) -0
=>2y=2x+12-20
>y=x—4..(1)

2 2
This is tangent to the ellipse, xT &+ y? =1 also

~ Applying condition of tangency, c? = a?m? + b?
(-4)? =)D +b

Return to Top =b =14
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Let L be a tangent line to the parabola y? = 4x-20 at (6,2).If L is also a

2 2
tangent to the ellipse xT + % = 1then the value of b is equal to:

A&AA

20

14

16

11

(J EE MAIN 2021)

e
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If the tangents to the ellipse 4x? + y? = 8 at the points (1,2) and (p,q) are
perpendicular to each other, then the value p? is equal to

(JEE MAIN 2019>

|2
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If the tangents to the ellipse 4x? + y? = 8 at the points (1,2) and (p,q) are
perpendicular to each other, then the value p? is equal to

Solution: (JEE MAIN 2019)

Given : Equation of the ellipse 4x2+y2 =38 t

Equation of tangent at (x;,y,)isT =0

() 1,2
~ Equation of the tangent at (1,2) is i

>
>

4x (1) +y (2) =8 ) /\/\
SIE=R)

>2x+y=4-(i)

A\ 4

Equation of the tangent at (p,q) is4x (p) + y (q) = 8
= 4px + qy = 8- (ii)

Given, (i) is perpendicular to (ii)

= Product of their slopes = —1



Return to Top

If the tangents to the ellipse 4x? + y? = 8 at the points (1,2) and (p,q) are

perpendicular to each other, then the value p? is equal to

Solution:
>2x+y=4-(i)

= 4px + qy = 8-+ (ii)

= Product of their slopes = —1

- ()x(-2)--

= q = —8p - (iii)

Also, the point (p, q) lies on the ellipse.
So,4p? +q* =8

From (iii) and (iv) by eliminating ‘q" we get
4p? + (—8p)? =8

2_8 2 2
=—> = =
2 68 p 17

(JEE MAIN 2019)

L

(0, @) (1,2)

</\/\ >
S=0

A\ 4

g



e

If the tangents to the ellipse 4x? + y? = 8 at the points (1,2) and (p,q) are
perpendicular to each other, then the value p? is equal to

(JEE MAIN 2019>

EAAA

Return to Top




@ Note:

Return to Top

Locus of feet of perpendicular from foci

upon any tangent is an auxiliary circle.

\




@ Note:

Product of the lengths of perpendiculars from foci upon any

tangent of an ellipse is equal to the square of the semi minor axis.

dl' dz = b2

Return to Top
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Director Circle and

Normal to Ellipse

Return to Top
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If the tangents to the parabola y? = x at a point (a, ) where g > 0, is also %
tangent to the ellipse x? + 2y? = 1, then a is equal to :

a)V2+1 b)vV2 -1 c)2v2+1 d)2v2 -1

(J EE MAIN 2019)

Solution:
Tangent at (a, ),(8 > 0),to S": y?= x is also tangent to Ay
2 2
&f@mﬂ=1z%+%=1
2 (a,B)
(@) liesony? = x = 2 = a-- (i) S=—iay > x
/ S
\

Equation of the tangent at (a, B) to
the parabola y? =xisT = 0.

> y(B) = (x +a)
y=%+%MW)

X

(ii) isalso atangentto S Pt T = 1

<
NIHl %



If the tangents to the parabola y? = x at a point (a, ) where g > 0, is also %
tangent to the ellipse x? + 2y? = 1, then a is equal to :

a)V2+1 b)vV2 -1 c)2v2+1 d)2v2 -1

(J EE MAIN 2019)

Solution:
Condition of tangency : ¢? = a?m? + b?
AY
SR R RN R

Herec—zﬁ,m—zﬁ,a 1,b > (@ p)

]
SR A S| < > v
..432—1.(4B2)+2 / Sk
=1+ 242 = a? v g

>1+2a=a* (~p?=a)
>a’—2a—-1=0
> a=1++V2 (+ a= B2 it cannot be negative)

Return to Top Sa=1+V2




If two tangents drawn from a point (a, 8) lying on the ellipse 25x2 + 4y? =1 to %
the parabola y? = 4x are such that the slope of one tangent is four times the
other, then the value of (10a + 5)? + (168? + 50)% equals:

CJEE MAIN 2022)

Solution:
Since (a, B) lying on the ellipse 25x2 + 4y? =1...(1)
Tangent to the parabola, y = mx +% passes through (a, B).
So, am? — fm + 1 = 0 has roots m; and 4m,.
B 1
-'-m1+4‘m1 =—al’1dm1-4m1 = -
(4 (04
Gives that 482 = 25« ...(2)
From (1) and (2), we get:
25(a’ +a) =1
2 _ 1
=>(a“+a)= e

Return to Top




If two tangents drawn from a point (a, 8) lying on the ellipse 25x2 + 4y? =1 to %
the parabola y? = 4x are such that the slope of one tangent is four times the

other, then the value of (10a + 5)? + (168? + 50)% equals:

(JEE MAIN 2022)

Solution:

Now, (10a + 5)? + (1682 + 50)2

= 25a + 1)% + (100a + 50)2 (482 = 25a)
= 25Qa + 1)? + 25002a + 1)?

=25 % 101(4a? + 4a + 1)

= 25 x 101 (%+ 1) = 2929

Return to Top




: Vs

=1

2

If m is the slope of a common tangent to the curves f—6 4s 2

9
and x? + y2 = 12, then 12m? is equal to:

CJEE MAIN 2022>

10

12

Return to Top




: £

=1

2

If m is the slope of a common tangent to the curves f—6 15

9

and x? + y2 = 12, then 12m? is equal to:

(JEE MAIN 2022>

Solution:

C: 24221 and C,: x2+y2 =12
1.; ?— 2. X y- =

Let y = mx £ Vv16m? + 9 be any tangent to ¢; and
if this is also tangent to €, then

v16m2+9 —
VmZ+1 | 12

= 16m? +9 = 12m? + 12
= 4m? =3

= 12m? =9

Return to Top




: £

=1

2

If m is the slope of a common tangent to the curves f—6 4s 2

9
and x? + y2 = 12, then 12m? is equal to:

CJEE MAIN 2022>

10

12

ﬂ n :\
\ I

Return to Top
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Director Circle :
The locus of the points of intersection of

2 2
perpendicular tangents to an ellipse = + 3;—2 =1

a2
is a concentric circle called director circle, given
by x? + y? = a? + b2,

Proof :

Let P = (h, k) be a point outside the ellipse S = 0

Equation of tangents to the ellipse is y = mx + v a?m? + b2

Tangents pass through P = (h, k)

= k =mh++a?m? +b? = k—mh=++a?m? + b2



£ | Key Takeaways

Return to Top

= k —mh = £y a?m? + b?

Squaring both sides,

R4

= k? + m?h? — 2mhk = a*m? + b? T/\\
1

= m?(h? — a?) — 2mhk + (k* — b*) = 0--- (i)

(i) is a quadratic equation in m whose roots

are m; and m, (slopes of tangents T; and T5,)
= m?(h? — a®) — 2mhk + (k> — b?) = 0--- (i)
T, L" T, > m;.m, = —1 = Product of roots of (i) = —1

kZ_bZ
h2_a2

_ =—1 = h?>+k?=a?+b?



& Key Takeaways

Return to Top

P AY
2 2 _ 2 2

SR =t — Director
Replaceh»>xandk -y circle
= x? + y? = a® + b% - Director circle T,

—n)2 _ P2
Director circle of & g) + f) =1

a b

is (x—a)’+ (y—B)* =a*+ b?

\x =«

— Director
circle

<> V=P
X
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Find the angle between the tangents drawn from any point on the

2

2
circle x2 + y2 = 41 to the ellipse ;‘—5+31'—6 = 1

NS

N

LA
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Find the angle between the tangents drawn from any point on the

2 2
circle x2 + y? = 41 to the ellipse ;—5+31'—6 =3l

Solution:

. x?  y? 1 .
Given: -+:=1 - Ellipse

x? +vy2 =41 - Circle /

A

x24+y2 =41 =25+16 \\

= x? +y? =a?+b? - Director circle

Director circle is the locus of points of intersection

of perpendicular tangents to the ellipse.

~ Angle between the tangents is %



Return to Top

Find the angle between the tangents drawn from any point on the

2

2
circle x2 + y2 = 41 to the ellipse ;‘—5+31'—6 = 1

NS

N

S

LA
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Equation of Normal : Point Form

The equation of normal at P = (x4, y;)

on the ellipse § = 0 is given by

a’x b2
Y = g2 — b2
X1 Y1

Equation of Normal : Parametric Form

The equation of normal at P(8) on the

ellipse S = 0 is given by

ax b
—2Y — g2 — p2 = g2¢2
cos 6 sin 6

where P(6) = (a cos8,b sin 6)

N

Wl
N

N

&
<

LT
[

&
<
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Equation of Normal : Slope Form
The equation of normal to the ellipse
S = 0 whose slope is m is given by

— (a®>-b?*)m

Y =Mt T,

WherePE(+ 00D )

—VaZ+bZm?2’ ~ VaZ+bZm?

&
<

e
N




Return to Top

2
~ Equation of ellipse is %+

Let x = 4 be a directrix to an ellipse whose centre is at origin and its
eccentricity is 0.5. If P(1,8),B > 0, is a point on this ellipse, then the

equation of the normaltoitat P is

a)8x —2y =5 b)4x —2y =1 C)7x —4y =1 d)4x —3y =2

(JEE MAIN 2o19>

Solution:

\ \

Ellipse : Center = (0,0), Directrixx = 4and e = 0.5

)Y y
P(1,B)
Directrix:x=%=4 =>0%=4 >a=2 /\

&
<

b>=a’(1-e?) =4(1-3) =3 (o,o/

2
Y —1
3

Y

&
<

P(1,B) lies on ellipse

= +%2=1 =>,8:%('-'B>0)

SR

g



Let x = 4 be a directrix to an ellipse whose centre is at origin and its
eccentricity is 0.5. If P(1,8),B > 0, is a point on this ellipse, then the

equation of the normaltoitat P is

a)8x —2y =5 b)4x —2y =1 C)7x —4y =1 d)4x —3y =2

(JEE MAIN 2019)

Solution:
2

2
~ Equation of ellipse is %+y? —1

A Y y
P(1,p)
>p=5(:p>0 /\
) (0,0
~P=(1,p)= (1,2) /

. a’x b? =
Equation of normal: — — y—y = a* — b? =
1 1

\ \

Y

&
<

ax 3y _ .

G

Return to Top

g



If the normal at an end of a latus rectum of an ellipse passes through an l L
extremity of the minor axis, then the eccentricity e of the ellipse satisfies :

(JEE MAIN 2020)

et+2e2-1=0

e2+2e—-1=0

et+e?2-1=0

et+te—1=0

Return to Top




If the normal at an end of a latus rectum of an ellipse passes through an %
extremity of the minor axis, then the eccentricity e of the ellipse satisfies :

Solution: (JEE WININ 202@

Let the ellipse be'x—2+y—2 =1
p 'a2 b2 —

. b?
Equation of normal at (ae'?)

|Q
8
I
|G‘
N
<
I
Q
N
Q
N
A

Since, it passes through (0, —b)
~ b = ae?

= b? = q?e*

= a?(1—e?) = a?et

>e*t+er—-1=0
Return to Top




If the normal at an end of a latus rectum of an ellipse passes through an l L
extremity of the minor axis, then the eccentricity e of the ellipse satisfies :

CJEE MAIN 2020)

et+2e2-1=0

e2+2e—1=0

et+e?2-1=0

et+e—-1=0

I \i I I

Return to Top




@ Pair of Tangents:

The combined equation of the pair of
tangents from an external point P(xy,y;) to

the ellipse S=0isT? =S-S5,
2 2
Wheres:%+i—2— 1

XX

T 20 4 P g

a? b2

2 2
X1 , )N
AT

51:

Return to Top

P
(x1,¥1)



@ Chord of Contact:

If the pair of tangents drawn from an external point
P(x,,y,) to the ellipse S = 0 touch it at points A and B,

then AB is called chord of contact.

A

Equaton of ABisT =0

- Chord
of Contact

(x1,¥1)

If equation of AB is Ix + my + n = 0, then

p= (—azl’ —bzm)

n n

Return to Top




£
Chord with given midpoint :

The equation of a chord of the ellipse S = 0 whose midpoint is P(x;,y;) isT = S;.

Return to Top




The chords of contact of all the points on the linex —y — 5 = 0 with respect

g

to the ellipse x? + 4y? = 4 always passes through a fixed point

Solution:
Given: Ellipse: x2 + 4y? = 4

Line:x—y—-5=0

2 2
>5==+L-1=0

Let P(A,A—5) be any point on
x—y—5=0, A€R

[Equation of chord of contactof PisT =0 ]

L x| ya-s) _

4 1

1

= Ax + 41y — 20y = 4

= (-20y—-4)+A(x+4y) =0

Return to Top

\\\; x—y—5=0
////*<:::\7\l P(4,A—5)
:&‘ : ) i
el

PLS



The chords of contact of all the points on the linex —y — 5 = 0 with respect %
to the ellipse x? + 4y? = 4 always passes through a fixed point

Solution:

= (—20y—4)+A(x+4y) =0
%{—J H(_J
Ly L,

Ll +AL2=O

Family of concurrent lines, passing through
the point of intersection of the two lines.

—20y—4=0
Point of intersection
x+4y=0

[ Point of intersection = (g_?l) }

Return to Top

\\\: x—y—5=0
/TNj P(1,1—5)
| &‘ : ) i
el

PLS



@ Geometrical Properties Of Ellipse:
I. The incident ray from focus S’ /F; after reflection by ellipse at

point P passes through other focus S/F,.

A Reflection
Property

A

Return to Top




@ Geometrical Properties Of Ellipse:

_2a

I. If PSQ is a focal chord of the ellipse § = 0, then é + é ==
or Semi latus rectum is the H.M. of SP and SQ.

<
<

Return to Top




@ Geometrical Properties Of Ellipse:

lii. The ratio of area of any triangle inscribed in an ellipse to the area
of triangle formed by corresponding points on the auxiliary circle
is equal to the ratio of semi-minor axis to semi major axis.

A

<
<

Return to Top




@ Geometrical Properties Of Ellipse:

Iv. The portion of the tangent to an ellipse between the point of contact
and the directrix subtends a right angle at the corresponding focus.

Y
A A
T\ £PFQ = 90
P
Q
< ¢ ¢
O| F(ae,0) N
S=0 ]
\4 vX =—
e

Return to Top




@ Geometrical Properties Of Ellipse:

v. Chord of contact of any point on the directrix passes through
the corresponding focus.

Y
A
A
T‘\
i X
< ® <
O | F(ae,D)
S=0
a
X vx:g
v

Return to Top




Session 07

Introduction to Hyperbola

Return to Top




If the normal to the ellipse 3x? + 4y? = 12 at a point P on it is %
parallel to the line, 2x + y = 4 and the tangent to the ellipse
at P passes through Q(4,4) then PQ is equal to:

(JEE Main 2019)

5vV5 "
Tumts

/T .
o units

V61 .
TUﬂltS

V221 .
h units

Return to Top
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If the normal to the ellipse 3x? + 4y? = 12 at a point P on it is
parallel to the line, 2x + y = 4 and the tangent to the ellipse
at P passes through Q(4,4) then PQ is equal to:

Solution: (JEE Main 201 9)

yZ

2
Equation of ellipse xz t+5 = |

Let point which is normal to the ellipse be P(2cos6,v3sin6)

~ Equation of normal: 2xsec — /3y cosec =1

Equation of normal parallel totheline, 2x +y =4

2secd 2
V3 cosecH

Therefore

= tanf = —/3...(1)



If the normal to the ellipse 3x? + 4y? = 12 at a point P on it is %
parallel to the line, 2x + y = 4 and the tangent to the ellipse
at P passes through Q(4,4) then PQ is equal to:

Solution: (JEE Main 201 9)

Similarly, equation of tangent at point P:

x-2 cos 6 +/3sin 6
4 +y 3 =1

« tangent passes through point Q(4,4)
. 2v/3 cosf + 4 sinf =3 ...(2)
Solving equation (1) and (2), we get

2T
>0 =—
3

3

.-.p(—1,5) & 0(4,4)

Hence PQ = Szﬁ units

Return to Top




If the normal to the ellipse 3x? + 4y? = 12 at a point P on it is %
parallel to the line, 2x + y = 4 and the tangent to the ellipse
at P passes through Q(4,4) then PQ is equal to:

(JEE Main 2019)

5vV5 "
Tumts

V157 .
TUDItS

V61 .
T units

V221 .
o units

AAAA8

Return to Top




An ellipse E has its centre €(1,3) focus at S(6,3) and
passing through the point P(4, 7).
I. Then the product of the lengths of the perpendicular
segments from the foci on tangent at point P is :

COMPREHENSION

20

45

40

Can not be Determined

Return to Top




2

COMPREHENSION

Return to Top

An ellipse E has its centre C(1,3) focus at S(6,3) and

passing through the point P(4, 7).

Il. Then if the normal at a variable point on the ellipse (E)
meets its axes in Q and R then the locus of the mid point
of QR is a conic with an eccentricity (e)____

§||w
o

mlw wlél

w5
o



passing through the point P(4, 7).

COMPREHENSION

An ellipse E has its centre €(1,3) focus at S(6,3) and

I. Then the product of the lengths of the perpendicular

segments from the foci on tangent at point P is :

Given: Centre € = (1,3)
Focus S = (6,3),S' = (—4,3)
{Mid-point of foci is centre}

Point on Ellipse, P = (4,7) d;

A

|

dy - dy = b?

Product of the lengths of perpendiculars
from foci upon any tangent of an ellipse is
equal to the square of the semi minor axis.

Return to Top

€(1,3) S(6,3)

d



An ellipse E has its centre €(1,3) focus at S(6,3) and
| passing through the point P(4, 7).

I. Then the product of the lengths of the perpendicular
segments from the foci on tangent at point P is :

COMPREHENSION

We know, PS + PS' = 2a
b? = a?(1 — e?)
SS' = 2ae

PS=\(4+4)2+(7—-3)2 =45

PS'=,/(6—4)2+ (7—3)2 =25
= PS+ PS' = 6V5 = 2a

= a =35

Return to Top




An ellipse E has its centre €(1,3) focus at S(6,3) and
passing through the point P(4, 7).

comprencneion - Then the product of the lengths of the perpendicular

segments from the foci on tangent at point P is :

Also, SS' = 10 = 2ae
=>ae =5

i
3

Now, b? = a?(1 — e?)

=>b2=45(1—§)

> e =

[>b2=20]

Return to Top




An ellipse E has its centre €(1,3) focus at S(6,3) and
passing through the point P(4, 7).
I. Then the product of the lengths of the perpendicular
segments from the foci on tangent at point P is :

COMPREHENSION
20

45

40

AAASs

Can not be Determined

Return to Top




An ellipse E has its centre C(1,3) focus at S(6,3) and

passing through the point P(4, 7).

Il. Then if the normal at a variable point on the ellipse (E)
COMPREHENSION meets its axes in Q and R then the locus of the mid point
of QR is a conic with an eccentricity (e)____

Given: Centre € = (1,3)
Focus S = (6,3),S' = (—4,3)

_ 2 e 2
(x—a) _l_(y B) 1

a? b2

Equation of ellipse:

_1)2 _2)2
:>(x 1)_|_(y 3):1
45 20

A

Return to Top




passing through the point P(4, 7).
Il. Then if the normal at a variable point on the ellipse (E)
COMPREHENSION meets its axes in Q and R then the locus of the mid point
of QR is a conic with an eccentricity (e)____

@ An ellipse E has its centre C(1,3) focus at S(6,3) and

ax’ by’

= 7% — b2
cos 6 sin 6

Equation of normal at P :

! !

X y _ 1
(a2-b2)cos & (a?-b2)sin@
a b

Let mid-point of QR = (h, k)

_ (a®?-b?) cos 6 . (a?-b?)sin @
- 2a S 2b

=

h

212 21,2
) ) 4a“h 4b“k
= cos“ 0 + sin“ 0 = + =1
(a2-b2)2 ' (a2-b2)2

Replacing (h, k) with (x',y")

12 12

=1

(@2-b2)°  (a2-b2)*
4q2 4p?

Return to Top




COMPREHENSION

An ellipse E has its centre C(1,3) focus at S(6,3) and

passing through the point P(4, 7).

Il. Then if the normal at a variable point on the ellipse (E)
meets its axes in Q and R then the locus of the mid point

of QR is a conic with an eccentricity (e)

2

12 /
Comparing with: ’;—2 S 2—2 =1,(B > A)

= A* = B*(1—e"

16a2 16b2

_ (@0 _ (a®-0?)’ (1-e?)

= b2 =a?(1- e’z)

We will get same eccentricity as the

eccentricity of given ellipse . e = 5

Return to Top

We have calculated: a? = 45, b% = 20

= a? > b?

(az_bZ)z < (az_bZ)z

=
4a? 4b?

=>B>A



passing through the point P(4, 7).
Il. Then if the normal at a variable point on the ellipse (E)
COMPREHENSION meets its axes in Q and R then the locus of the mid point
of QR is a conic with an eccentricity (e)____

@ An ellipse E has its centre C(1,3) focus at S(6,3) and %

=k
o

“|&

Gl

/g
o

Return to Top




q Key Takeaways

Analytical Interpretation

* A conicis the locus of a moving point such that ratio of its distance from a fixed

point (focus) to a fixed straight line (directrix) is always a constant.

n

A

] .P Moving point

Distance from a fixed point _ CONSTANT M

Distance from a fixed line

oS

Conics - The collection of all points P such that Fheed peiniFesus)

Fixed line(Directrix)

% = Constant = Eccentricity (e) = 0

<
<

Return to Top

g
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‘pi | Key Takeaways

Hyperbola:

Hyperbola is the locus of a moving point such that the ratio of
its distance from a fixed point (focus) and a fixed line (directrix)
is a constant which is always greaterthan 1 (e > 1).

Let the fixed point be F (focus) and the fixed line (directrix)
be L:lx+my+n=0.

A

»

] .P Moving point
M

®S
Fixed point(Focus)

Fixed line(Directrix)

<
<



Key Takeaways

Hyperbola:

A
Y

Hence for hyperbola, there are two foci (F; and F,) and two
directrices (D; and D,) and C is the centre.

Return to Top
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Find the equation of the hyperbola whose focus is (1,2),
directrix is 2x + y — 1 = 0 and eccentricity is V3.

Solution:
Given :
P(h, k)
Focus, F = (1,2),e =3
Directrix:L=2x+y—-1=0 M

F(1,2)
Let P(h, k) be a moving point.

PF
—=e>PF=e¢-PM
pm € € 2x+y—1=0

> J(h—12+ (k— 22 =3 - 22—

Squaring both sides
5(h?—2h+1+k?>—4k+4) =3(4h*+k*+ 1+ 4hk — 2k — 4h)



Return to Top

Find the equation of the hyperbola whose focus is (1,2),
directrix is 2x + y — 1 = 0 and eccentricity is V3.

Solution:
5(h2—2h+1+k?*—4k+ 4) =3(4h%?+ k?*+ 1+ 4hk — 2k — 4h)

= 7h?> + 12hk — 2k? — 2h + 14k — 22 = 0 - Locus of P(h, k)

Replaceh->xandk -y [ A% 0,h? > ab ]

:\7x2 + 12xy — 2y? — 2x + 14y — 22 = 0

~

Equation of the hyperbola
h? = (6)2 =36 and ab = —14

= h% > ab



@ Standard vs Conjugate Hyperbola:

xZ yZ _ 1 yZ xZ _ 1
Equation of hyperbola P BT 2 a2
Y b
. < >y = &
Figure S —y | < e sy
F,(—ae,0) l F;(ae, 0) ——f—>y = _2
e
:)C:—2 _X,'=E FZ(OJ_be)
ev e 4(
Centre (0,0) (0,0)
Vertices (£a,0) (0, £b)
Equation of transverse y=20 5% —
axis
Equation of conjugate x=0 y=20
Return to Top axis




@ Standard vs Conjugate Hyperbola:

Return to Top

Equation of hyperbola
Eccentricity

Equation of directrix
Coordinates of foci

Length of LR
Length of Transverse Axis

Length of Conjugate Axis

% %

Note: 2’—2 — % = 1 is said to be conjugate hyperbola for

X Y-
izt
bZ
e = 1+?
a
X ==
e
(+ae, 0)
2b?
a
2a
2b

2a

x2 2
ol
a b2

and if ey and e;y are eccentricities of hyperbola and its

conjugate, then iz +

eH

=1

ecH?



g

@ Equation of a Hyperbola referred to two Perpendicular Lines as axes:

Equation of hyperbola:

aix+bqy+cq “ bix—aqy+co 2

a%+b% b%+a1 1

“ i’ N P(x,y)

Suppose, if conjugate axisis Li:ayx + by +c¢; =0
And transverse axisis Ly:bjx —a;y +c, =0

A
[ ]
N

a?+b?
o7

P
<

Centre of the hyperbola is the point of
intersection of the linesL; =0and L, =0

Return to Top




_ 2, Y% _ xF _ .
m Let S = {(x, y) €ER T = 1} where r # +1. Then S represents:

Return to Top

(JEE YET 2019)

An ellipse whose eccentricity is /ri—l whenr >1

An ellipse whose eccentricity is N whenr > 1

1
r

l o 2
A hyperbola whose eccentricity is = when0<r<1

ol . 2
A hyperbola whose eccentricity is Nl when0<r<1




Return to Top

L 2, ¥° _ X
Solution:

y2 x2

141 1-1

Since, r # +1, we have two cases:

(i) Whenr > 1, S represents ellipse

2 2

.Y X
.'1+r 1—r-_
2 2
X
2 +-=1
1+r r—1

So,a’=1+4+r b?>’=r—-1

g

}where r # +1. Then S represents:

<JEE Main 2019)

(ii) When 0 < r < 1, S represents hyperbola

y2 x2 o
~— —-—-—=1 (Conjugate hyperbola)

1+r 1-r

So,b?=14+r a*°=1—-r

’ 1-r a?
=> e = 1+m <-€— 1+b_2>

Hence, only option (A) is correct



Return to Top

x2

Let S = {(x y) € R?: y_x 1} where r # +1. Then S represents:

1+7r 1-r
CJEE YET 2019)

An ellipse whose eccentricity is /ri—l whenr > 1

. il 9 1
An ellipse whose eccentricity is N whenr > 1

A hyperbola whose eccentricity is — J_ when0<r<1

A hyperbola whose eccentricity is — F when0<r<1




@ Alternative Definition of Hyperbola:

Return to Top

Hyperbola is the set of all points in a plane, the difference of whose

distances from two fixed points (foci) in the plane is a constant (2a).

[ |PF, — PF,| = 2a ] LY
Px,y) Mzl tp Iu,
[
(—ae)0) | (ae,0)
F,/ Az, 0 Z F, X
a g a
X=—ZV vaxzz
D, Dy



The locus of centre of a circle which touches externally two %
given circles is:

Pair of straight lines
Circle
Parabola

Hyperbola

Return to Top




The locus of centre of a circle which touches externally two %
given circles is:

Solution:

Let there be two circles with centers C;
& C, and radiir; &r, and let there be a
third circle with centre € and radius r
touch both the circles externally.

Now,
CC]_ =T+T1

— \\ /, . .
CC,=r+m, =~ S —>variable circle

= |CC, — CCy| = |1y, — 1

i.e. The locus of C is a hyperbola

Return to Top




The locus of centre of a circle which touches externally two %
given circles is:

Pair of straight lines
Circle
Parabola

Hyperbola

fAAaAaAa

Return to Top




Key Takeaways

Rectangular Hyperbola:

If the length of transverse axis and conjugate
axis of a hyperbola are equal, then it is called
Rectangular/ Equilateral hyperbola.

2a=2b>a=»

Equation of a rectangular hyperbola in
standard form is:

Horizontal: x? — y? = a?

Vertical: x? — y? = —a?

Return to Top

A




Key Takeaways

Rectangular Hyperbola:

Equation of a rectangular hyperbola in
standard form is:

Case 1: p

a? a? a? a?
Case 2:

x%2  y? a a
—2——2=—1,e= 1+—= 1+—2=\/§
a

Return to Top




Key Takeaways

»
»

Rectangular Hyperbola:

Eccentricity of a rectangular hyperbola is V2.

Proof:;

. =\/a2+b2 =\/a2+a2 i o A'(—a,0) 0 \ 4(a,0) X

a? a?

A

Return to Top




g
@ Note:

[Foci of the hyperbola and its conjugate hyperbola are concyclic and form a square.]

2
ae; = a 1+%=\/a2+b2

Similarly,

be, = b |1+% =aZ + b2

A

< > X
Diagonals of a square bisect F;(~aey,0) Fi(ae,, 0)
each other at 90°

F,F, and F|'F,’ are the diagonals.

Taking 0 as a center we can draw a
circle with radius OF; = OF] and passing

through four points which is the focus.

Return to Top




Key Takeaways

Axes of Hyperbola Parallel to co-ordinate axes

~
=
(=)
—
y
\4

v [ x_z 3 y_z _ J \ 4 {(x_h)z B (y_k)z i 1}
a2 b2 a? b2

Eccentricity remains same for both these hyperbola.

Similar procedure can be followed for vertical hyperbola.

Return to Top




£
Find the center of the hyperbola 4x? — 9y? + 32x + 54y — 53 = 0:

a . a

Return to Top




e

Find the center of the hyperbola 4x? — 9y? + 32x + 54y — 53 = 0:

Solution:

(x—n)?  (y—k)?* _
a2 b2 =1

The standard form:
Thus, 4x? — 9y? + 32x + 54y — 53 = 0:
4(x%?+8x) —9(y?—6y)—53=0
4[(x+4)>—16] —9[(y —3)2—=9] -53=0
4(x+4)2 —9(y —3)2 = 36

(x+4)2  (y-3)2 . _
-2 =1 ~Centre=(-4,3)

()} g -

Return to Top
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Key Takeaways

Equation of a Hyperbola referred to two Perpendicular Lines as axes:

Equation of hyperbola:

<a1x+b1y+c1 A bix—aqy+cy Z L1

2,32 2 2

Jai+bi ) ( Jbi+af )

= — 2 =1 N P(x,y)
Suppose, if conjugate axisisa;x + by +c¢; =0: < . >
L, and transverse axisisbjx —a;y +¢c; =0: L, M L,

a?+b?
a? L /

Centre of the hyperbola is the point of
intersection of the linesL; =0and L, =0



Session 08

Auxiliary Circle and Director

Circle of Hyperbola

Return to Top




Let a>0,b > 0.Let e and | respectively be the eccentricity and length of %

2
the latus rectum of the hyperbola——y—2 = 1. Let ¢’ and !’ respectively be
b

the eccentricity and length of the latus rectum of its conjugate hyperbola.
If e? = ﬁl and (e')? = %l’, then the value of 77a + 44b is equal to:

(JEE Main 2022>

100

110

120

130

Return to Top
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Let a > 0,b > 0.Let e and | respectively be the eccentricity and length of

2

the latus rectum of the hyperbola——y—2 = 1. Let ¢’ and [’ respectively be
)

the eccentricity and length of the latus rectum of its conjugate hyperbola.

If e2 = ﬁl and (e')? = %l’, then the value of 77a + 44b is equal to:

Solution: (JEE Main 2022>

2 2
H:%—Z—2= 1, then

E = ﬁ I, (Ibe thelength of LR)

2
=>a?+b%= (E) (ﬂ) a?
14/ \ a

= a?+b% = %bza .. (D)

By (i) and (ii)
7a = 4b

Then by (i)

10p2 4 p2 = 1Lp2 20
49 7 7

And (e")? = =1

(I" be the length of LR of conjugate hyperbola) = 44h = 65 and 77a = 65

11 i
= a’® +b? =—a’b...(ii) = 77a + 44b = 130

g



Let a>0,b > 0.Let e and | respectively be the eccentricity and length of %

2
the latus rectum of the hyperbola——y—2 = 1. Let ¢’ and !’ respectively be
b

the eccentricity and length of the latus rectum of its conjugate hyperbola.
If e? = ﬁl and (e')? = %l’, then the value of 77a + 44b is equal to:

(JEE Main 2022>

100

110

120

130

Return to Top
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Key Takeaways

Auxiliary Circle:

The circle described on the transverse axis as diameter is called
the Auxiliary Circle of the given hyperbola.




Key Takeaways

Auxiliary Circle:

Equation of auxiliary circle

x% +y% = b?

Return to Top

A

Y
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| Key Takeaways

Parametric Equations:

2 2
Consider the hyperbola: % — Z—z =1

Auxiliary circle: x? + y? = a?

Let P(x,y) be a point on Hyperbola
PQ 1 x-axis

QP' is called tangent from Q to Auxiliary circle.
Auxiliary circle: x? + y? = a?

So, Equation of tangent at P’ is xx; + yy, = a?




Return to Top

Key Takeaways

Parametric Equations:

= x(acos @) + y(bsin ) = a?

Tangent is cutting X —axis at Q

Let 8 = £P'0Q where 6 € [0,2m) — {—,—
In AP'0Q, cos 8 = % = 0Q = asecl

=~ Q = (asech,0)




Return to Top

‘pi | Key Takeaways

Parametric Equations:
=~ Q = (asech,0)

Hence, Substituting the value in
the hyperbola

P = (asec,btan ) Parametric point
P' = (acosf,asin0)
P and P’ are called corresponding points.

x =asecH,y = btan6 are the parametric
2 2
equations of the hyperbola % &+ % =1

/

>~

o . > X

AI

&

0 A Q(asech,0)



Return to Top

Parametric Equations:

2

2
For Hyperbola, % L =

bz

Parametric equation:

Xx=atanf,y = bsech

=

A

A 4
N




The locus of the centroid of the triangle formed by any point P on %
the hyperbola 16x? —9y?% + 32x + 36y — 164 = 0, and its foci is

(JEE Main 2021>

16x2 — 9y2 +32x + 36y — 36 = 0

9x2 — 16y2 + 36x + 32y — 144 = 0

9x2 — 16y% + 36x + 32y —36 =0

16x% — 9y? + 32x + 36y — 144 =0

Return to Top




The locus of the centroid of the triangle formed by any point P on %
the hyperbola 16x? —9y?% + 32x + 36y — 164 = 0, and its foci is

Solution: (JEE \YETla 2021>

H=16(x*+2x+1) —9(y* — 4y + 4) = 144

_ x+1)?  (y-2)% _ 1
~ 9 16

, 16 5
e = 1+;—§ = h = -1+ secH and

Foci(+ae—1, 2)=(+5-1,2) 3k = 6 + 4 tan6
Foci are (4,2) and (-6, 2)

= secd = (h+ 1) and %(k — 2) = tané
Let a general point be P(—1 + 3 sech, 2 + 4 tan®)

Let centroid be (h, k)

Now, sec? 8 — tan?8 = 1
= 16(h+1)2 —9(k — 2)% = 16

h = 16x%2 —9y2 + 32x + 36y — 36 =0

__ 4-6-1+3secl k= 2+2+2+4 tanf
- 3 A 3

Return to Top




The locus of the centroid of the triangle formed by any point P on %
the hyperbola 16x%? — 9y? + 32x + 36y — 164 = 0, and its foci is

CJEE Main 2021>

16x2 — 9y2 +32x + 36y — 36 = 0

9x% — 16y* + 36x + 32y — 144 =0

9x% — 16y* + 36x + 32y —36 =0

16x2 — 9y% 4+ 32x + 36y — 144 =0

Return to Top




®

Position of a Point;

Let P = (x;,1) be any point in the plane of the hyperbola % -

X Yy
= !
S .ﬁ_y_lz_]_
1° 42 b2

If S; > 0 — Point lies inside
If S; < 0 - Point lies outside

If S; = 0 - Point lies on the
Hyperbola

To justify above conditions, we can

substitute the foci and centerin S;.

Return to Top

2

y
b_z - 1
Y o
Exterior
. (51 <0) ;
Interior (S§; > 0) Interior (§; > 0)
< L < ® > X
F, A0 A i
Il




®

A Line and A Hyperbola:

A

v Ll

A line can intersect Hyperbola at not more than 2 points as when we solve
equation of line (linear) with the equation of hyperbola (2"? degree), we get

a Quadratic Equation, which has at most 2 distinct real roots.

Return to Top




A Line and A Hyperbola:

A line cannot be tangent to both the branches of the hyperbola
simultaneously as either point P or P’ corresponds to two real and

repeated roots of the quadratic equation.

Return to Top




Key Takeaways

Position of a Line:

2 2
Consideraline L: y =mx + ¢ and a hyperbola : % —% =1
Solving line and hyperbola we get : 4
(b? — a’?>m®)x? — 2a’cmx — (a?c? + a?b?) =0
< @
Discriminant of the above equation is: F,
D = 4a?b?(c? + b? — a®*m?) ,
A\ 4

Return to Top

<y



Key Takeaways

Position of a Line;

Case (i) : L meets the hyperbola at two distinct points

Ylk
< L @ L >
FZ A, 0 A F1 X
b
v

If line L meets the hyperbola at two distinct points,
then equation has two distinct real roots.

~D>00rc?>a*m?— b2

Return to Top




Key Takeaways

Position of a Line;

Case (ii) : L touches the hyperbola at one point

vy Hence, equation of the Line:| y = mx + Va?m? — b?

We are obtaining 2 equations with same slope as

o » tangentsto the hyperbola.
X

A
S
N
/;
3
S
=

If line L touches the hyperbola at one point,

then equation has two equal roots.

~D=0o0rc?=a*m? - b?

Return to Top




Key Takeaways

Position of a Line;

Case (iii) : L doesn't meet the hyperbola

YA

If line L doesn’'t meet the hyperbola,
then equation has imaginary roots.

~D<0orc?<a’m? - b?

Return to Top
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Equation of Tangent:

Point Form:

2
Equation of tangent to a hyperbola % —

ata point P(x;,y,) isT =0

XX,

a2

— 21 -1=0
b

y)
Y -1
b2

A




@ Equation of Tangent: AY

Point Form:
Equation of tangent to a hyperbola S : % - % =-1
at a point P(x,,y,) is given by P(xy,y1)
< > X
XXy YY1 _ 1 0
a> b2

Return to Top




@ Equation of Tangent:

Parametric Form:

Equation of tangent to a hyperbola S : % - % —1=0

at a point P(0) = (asech,btan ) is

Zsecd —2tanfh—1=0
a b

Return to Top

v
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Equation of Tangent:

Parametric Form:
Equation of tangent to a hyperbola § :

at a point P(0) = (atan8,bsech) is

Ztanf —ZsecH+1=0
a b




Equation of Tangent:

Slope Form:

Equation of tangent to a hyperbola

v

A

o
aZ 2

b

— 1 =0 having slope m is

y = mx + Vva*m? — b?

2 2
Point of contact of the tangent is (— acm, — bT

) where ¢ = +Va?m? — b2



@ NOTE:
2

2
y = mx + ¢ will be tangent to%_

-
ﬁ——l

if C2 = bz — azmz.

Return to Top




g

A pair of tangents are drawn from the point (4,3) to the hyperbola

2 2
% — % = 1. Let 6 be the acute angle between them. Which of the

following is/are true ?

tan @ = =
3
One of the tangent is horizontal

One of the tangentis3x —4y =0

One of the tangent is vertical

Return to Top




A pair of tangents are drawn from the point (4,3) to the hyperbola
2 2
% — % = 1. Let 6 be the acute angle between them. Which of the

following is/are true ?

Solution: 4
Let P = (4,3)
s:E_Y_ 4 = a®?=16,b* =9 P(4.

16 9

42 32 < -

SP_E_?_l__1<O A A(
Hence P is the exterior point.
By observation, tangent through P(4,3) v

passes through the vertex A(4,0).

=~ One tangent is vertical.
Equation of tangent : y = mx + Va?m? — b?

Return to Top Equation of tangentat P: 3=4m++v16m? —9




A pair of tangents are drawn from the point (4,3) to the hyperbola
x2

2
o % = 1. Let 8 be the acute angle between them. Which of the

following is/are true ?
Solution: *
= (3—4m)? =16m?> -9

= 9+ 16m? — 24m = 16m? — 9 P(4‘

=>m_18_3 -
T 24 4 A

A

~ Equation of other tangentis3x —4y =0

Let a be the inclination of the tangent v
with x —axis.

= tana = >
4
~ The acute angle between tangents,

Returnto Top o = 10— (90 u a)




A pair of tangents are drawn from the point (4,3) to the hyperbola

2 2
% — % = 1. Let 8 be the acute angle between them. Which of the

following is/are true ?
Solution: *
tan 6 = tan(90 — )

tan @ = cota

A

4 !
tan9=§ 4

Return to Top




2 2
Let a line L; be tangent to the hyperbola %—y: =1and let L, be the line %

passing through the origin and perpendicular to L,. If the locus of the point
of intersection of L; and L, is (x? + y?)? = ax? + By?, then a + B is equal to

Solution: (JEE Main 2022>

x sec 6 _ytanG _ 1."(1.)

Equation of L, is: ” >

Equation of L, is: “zne + yszcg =0...(ii)

Required point of intersection of L; and L, is (x4, y;) then,

xisecl y;tané
4 2

—1=0..(ii)

xitan@ . y;secf

And +
2 4

=0...(iv) Required locus of (xy,y,) is:

From equation (iii) and (iv) (x* +y?)? = ax® + By?

4x 2 o — —
secH = > 12andtan9:— 2y12 --a—16andﬁ— 4

Thus,a +p =12
Return to Top




The locus of the midpoint of the chord of the circle, x? + y? = 25 %

2 2
which is tangent to the hyperbola, % —L =1js

16 .
CJEE Main 2021)
“ (x%2 +y2)2—-16x%2+9y? =0

H (x? +y2)2 —9x2 + 144y> =0
E (x?2 +y2)2-9x2—-16y%2 =0
ﬂ (x2+y2)2 —9x2 +16y2 =0

Return to Top
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The locus of the midpoint of the chord of the circle, x? + y? = 25

2

2
which is tangent to the hyperbola, % —L =1js

16

Solution:

Tangent to the hyperbola: y = mx + Vo9m?2 — 16 ... (i)
Which is a chord of the circle with mid-point (h, k)
So, equation of chord, T = §;

hx + ky = h? + k?

hx h2+k2
>y=-——+ .. (i)

By (i) and (ii)

h h2+k?2
m=—— and V9m? — 16 = p

2 2
59k 6= (HD
k? k

~ Locus is: 9x2 — 16y? = (x? + y?)?

(JEE Main 2021>

g



The locus of the midpoint of the chord of the circle, x? + y? = 25 %

2 2
which is tangent to the hyperbola, % —L =1js:

16 .
(JEE Main 2021)
“ (x* 4+ y?)> —16x%*+ 9y =0

ﬂ (x% +y2)? — 9x% + 144y% =0
a (x2 +9y2)? —9x2 —16y%2 =0
ﬂ (x2+y2)2 —9x2 +16y2 =0

Return to Top




x2 y2

— —=—=1atthe point (x1,y;). Then x? + 5y? isequal to :

m A line parallel to the straight line 2x —y = 0 is tangent to the hyperbola %

4 2
CJEE Main 2020)
g .
g .
g -
g -

Return to Top
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A line parallel to the straight line 2x —y = 0 is tangent to the hyperbola
2 2
——2-=lat the point (x;, ;). Then x{ + 5y is equal to:

CJEE Main 2020)

Solution:
XX YY1 ]
T: " Tl 1..(0)
6
t:2x —y =0is paralleltoT
=>T:2x —y = A..(ii) 10
Now, comparing the slopes, x; = 4y,
(x1,y1) lies on the hyperbola 8
2
= 4y2 — %1 =1
5

:>7y12:2

Now, xZ + 5y? = 21y2 =6



q Key Takeaways

Return to Top

Director Circle:
Locus of the point of intersection of

perpendicular tangents to a hyperbola is

A
®

a circle concentric with the hyperbola

which is called Director Circle. /
x2 y2

For hyperbola S: = g L

2 b2

Director Circle: x%2 + y? = a? — b?

(x—0)% + (y — 0)2 = (VaZ = b2)’

Director Circle of the hyperbola is concentric with the hyperbola.



Director Circle:

x2 yZ

Equation of tangent to hyperbola i 1

y = mx + Vva*m? — b? X

y? + m?x? — 2mxy = a®*m? — b?

passing through P(h, k)

< .
m?(h? — a?) — 2mhk + k> + b =0 F,
\ J
hd
(my, my)
For director circle m; - m, = —1

Return to Top




®

Director Circle:

For director circle m; - m, = —1
k?+b? Y
h2—q2 = =1l A
(hk) - (x,y)
= y% + b? = a% — x? Y .
F;

= x%2+y% =a?—b?

CENTER (0,0) & r = VaZ — b2

Return to Top




®

Note:
For Director Circle r = Va? — b2

If a®> > b? real circle
a’? = b? point circle

a? < b? imaginary circle

Return to Top

Y

A




®

Note:

Equation of Director Circle for the hyperbola

Z—Zz—lis x% +y% = b? —qa?

b > a —» Real Circle
b = a - Point Circle

b < a - Imaginary Circle

Return to Top

YA

A




®

Note:

Equation of Director Circle of

AX=nh

x-n? _ (-k)? _ 1i

a? b2

A
[\?10
2R
N\
5
o

Return to Top

IS

(x — h)2+(y — k)?= a? — b?




Session 09

Asymptotes and Geometrical

Properties of Hyperbola

Return to Top




. Chord of Contact;

Return to Top

If the pair of tangents drawn from an
external point P(xy,y,) to the hyperbola § =0
touch it at the points A and B, then 4B is
called Chord Of Contact.

Equation of ABisT =0

Point of intersection of the tangents A(a), B(B)
on the hyperbola § =0 is

EE)

cor(2D) ol

P(xlly

A(a)

A

B(B)

> v



@ Chord with given mid point:

The equation of a chord of the hyperbola

S = 0whose mid pointis P(xy,y;)is | T =S;

Where

s=5-L-1
51_’; Z—f—1
T ’Z‘; % 1

Return to Top

A
(]

A(a)

P(x1,y1)

B(B)



The locus of the mid points of the chords of the
hyperbola x? — y? = 4, which touch the parabola y? = 8y, is:

(JEE VE 2021)

n y2(x —2) = x3
E y3(x —2) = x?
a x3(x —2) = y?
ﬂ x*(x —2) =y?

Return to Top




The locus of the mid points of the chords of the
hyperbola x? — y? = 4, which touch the parabola y? = 8y, is:

Solution: (JEE Main 2021)

Let the mid point of chord of hyperbola, x? — y? = 4 be (x4, y;)

. Equation of chord is: xx; —yy;, —4 =x? —y2 — 4

2_ .2
.'.y=ﬁx+M . ()

Y1 Y1
+ Equation (i) is tangent to parabola y? = 8x, then

2_.2
yi—xi _ 2

Y1 £

A

= (yf —x{)x = 2y7
=>Y12(x1 - 2) =xf

Thus, the required locus is: y2(x — 2) = x3
Return to Top ' 9 y( )




The locus of the mid points of the chords of the
hyperbola x? — y? = 4, which touch the parabola y? = 8y, is:

(JEE Main 2021)

a y?(x —2) = x3
H y3(x —2) = x?
a x3(x —2) = y?
ﬂ x%(x—2)=y3

Return to Top




Key Takeaways

Point Form:

Equation of normal to the hyperbola § =0
at P(x,,y,) is
P(xy, y1)

—= = a? + b?

><V

Return to Top




Key Takeaways

Parametric Form:

Y 4
Equation of normal to the hyperbola § =0
at P(0) is
P(6)
ax by 5 2
sec 6 tanB_a +b < >
X

Return to Top




Key Takeaways

Slope Form:

Equation of normal to the hyperbola § =0
whose slope ism is:

(a2+b%)m

)
\/aZ_meZ

Sy=mx+ whereme[_?a,%] P

>y

Return to Top
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@ Let P(3,3) be a point on the hyperbola Z—z — Z—Z = 1. If the normal

to it at P intersects the x-axis at (9,0) and e is its eccentricity,
then the ordered pair (a?,e?) is equal to
CJEE Main 2020)

Return to Top




g

2 2
Let P(3,3) be a point on the hyperbola % — % = 1. If the normal
to it at P intersects the x-axis at (9,0) and e is its eccentricity,

then the ordered pair (a?,e?) is equal to
(JEE YE 2020)
Solution:
Y)\
; : L xE P

Given : Hyperbola : === 1
Point P = (3,3) lies on it P(x3,y1)

9 9 . P S

Equation of normal at P :

Return to Top
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g

Let P(3,3) be a point on the hyperbola Z_z — Z—Z = 1. If the normal

to it at P intersects the x-axis at (9,0) and e is its eccentricity,
then the ordered pair (a?,e?) is equal to
(JEE Main 2020)

Solution:

Above normal intersects the x-axis at (9,0)

Y4
2(9) + 0 = a?e?

L o2 3 P(x,y1)

Now, ez =42 5 3=1+2 ) PAND N

= b? = 2a? -+ (ii)

Substitute in (i),




@ Let P(3,3) be a point on the hyperbola Z—z — Z—Z = 1. If the normal

to it at P intersects the x-axis at (9,0) and e is its eccentricity,
then the ordered pair (a?,e?) is equal to
(JEE Main 2020)
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I Asymptotes:

If the distance between hyperbola and a line
tends to zero when a one or both of x and
y coordinates approach to infinity, then that

line is called ‘Asymptote’ to the hyperbola.

Asymptote is tangent to hyperbola at infinity.

Return to Top
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®

Note:

Asymptotes always pass through the
center of hyperbola.

Transverse and the conjugate axes act as
angle bisectors of the angle between the
asymptotes.

Return to Top
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Note:

i) If 8 is the acute angle between asymptote.

b
my=-,m,=—-— b b
a . =25
y a Y 4 y a
b, b
T2 2ab
— |a_a mi—m
tan 0 b2 a2—b2 tan 8 = | 1 2
1—? 1+mym,
0
tan—- =- y A I
2 hal U »
X

_4b
=60 =2tan"1-
a
b 9
A|SO,Z=\/62 -1 = tan>

) )
ez=1+tan25 = e =sec_




@ Note:

Return to Top

ii) A hyperbola and its conjugate have the

same asymptotes.

. B _b

H'x—z—y—2—1=0 Y= "% Y 4 y=a*
‘a2 b2

Lx2 oy

A';_b_2=0

Lx2 oy J 4 1
C.E_b_z_l_l:O < U )r(
NOTE:

Hyperbola, pair of asymptotes and conjugate

hyperbola differ by a constant with H + C = 2A
If H: ax? + by? + 2hxy + 2gx + 2fy +c =0
then A:ax? + by? + 2hxy + 2gx + 2fy +c+ k =0

(A= 0 for straight line)




@ Note:

iii) For a rectangular hyperbola x? — y% = a?,
equation of asymptotes is y = +x which are at
right angles.

Il
=

A % 3/

><V
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Find the equation of the asymptotes of the hyperbola

xy — 3y —2x = 0.

Solution:

Given hyperbola: xy —3y—2x =10
Combined equation of pair of asymptotes is

xy — 3y — 2x + A = 0 (represents a pair of lines)

Y

= abc + 2fgh — af? — bg? — ch?> =0 A

=0+2-0-0-2=0 ( a=0b=0c=1

>1=6 h=3,9=-1f=-3
Equation of pair of asymptotesisxy —2x -3y + 6 =0
=>x(y—2)—3(y—2)=0

>x-3)y—-2)=0

~ Equation of the asymptotesarex —3=0and y—-2=0




@ Rectangular Hyperbola: xy = c?

When the centre of any rectangular hyperbola is at the origin and its

asymptotes coincide with the co-ordinate axes, its equation is xy = c2.

A

Y

Return to Top




@ Terms related to Hyperbola : xy = ¢?

[ Asymptotes: [ =0,y =
| Eccentricity: [ V2

| Center: [ (0,0)
( Equation of T.A.: [ y=x

[ Equation of CA.. [ y=—x

Return to Top




@ Terms related to Hyperbola : xy = ¢?

Vertices: L (¢c,¢), (=¢,—c) ]
Length of T.4.(= C.A.): | L 2V/2c
Foci: (V2e,V2c), (—V2c, —VZc)
Equation of L.R:: x+y=+2V2c /
i & L (VZe v
Length of L.R.: 2V2c q
Equation of directrices: x+y=+V2c

Return to Top




Key Takeaways

Parametric Equation
For xy = ¢? .
x=ct,y=z (t+0)

is the parametric form of equation.

YA

P (ct,%); t € R— {0}

A

> X
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Key Takeaways

Equation of Tangent : xy = ¢?
For xy = ¢?
Equation of tangent in point form is T = 0.

Xy1+yx
Replace xy —» 22224

~ Equation of tangent becomes xy, + x;y = 2¢?

Slope of tangent is — %
1

Note :

e Slope of tangent is always negative.

Return to Top

Y/

P(x1,y1)

A

il



& Key Takeaways

For xy = ¢? f
Equation of tangent xy; + x;y = 2c? Tw

. . 2c2 P(xliyl)
x — intercept i.e, OM = — and J u

y > X
. . 2612 0 M\
y — intercepti.e, ON = —

X1

~ Area formed by the tangent w.r.t
coordinate axes i.e., Ar(AOMN) \

1 2c2  2c?  2c¢2x2c? 2 .
—oX X = — = 2c¢“sq. units.
2 V1 X1 2c

Note :

e Area formed by the tangent w.r.t coordinate axes is
always constant.

Return to Top




Letaline L:2x + y = k, k > 0 be a tangent to the hyperbola
x? —y? =3.If L is also a tangent to the parabola y? = ax,

then a is equal to:
(JEE Main 2021)

—24

24

12

—12

Return to Top
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Letaline L:2x + y = k, k > 0 be a tangent to the hyperbola
x? —y? =3.If L is also a tangent to the parabola y? = ax,
then a is equal to:

Solution: (JEE Main 2021)

x? —y? = 3 is a rectangular hyperbola.

GivenlineL:2x+y=k,k>0

—24

= L:y=—-2x+kistangenttox? —y? =3
~k=+12-3=3 24
=>Ly=-2x+3

. 12
+ L =0 isalsotangentto y? = ax
.2 — 4 - _
--3—_2=>(Z— 24‘ _12

e



Key Takeaways

Equation of Normal : xy = c?

xy = c?

T :xy; +yx; = c?; mp = -2
1

X1
o mN = —
Y1

N=y—y1=%(x—x1)

Yy1—yi = xx; — X7
~ Equation of normal in the point form is
XXy = YY1 = x{ = ¥1

Return to Top
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Key Takeaways

Note :

xy = c?

N : _ — 2 _ 4,2
XX, YY1 = X1 — W1

x x1>0,y; >0-> +ve

S My =
N 41 \
x <0,y <0-> +ve

® Slope of normal is always positive.

Return to Top

X



Key Takeaways

Parametric Form :

xy = c?

T:xy, +yx; =c% mp=-—=
X1 = Ct,yl =%

Differentiating xy = ¢? w.r.t x.

dy
y+xdx—0
¢
P S [
T dxlp xlp ct t
.'.mNth

Return to Top

1

ct

1
t2




g

For the hyperbola xy = 16, which of the following is/are true ?

Length of Latus Rectum is 8v2
Tangentat (2,8)is2x+y—12=0

Chord with midpoint (5,6) is 6x + 5y = 60

Normal at (4,3) is4x—3y+7=0

Return to Top
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For the hyperbola xy = 16, which of the following is/are true ?

Solution:

Given: Rectangular Hyperbola xy = 16
= c? =16

. __2b?
() LLR = i

=2a (va=b>b)
=2V2c =8V2 (~a=+2c)
(ii) Tangent at (2,8): xy; + yx; = 2¢?
= 8x + 2y = 32
=>4x+y=16




For the hyperbola xy = 16, which of the following is/are true ?

Solution:

Given: Rectangular Hyperbola xy = 16

=c2 =16

(iii) Chord with mid-point (5,6):T = S;

xXy1+yx
=>—y12y L—c? =xyy; — c?

X+ _ 16 =30—16

= 6x + 5y = 60

(iv) Normal at (4,3): xx; —yy; = X{ — ¥
>4x -3y =7
=>4x—-3y—-7=0

Return to Top
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For the hyperbola xy = 16, which of the following is/are true ?

L.L.Ris8V2

Tangentat (2,8)is2x+y—12=0

Chord with midpoint (5,6) is 6x + 5y = 60

Normal at (4,3) is4x -3y +7=0

4



@ Geometrical properties of hyperbola :

(i) If an incoming light ray passing through one focus S strike convex side
of the hyperbola then it will get reflected towards other focus §'.

Incident ray

Y ,\ Tangent

A

Reflected ray

A
X
T
<
= 1
(@]
\v
e .~
N
Q
&
(e}
—/

Return to Top




Geometrical properties of hyperbola :

Return to Top

(ii) If an ellipse and a hyperbola are
confocal, then they intersect
orthogonally.

Note:

Conversely, if ellipse and hyperbola
intersect orthogonally, then they are
confocal.

b-.<

N
>




Return to Top

Geometrical properties of hyperbola :

(iii) If PSQ is a focal chord of the

1 1 2a
hyperbola § = 0, then 3T 5o =152 O
Semi latus rectum is the H.M. of SP

=lale NYOR

2
% = Harmonic mean (PS & QS)

b2
IPS1,Z, QS| > H.P.

1 a 1

E'b_Z'IQ_Sl_)Ap
a 1 1
=2 (53) = ot i

A




Geometrical properties of hyperbola :

(iv) Feet of perpendiculars from the foci upon any
tangent to a hyperbola, lie on the auxiliary circle.

Y

A

A
y

S'(—ae,0) / S(ae,0) X
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Geometrical properties of hyperbola :

(v) Product of the lengths of perpendiculars from foci upon any tangent
of a hyperbola, is equal to the square of the semi-conjugate axis.

A

Return to Top




@ Geometrical properties of hyperbola :

(vi) The portion of the tangent to a hyperbola between the point of contact
and the directrix subtends a right angle at the corresponding focus.

’US
N

A

a
X=—"—Vv v Vv X =-—
e

Return to Top
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@ Geometrical properties of hyperbola :

(vii) If a triangle has its vertices on a rectangular hyperbola, then its orthocentre
also lies on the same hyperbola.

_ c
H=( - Ct1t2t3)

A

Return to Top




Sum of length of perpendiculars drawn from foci to any real tangent to %

2 2
L 2 = 1isalways greater than or equal to a, then find the value of 'a’.

16 9
(JEE Main 2021>

Solution:

Property: Product of the lengths of perpendiculars from foci upon any tangent
of a hyperbola, is equal to the square of the semi-conjugate axis.

Y
Pl‘P2=b2 A
Pl'P2:9
AM.>G.M. d;
=G < . > X
S
Pl:PZZ'\/g
P+ P,>6
La=

Return to Top
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