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/ Mathematical Induction

and its Applications
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Key Takeaways \ {% |

Mathematical Induction:

* Mathematical Inductionis a techniguewhich is used to prove a
mathematical statement, a formula or a theorem valid for every
natural number starting from some initial value.

* Supposethereis a given statement P(n) involving natural number n.

e To prove the statement, we follow these two steps:




Key Takeaways

(i) BASE STEP (Basis):

Prove that statement is true for initial value of n.

(ii) INDUCTIVE STEP:
Prove thatif the statementis trueforn =k
(where k is positive integer greater than the initial value)
then the statementis also trueforn=k +1

i.e. truth of P(k) implies truth of P(k + 1).

Then, P(n) is true for all naturalsnumbersgiven in the statement.




Prove using principle of mathematical induction for all n € N.
| R

Let the given statementis P(n), i.e.

P(n) =142 4+3+ - +n =200
Fornzl’
P(1) =1 =22 = 1 whichis true

2

Assume that P(k) istrue for some positive integer k, i.e.

k(k+1) .
- O)

P(k)=1+4+2+3+ +k=

\



Prove using principle of mathematical induction for all n € N.

| R

n(n+1)
2

P(n) =1+2+3+-+n

P(k) =142 43+ -+ k = K&,

Now, prove that P(k + 1) isalso true

14+2+3++k)+k+1)

k(k+1) n (k +1) = (k + 1)( ) i (k+1)2(k+2)

Thus, P(k+ 1) is true,whenever P(k) is true.

Hence, statement P(n) is true for all naturalnumbersn.

\



Prove using principle of mathematical induction for all n € N.

nn+1)(2n+1)
6

124+ 2% +3% 4+ . +n* =

Let the given statementis P(n), i.e.

P(n) =12+ 22 4 3% 4 - 4 n? = HED

Forn=1,

=1 whichis true

. 1(2@®)
P(1))=1= e

Assume that P(k) is true for some positive integer k, i.e.

k(k+1)(2k+1)

P(k) =12+4+22+3%+ -+ k%= ,

\ W



Prove using principle of mathematical induction for all n € N.

nn+1)(2n+1)

124224324+ -+ n? = ,

k(e +1)(2k+1)
6

Now, prove that P(k + 1) isalso true

P(k) =1%+22+3%+ -+ k? = - (D)

(124224324 4+ k) + (k+1)?
_ k(k+1)(2k+1)
6

_ k(2k+1) _ (k+1D)(k+2)(2k+3)
—(k+1)( . +(k+1))_ .

+ (k + 1)?

Thus, P(k + 1) is true,whenever P(k) is true.

Hence, statement P(n) is true for all natural numbersn.

\ W
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\ Prove usmg prmcuole of mathematical induction for all n € N.

y

nF+ o +—_1——

Zn

Let the given statementis P(n), i.e.
P(n) :1_|_l_|_1_|_..._|_i =1 _1

2 4 8 2n 2n

1 1 1 . 5

Forn=1, P(1) === 1 —E=Ewhlch|strue
Assume that P(k) istrue for some positive integer k, i.e.

1 1 1 1 1 .
Pk) =>4+t tp=1— (D

Now, prove that P(k + 1) isalso true

1
2k+1

(CEEEE RN
2 4 8 2

1
2k+1 T ok+1

=1-—+

Thus, P(k+ 1) is true,whenever P(k) is true.

Hence, statement P(n) is true for all natural numbers n.

\



Prove using principle of mathematical induction for all n € N.

I .
2:5 5-8 811 (3n-1)(3n+2) 6n+4

Let the given statementis P(n), i.e.

1 1 1 1 n
P(n) = 2.5 T §+ 811 e (3n—-1)(3n+2)  6n+4
Forn=1,
P(1) == =2 =-1 whichis true

25 10  6+4

Assume that P(k) istrue for some positive integer k, i.e.

P(k)=i+;18+i+...+ 1 k (l)

25 811 (3k-1)(3k+2) _ 6k+4

\ W



Prove using principle of mathematical induction for all n € N.

2:5 5-8 8-11 (3n-1)(3n+2) 6n+4

Now, prove that P(k+ 1) isalso true

1 1 1 1 1
(E LT irEr (3k—1)(3k+2)) T ((3k+2)(3k+5))

k 1
"~ 6k+4 t ((3k+2)(3k+5))

1 (k 1 )_ (k+1)(3k+2) _ (k+1)
 3k+2

2 3k+5/) T 2(3k+2)(3k+5) _ (6k+10)

Thus, P(k + 1) is true,whenever P(k) is true.

Hence, statement P(n) is true for all natural numbersn.

\ W
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For every positive integer n, prove that 32"*% — 8n — 9 is divisible by 8.

Let the given statementis P(n), i.e.

P(n):3?"*2—8n—9 is divisible by 8

Forn=1,

P(1) =81—17 = 64 (64 is divisible by 8) whichis true

Assume that P(k) istrue for some positive integer k , i.e.
P(k):3%k*2 — 8k — 9 is divisible by 8
e 3%k*2 8k —9=82,1€ N (i)



\ K

For every positive integer n, prove that 32"*% — 8n — 9 is divisible by 8.

Now, prove that P(k+ 1) isalso true
2 P(k):3%k*2 _8k -9 =81,1 €N

32(k+1)+2 _ 8(]( + 1) -9

=9.32kt2_gk_—-9_8

=32k+2+8'32k+2—8k—9—8

=32k+2—8k—9+8'32k+2—8

=81+ 8(32’“r2 — 1) is divisible by 8

Thus, P(k+ 1) is true,whenever P(k) is true.

Hence, statement P(n) is true for all natural numbersn.



For every positive integer n, prove that x?™ — y?" is divisible by x + y.

Let the given statementis P(n), i.e.

P(n):x?" — y2*is divisible by x +y

Forn=1,

P(1) = x?> —y? = (x —y)(x + y) is divisible by (x + y) which s true

Assume that P(k) is true for some positive integer k, i.e.
P(k):x%* — y2% is divisible by x + y
e x?® —y?2k=2(x+y), €N (i)



For every positive integer n, prove that x?™ — y?" is divisible by x + y.

Now, prove that P(k + 1) isalso true

xz(k+1) 2(k+1)

-y

2

= x2 . x2k

22k o 2 T
= x2(x2K — y2K) 4+ y2K(x2 — y2)

= Ax + y)x? + y?*(x2 — y?)

=(x+7y) (sz + y2*(x — y))

Thus, P(k + 1) is true,whenever P(k) is true.

Hence, statement P(n) is true for all natural numbers n.



\

For every positive integer n, prove that 2™ > n.

Let the given statementis P(n), i.e.
P(n):2">n

Forn=1, P(1) =2 > 1,whichistrue
Assume that P(k) is true for some positive integer k, i.e.
P(k):2% > k

Now, prove that P(k + 1) isalso true

2% >k, multiplying both sides by 2

= 2k+1 > 2k

=2 > k+k

=2 > k+1

Thus, P(k + 1) is true,whenever P(k) is true.

Hence, statement P(n) is true for all naturalnumbersn.
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’ A\
v Statement: p(n):n? = 3nistrue, then which of the following is correct ? O

B -
. vneNn>1

For all odd natural
numbersn




(A
Statement: p(n):n* = 3nistrue, then which of the following is correct ? \ O

p(1):1 =3 is nottrue.

p(2):4 = 6 isnottrue.

p(3):9 =9 istrue.

p(4):16 = 12is true.

p(5):25 > 15is true.

By the principle of mathematical induction as shown below that p(n) istruevn > 3
Supposep(k):k? > 3k, k > 3 is true

We have to prove thatp(k+ 1):(k +1)?2 > 3(k+ 1)

Here (k + 1) =k? + 2k + 1

(k+1)2>3k+2k+1(Ask>3,So2k+ 1> 3)



(A
Statement: p(n):n* = 3nistrue, then which of the following is correct ? \ O

Here (k+1)2=k*+2k+1
(k+1)>>3k+2k+1(Ask>3,So02k+1=>3)
Since, (k+1)? >3k+3 =3(k+ 1)
(k+1)?=3(k+1)

p(k+ 1) is true.

Hence, By the principle of mathematicalinductionp(n):n? >3n;¥n € N, n > 3 istrue



| Introductionto

Binomial Theorem
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Binomial:

e An algebraic expression containing two dissimilar terms is called a Binomial.

Example:

a+b
o a® —h?
2x + 3y

Trinomial:

e An algebraic expression containing threedissimilar terms is called a Trinomial.

Example:

3x2+7y%+ 2
o 202 —b%2+7
2a® + 7ab + 9b

\ni—. P2~ W PN PN
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# .\\‘

Polynomial:

An algebraic expression containing one, two or more dissimilar terms with
* non-zero coefficient (with variables having non-negative integers as exponents)

is called a Polynomial.

Example:

2a+5b
® 3xy+5x+z
3x+5yz—7z+11

\oi—. P2~ W PN PN
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Algebraic Identities:

(a+b)°=1

(a+b)t=a+b

/ * (a+b)? =a?+2ab+ b?

(a+b)2 =a®+3a%b+3ab*>+ b

\ni-. U2~ W PN PN
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2:1—. T~ W - NN

* (a+bh)=1 1

°* (a+b)l=a+b a'b® + a%p?t

| Observation:
| ° (a+b)2=a?+2ab+b? a2b® + 2alb! + a®h?

* (a+b)®=a3+3a°b+3ab?+h3 a3h® 4+ 3a?b + 3alb? + a’b3

Note:

e Numberofterms=n+1 (Ifdegreeisn)

e Exponentof adecreases fromnto 0,and exponent
of b increases from 0 to n.

e Inanyterm, the sum of exponentsof a and b is n.




Key Takeaways

Pascal's Triangle:

1
1 1
1 p) 1
1 5 3
4 6 4
5 10 10

(a+b)°=1

(a+b)'=a+b

(a+b)* = a®+2ab + b*

(a + b)® = a> + 3a®b + 3ab* + b3

(a+b)° =a* +4a3b + 6a?b? + 4ab?® + b*

(a+b)° =a® +5a*b + 10a®b? + 10a?b3® + 5ab* + b°

(a+b)° =a® +6a°b+ 15a*b? + 20a3b3 + 15a%b*
+6ab® + b°




P Key Takeaways

Pascal's Triangle:

e Pascal'striangleis used to determine the coefficients in the binomial expansion.

e Butthisprocessis quite lengthy whenthe index (n) is large.

Hence a general rule to expand (a+ b)™ without writing all the terms of
Pascal's Triangle is required.

2:1—. 1~ W B~ NN
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Factorial Notation:

e The productoffirst n naturalnumbers is denoted by n!

n=1x2x3x4x--x(n—1)%Xn

Example:

o 2!=2Xx1=2

e 31=3X2!=6

§+| Mol @ o
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Factorial Notation:

Note:

e Wedefine0!=1
enl=n-n—D!'=nxnm-1)x(n-2)!andso on..

Example:
o 11=1 e 21=2X%X1=2
e 31=3x%x2I=6 e 41=4x31=4x%x6=24

e 5!=5%X4!=5%x24=120 e 6!=6Xx5!=6x120=720

§+| Mol @ o e




8!

1 1 X
— ===
8! 9! 10!

10! = 10!
Sx=—4—.
gl ' ol
10-9-8!  10-9!
= + .

8! 9!

=X

=>x=10-9+10=100

IfL +$ = 1% then find x.

n=n-n—-D'!'=n-(n—1) - (n—2)!



ﬁ Key Takeaways

Formulasfor Combination:

e ng Or C(n,7) or (:) denotesthe number of combinations (selections)
of r thingschosen from n distinct things.

Ne = Y _where0<r<n neN,rew
T ri(n-r)!

n! n!

* "G T ooy w
n! n!

e MN¢ = = =1;

n pl(n-n)!  n!o!
n! n!

ri(n-n! B (n—-(n-r)!(n-r)!

RN G e, - =

o N¢g, =Ng Dr=sorn=r+s

2:1—. Mol @ o




P) Key Takeaways
—7 1

Indexn=1 —— 1¢, 0
Indexn=2 —» ZCD 2{:‘1 2C,
/ Indexn=3 —» 3C0 3(:'1 3C2 3C3
Indexn=4 — 1C, &0 o *Cq E&
Indexn=5——>> 5(C, *C1 35, °C, £, >Cs |

[ "co, ey, ey, e, e, are the binomial coefficients.

[\M-..w-\'r e —



P Key Takeaways

——————

Important Results:

° nC‘r + ncr_1 — n+1cr
e n—-r+1
° =
CCrq r
- nn-1) ,_
o No =L1mn 1C = n—2
r r—1 r(r—1) r—2

\ni-. U2~ W PN PN
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Find the value of 1°¢, -

Given: 1°C,,heren=10andr = 4

100 )

416! "C, = o where0<r<nneNrew

10C4 —

10X9X8X%X7xX6!
4! 6!

10X 9X8X7
B 41

=210



Ed!/' Solve for n, "c,2_, = "c5

Ng. =Ng. r=s0rm=r+s
T S

1 n —n
Given,"c,z2 _,: = "cs

=>n?—-25=5 {r =s)}

=n2 =30

Asn & N It will be rejected.

1 n —
Given,"c, 2 _,c = "cx

>n?2—-25+5=n {r+s=n}

>n2-n—-20=0
> (n—5)(n—4)=0

>n=5n=-4



If "cqg = cg, then find "cy:

Given,nC9 = an

>n=9+8=17

n I —
= "c16 = 16 = 17

Ng. =Ng. r=s0rm=r+s
T S



et

pﬁ/ The value of Y12 6¢

11A£5 16C‘r = 16C5+ 16C6+ 16C7+16C8 +16C9 +16C10 _|_16C11 +16C12

= (*oc5+ ocg) + (*°c; +10cg) +(*0co +10c1q) +(*Oc11 +1%¢15)

ne. 4 "g,_q = n+1CT

- 17C6 + 17C8 + 17C10 + 17C12 - 17C11 + 17C9+ 17C10+ 17C12

= (Yey + Y1)+ (Mg + Yeqp)

18

= 18c1p + 8¢y = e + Pcq



12 16
The value of }:2c “°c,,

- *
. Yes +17¢q
. Yee+ Yeg



/ Binomial theorem and its

applications
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Key Takeaways

Binomial Theorem:;

e Ifn €N, then

(a+b)" = "cua™b® + "cia™ bt + "c,a™2b? + -+ + "¢, a%b"

(a+b)" =3*_, "c a3 "b"

Number ofterms=n+1 .

o "¢y, cq,Mcy, -+, ",y are called binomial coefficients.

Index of a decrease from nto 0,and Index of b increase from 0 to n.

In any term sum of exponentsof aand b is n.




A\
Key Takeaways %

Binomial Theorem:;

® The coefficient equidistant from the beginning and the end are equal.

o k™" term from the end is equal to (n — k + 2)'" term from the beginning.




o
For the expansion of (a + b)1° \ =
1. Number of terms in expansion.
Draw the Pascal’s Triangle row for above expansion.

W

Using second find the coefficient of a®hb®.
4. Using second find the coefficient of a*hb®.

Number of terms=n+1 . (a+b)" =31 c,.a™"h"
=>n =10 ©@Number of terms =11 Here,n—r=5andr==6

Here, n = 11 which is not possible.

1 10 45 120 210 252 210 120 45 10 1



For the expansion of (a + b)1°

1. Number of terms in expansion.

Draw the Pascal’s Triangle row for above expansion.

3. Using second find the coefficient of a®b®.

o

Using second find the coefficient of a*b®.

(a+b)"=3"_"c,a™"b"
Here, n—r=4andr =6
>n=10

Here, Coefficient will become ¢,



If 18C,,. = 18C,.3 thenthevalue(s) of ris

18C2r = 18Cr+3

So,

2r=r+3 or2r+r+3 =18

n C‘r‘

nCn—r



If 18¢C,, = 18C,.; then the value(s) of ris




P Key Takeaways

BINOMIALTHEOREM

Ifn €N, then

@ )

(a+b)" ="Cya™® + "C; a™ bt + "Cy a™%b% + .- + *C,, a®b

n

- z nC.a™ T h"

\ r=0 j 4




9 ) Key Takeaways

General Term

We have,

® (a+b)" ="Cya™® + "Cy a™ bt + "C, a¥ 2% + -+ + "C,, D"

/ | . |

Ty T, T3 Tn

® (r+1)™ terminthe expansion of (a + b)" is called General Term.

[Tr+1 = "¢ g Th1 1

§+| Mol @ o




Expand (x2 + 2)4 :

(a+b)" ="Cya™b® + "C; a™ bt + "C, a™"2b* + --- + *C,, a'b"

3
a=x%b="=
X

2

(x?+ 3)4 = 4Co (D + 40, (32 + 46, (22 (2) + 46 () (3)3 + %€, (,%)2

81
x4

4
:>(x2+3§c) =x8+12x5+54x2+%8+



/ Find the number of terms in the expansion of (1 + 3x + 3x? + x3)4°:

=3 \ P

(14 3x+3x%2 + x40 =[(1 4 x)3]40
= (1+ 0120

+ Numberofterms=n+1

~ Number ofterms = 121



4 4
\ 7
V Find the number of terms in the expansion of (1 + 3x + 3x? + x3)49;

W
T

B




’ | Ifthe third term in the binomial expansion of (1 + x1°82 %) is 2560, \ {%

/

e then a possiblevalue of x is: =

: 5
Given: (1+ x!°82%)” and Ty = 2560
=Ty = 2560 | Toyy="C,a™ " b"

= 5C,13 - (x1982%)2 = 2560

= 10 x21°82* = 2560

= x21082* = 256

= 2log;x =log,256=28log,2 (Bytakinglog, on both the sides)
= (log,x)? =4

= log,x = £2

1
=>x=4orz



v If the third term in the binomial expansion of (1 + x1°82 %) is 2560,

then a possiblevalue of x is:

| JEE MAIN 2019

B .
. .
8

2v/2



=e¢ | Theratioofthe5™term fromthe beginningtothe5®term from the end in \ %

10
1
the binomial expansion of <ZE+ - 1) is:
ACL

10
) L 1
Given: (23 + 1)
2(3)3

k" term from theend = (n— k + 2)" term from the beginning.

5t term from the end = (10— 5 + 2)™ term from the beginning

= 7%h term

1 1 \4

10C4 (23)6( >
n, 2(3) -
5 f4a+1 __ —_n n—r jr
- _ 3 Tr+1 - Cr a b

ee T 1
T, Te+1 ¢ (23)4—
2(3)3

>~]
W[

Return To Top



— |
— ]

)

The ratio of the 5% term from the beginning to the 5% term from the end in \ %

10
1
the binomial expansion of <25+ : 1) is:
2(3)3




v The ratio of the 5t term from the beginning to the 5% term from the end in

10
1
the binomial expansion of <2§+ = 1) is:

2 (3)3
A e
IAGE
B e
1:4(16)3 :

1
B 6o

[JEE MAIN 2019]




The coefficient of x3 in the expansion of (x + 1)° is

Using Pascal triangle, we get
(x + 1)5 = 5Cox® + 5Cyx* + 5C,x% + ++ + 5Cy

Ifn €N, then (a + b)"™ = "C, a™b° + "C; " 1b + "C, a™ 2b? +

Therefore, the coefficient of x3 in (x + 1)°is

5C,=>-=10

o+ "C, a®b"



The coefficient of x3 in the expansion of (x + 1)% is




1
The total number of irrationalterms in the binomial expansion of (7§ -3

60 -
Given: (75 — 33) Trag="Cra™" b

60—1r

r
= TT'+1 = 60CT (7%) (—3%)

r

12-L
=T,y = (=17 °0C, (7)°75 -310
The above term will be rational if g and % are integers

The possible values of r (0 < r < 60) are:
0,10,20,30,40,50,60 (7 values)

= No. of rationalterms =7

= No. of irrationalterms=61—-7 =54

E
10

)60 is: \ {%



P ) Key Takeaways o %

MIDDLE TERM(s) IN THE EXPANSION OF (a + b)™

o (a+b)"="Cya™® + "Cy a¥1b + "Cy a™%b% + -+ + Cp, a®b"

n==4
/ e = (a+b)?*="2,a*h’ + *C; a®h? +\ 4c, a2b2|+ 4C3 ab® + *C, b*
I i
Y
Number of terms=5 = Odd
n=>5

e = (a+b)°=>3C,a’b® + 5C; a*b* +/°C, a®b? + >C; a2b3]+ 5C, ab* + °Cs b°

\ J
Y

Number of terms =6 = Even

§:+| Mol @ o




p ) Key Takeaways

MIDDLE TERM(s) IN THE EXPANSION OF (a + b)™

Case 1l

e [fniseven, the number of termsin the expansion is odd.

th
e There will be only one middle term, which is (151 + 1) term.

§+| Mol @ o




Find the middle term in the expansion of (a + b)'°.

Number of termsin the expansion=10+1 =11

th

~ There will be only one middle term, which is (? + 1) term.

= 6 term
Te = Ts41

$T6:10C5'a5’b5



ﬁ ) Key Takeaways D

MIDDLE TERM(s) IN THE EXPANSION OF (a + b)™

Case 2

e |fnisodd,the numberof termsin the expansion is even.

th th
e There will be two middle terms, which are (n7+1) and ("TH) terms.

§+| Mol @ o e




Find the middle term in the expansion of (a + b) .

Number of termsin the expansion=11+1= 12

th th
~ There will be two middle terms, that are (%H) and (%H) termes.

= 6" and 7t" terms
=> T = Ts4q
$T6 — 11C5-a6-b5

= T; =Te41

= T7 1166 . Cl5 . b6



P ) Key Takeaways | ﬁ

MAXIMUM VALUE OF ™C,. IN THE EXPANSION OF (a+ b)" i

The value of "C, is

Binomial Coefficients s e

5
CZ 5C3 n . .
S if nis even.

n—1 n+1
e r=—-or—

2
if nis odd.

)

——n=2 ——n=3 ——n=4 n=5

§+| Mol @ o




Find the maximum value of

10C
r

9CT

. . 10
10¢ is maximum when r = —=5

10-9-8-7-6
~ Max. value = 1°C; = =252
. c 9-1 9+1
°C, is maximum when r = — or—— = 4 (or)5
9-8-7-6
~ Max. value= 2C; = °C, = = =126



The sum of the real values of x for which the middle term in the binomial
3 8
expansion of (x? + z) equals 5670 is:

X 8
Given: (x— +§)
3 X

n = 8 (even) = one middle term (is) Ts_
2

1=T5

T5 = 5670 TT'+1 — nCr an_r bT

So, sum of real values of x = V3 + (—V3) = 0.

\



’ \ 1-3-5..(2n-1) R (n e N), \ {%

/ If the middle term in the expansion of (1 + x)?"is ur

— then find the value of 'k’.

Given: (1 + x)?"

2nis even = one middle term (i.e.) Tzn , = Ty4q
2

— 2n n
Thy1 = "0 x
2n)! ,
nin! "X

1-2:3:4-5-6--(2n-1)(2n) 5
n!-n! X

[135 - 2n—1)][2 46 - 2n]

= X
n! - n!
_ [13.5--@n-1)]-2"[1-2:3-n]
B nl-n! '
Topq = [ilghelGin=iJl] oM. HM s k=2

n!

Return To Top



Find the coefficient of x®y3 in the expansion of (x + 2y)°.

Tyoq="Cra™ " b

= Trp1 = 2C - (0)°77- 2y)"

= Trpq =2C 27 (x)°7 - y7

xby3 occursin the above term, if r =3
2T, =°2C, 23 x5y3

= Coefficient of xy3 = 9C; - 23

-~ Coefficient of x6y3 = 672.



' Numerically Greatest

Term




P Key Takeaways
, >/

INDEPENDENT TERM (CONSTANT TERM)

® Theterm free from variable(s) is called Independent term.

\ni-. U2~ W PN PN —



\

2 6
Find the term independent of x in the expansion of (3% —%C) :
X (32 1\° ) n—rpr
Given: (T — 56) T’r+1 = C’r a b
3x2 6—1 1 T
M=% (%) - (5)

= Con - ()7 () e

Above term will be independentof'x’,if12—-3r=0=>r =4

= oo () -

3

Here, the term independent of x is 1—52



The term independent of x in the expansion of(

where x # 0,1 is;
a.) 120 b.) 210

c)310 d)4

3
Letx+ 1= (xi) +(1)3 = (x§+ 1)(x§ +1 —xi)

andx —1=GHx)?-

(1D?=Wx—DHEx+1)

2 1
x3—x3+1

) ((xal)(x%_xal) i

> (G- (14

10
=>(x%—-x_%)

Vx(vx-1)

D)

(ﬁ—l)(ﬁcﬂ))

x+1 x—1
2 1 1
x3—x3+1 X—Xx2



The term independent of x in the expansion of(

where x # 0,1 is;
a.) 120 b) 210 c¢)310 d.)4

Let Typy = (—1)7 10¢, (x72)° " (x=2)

10-7 —g = 0 (for term independent of x)

Power of x :
=20—-2r—3r=0

>r=4

~Termindependentofx =Ty, = Ts
Ts = (—1)*.19¢, .x°

T5 — 210

x+1 x—1
2 1 1
x3—x3+1 X—Xx2



%} The positive value of 4 for which the coefficient of x* in the \ %

) 2)\10 . i
expansion of xz(\/E +x—2) IS 720, IS:

Given : x? (\/9? + xiz)lo

10—r

Tryq = x? [10Cr - (Wx)1o-T. (x—/lz)r] = 10Cr AT e x2.x 2z . xT2T

10—7
2+——-2r
=>T7.+1=10CT'AT'X 2

10—7r

x? occursin the above termiif, 2 + —2r=2>=>r=2

~ Ty =19C,. - 22 - x? = Coefficient of x? = 19¢, 12
10¢,2%2 = 720 (Given)

AS5)2 =720=> A = +4

Return To Top



v ‘ , The positive value of 1 for which the coefficient of x? in the

: 5 A\10 . :
expansion of x (\/E +x—2) is 720, is:

[ JEE MAIN (2019)]

aae
2



Po
Find the coefficient of a* in the product (1 + 2a)*(2 — a)°. \

(1+2a)*=*C, + *C;2a) + *C,(2a)? + *C3(2a)3 + *C,(2a)*
(1+2a)*=1+8a+24a%+ 32a%+ 16a*

(2—a)® =5C,-2°=5C,-2%a+5C,-23-a% —°C;3-2%-a3+°C,-2-a* —°Csa®
(2—a)®> =32-80a+ 80a? —40a3 + 10a* — a®

> (14+20)* Q22— a)*=((14+8a+24a*+32a®+ 16a*)(32 —80a + 80a® — 40a® + 10a* — a°)

-~ Coefficient of a* in the productis
=1%x10+8x(—40)+24x80+32x(—80)+ 16x 32

=10-320+ 1920 — 2560 + 512 = —438



>,

-

——

The term independent of x in the expansion of

G- -5) s

a)-72 b)36 «c)-36 d)-—108

1

1
T =—'6C .26—7‘. _37‘.x12—47‘__.
r+1 60 r ( ) 81

6
The term independent of x in (6—10 —:—i) (Zx2 — x—32)

= The power raised to x is 0

6Cr N 26—1‘ . (_3)1‘ . x20—4-7‘

\ K

JEE MAIN (2019)

-

T ——



’ The term independent of x in the expansion of

1 ¢ Sl
— (— — x—) (sz — —2) is:
60 81 b

a)-72 b)36 «c)-36 d)-—108

1 — - 1 - -
TT+1=5° 6Cr'26 T‘.(_3)T .x12 41”_5.661_.26 T.(_B)T.xZO 4r

|\ J \\ J
aVa .Y
T T
Casel. 12—-4r=0=>r=3 Casell. 20—4r=0=>r=5
= Ty =6—10- 6C, - 2673. (=3)3 =Ty = —— - 6¢;- 2675 (-3)"
=T =—-20-8-(-27) STy = - 6-2- (~243)
=>T, =-72 = T! =36

~ Sumoftermsindependentofx =T, + T, = =72+ 36 = —36

Return To Top



If the sum of the coefficients of the first three terms in the

n
expansion of (x —;’—2) is 559, then find the value n.(n € N)

3\" L = _5 (3)?
(x——) = "Cox™ = "y xS+ MG - X (—)

x2 x2

Given sum of the coefficients of the first three terms = 559
=My —"Cy - 3+ ™C, - 32 =559

on(n-1) _ccg

>1-3n+———
=2—-6n+9n>—-9n=1118
=9n%2—-15n— 1116 =0
=3n?2—-5n—372=0

= (n—12)3n+31)=0

>n=120rn= —%( not acceptable)

\ W



Find the coefficients of x* in the expansion of
1+(1+x)+@Q+x)%+ -+ (1+2x)°

Given,S=1+1+x)+(1+x)*+--+(1+x)°.

Termsarein G.P.witha=1,r=0+x), n=10

_ (1401%-1
T (1+0)-1 G 1)
n r—1
10_
oS = (1+x)10-1
X
oS = (14+x)10-1

X

Coefficient of x* in § = Coefficient of x°® in (1 + x)1°

= 19¢ Coefficient of x" in (1 + x)™ = "C,

= 252



’ Find the coefficients of x* in the expansion of
zZ 1+(1+x)+@Q+x)%+ -+ (1+2x)°

Alternate Method:

Coefficientof x*in 1+ (1+x) + (1 +x)?+ (1 + )3+ (1 +0)*+ -+ (1 +x)°.
Coefficientof x* in (1+)*+ (1 +x)°+ (1 +x)° + -+ (1 + x)°.

=%y +°C4+%C4 + -+ 2C, Coefficient of x™ in (1 + x)™ = "C,
=5C5+°C4+8Cy +7Cy + -+ °C, nC 4 e, = mHC
=%C.+°C,+7Cy-+°C,

=7C54+ 7Cy+ -+ °C4

— 1OC5

= 252



If the coefficients of three consecutive terms of (1 + x)"*°
are inthe ratio 5:10: 14, then find the value of n.

Let the three consecutivetermsbe T., Ty.q, Trip in (1 +x)"F°

Given: "*5C._,,"*5C,,"*5C,..; are in theratio 5:10:14

n+5 n+5

C 10 C 14

r — > and T+l __ 2%

n+SCr_1 5 n+5Cr 10
n+6-r n+5-r 7
=2 and =-
r r+1 5

n—3r+6=0 --(1)
Sn—12r+18=0 --(2)
Solving (1) and (2), we get

n==~6

S
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Key Takeaways

Numerically greatest term (N.G.T.)

Lets analyze termsin the following expansions:

(a+b)" ="Cya™b® + "Cy a® 1bt + "C, a™®2b% + -+ + "C,, a®b"

Examplel:

(24 3)5 = 5C, 2530+ 5, 2 3 R SRR R ) 3 A5 2035
= 32 + 240 + 720 + 1080 + 810 + 243

Greatest Binomial Coefficient = 5C, or °C; = 10

Numerically Greatest Term = 1080




p ) Key Takeaways

Numerically greatest term (N.G.T.)

1200

T,,, =1080
/ 1000 //\\
- 810
P \
600

. \
240/ \ 243

200
32 /

0

§+| Mol @ o




ﬁ ) Key Takeaways D

Numerically greatest term (N.G.T.)

Example 2:
(4—2)6=0°C, 45— 6C; 4°21 + ©C, 4%2% — 6C343 23 + --- + 6C, 2°

= 4096 — 12288 + 15360 — 10240+ 3840— 768+ 64

/ Greatest Binomial Coefficient = 6C; = 20

Numerically Greatest Term = 15360

§+| Mol @ o e




ﬁ ) Key Takeaways

Numerically greatest term (N.G.T.)

(4-2)°
18000

T . —15360
16000 Tilzl

/ 14000 /\
T, =12288"  \_
12000

// \\\ 10240
10000

8000 / \

6000
409@/ \\3840
4000 \\\\
2000 768
64
O I T T T T

§:+| Mol @ o




p Key Takeaways

Numerically greatest term (N.G.T.)

e Inthe expansion of (a + b)™, if we give certainvalues for ‘a’and 'b’, then the
term having the numerically greatest value is said to be N.G.T.

Let us consider T,, T, in the expansion of (a + b)™

Now, T,,, will be N.G.T., if

TT'+1 > 1 z nCran—rbr > 1
TT‘ - nCr—l an—r+1 b‘r'—l A
n—-r+1 n+1 n+1
A | A S e - Bl
n+1)|b
=>1r < —( )l |
|al+|b|

2:1—. 1~ W B~ NN




P ) Key Takeaways

Case 1:

(n+1)|b|

o |f
|al+|b|

= m (integer), then |T,|, |41 | Will be numerically greatest

terms. (both are equal)

§+| Mol @ o




Which term(s) in the expansion of (3 + 5x)** when

1 .

X =< is/are numerically greatest ?

Given: (3 +5x) x = %

an=1me:&w|=bx3

(n+1)|p| _ 12x1

la|+|b| 4

~ |T5 | and |T,| are the numerically

greatest terms.

= 3 (m = 3, integer)

(3+1)"5

1200000

Ty =1082565 —\ T, =1082565

1000000 //
800000

GYRIRE // \\7?1710
600000

400000 / \
/ 336798 \
200000

7

177147 112266

3

H



P ) Key Takeaways

Case 2:

—(lr:jl)llﬁl =m+ f,wheremisintegerand 0 < f <1, then |T,,4+1]| Will

be numerically greatest term.

§+| Mol @ o




’ \. Find the numerically greatest term(s) in the expansion of \ %
/ (7 — 3x)%°, when x = § : ——

Given (7 —3x)% = (7 + (—3x))25,x =§

~n=251lal=7bl = |-3x3] =1

(n+1)|p] _ 26x1 _ a
e e 3.25=3+0.25 (m = 3)

oo |Tm+1 | — |T4| |S the NGT

25, (7)%%+ (-3 §)3

|T,| =

— ZSC3 . (7)22



= \ In the expansion of (2x + 5)!°, if the middle term is the N.G.T,
_,ﬂ/ then find the range of 'x’.

Given: (2x+ 5)1°

~n=10,even >Tn =T isthe middle term
2

Also, Ty is the N.G.T
= |Ts | <|Tel and |Tg| > |T7|

T, T,
> |2|>1and |2l < 1

5 Ts

10¢s-(2%)°-5° 10¢s-(2x)*-58
= 1064-(2x)6-54 > land 1065'(2)6)5'55 < 1

B 5 5 25
= —><—|>1and|—><—|<1:>|x|<38nd|x| > =
5 2X 6 2X 12

5B o x|<3>x€ (—3,—2—5) u(2—5,3)
12 12 12

Return To Top
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' Properties of Binomial

Coefficients




>

\

/;

Find the remainder when 5% is divisible by 13.

599=5x5%=5x25%=5x%x(26—-1)%°

(a=—b)"="Cya™ —"C; a* b +"C, a™ 2b% — - + (=) "C,, b
5 599 = 5[49C, 269 — 49C, 268 4 -+ 49C, 4 26 — 4%C,0 ]
—5x26[k]-5 (K€

= 13(10k) — 5

=13k'+ 8

=13k'+13 -5

Hence the remainder is 8.



@/. For all vn € N,7" +5 is divisible by ___?

7"+5=5+(1+6)"

(L+x)"="Cy + "Cy x+"Cy x* + -+ + "Cp x™

27"+ 5=54+"Cy+ "C;.6 + "Cy. 6% + -+ "C,,. 6™
=6+"C;.6+"C;.6%+ -+ "C,.6"
=6[1+"C;+"C,.6 +--+"C,.6™"1]
= 6 X some integer

Hence 7" + 5 is divisible by 6,V n € N.



Forallvn eN,7" +5 is divisible by ?




\ 2403 \ %
’ / If the fractional part of the number " isl—s,then the value of k is

el equal to

3 . 2403 . k
Given: Fractional part ofl—5 Is -

Consider 2403 = 23 2400 — g % (16)190 =8 x (154 1)100

2403 =8 X (1 + 15)100
(L+x)"="Cy + "Cy x+"C x>+ -+ "C x™

8[1OOCO + 1OOC1 15 + 100C2 152 R IOOC99 1599 + 100C10015100]
=8[15k]+8 (kel)

2403 8 . 24-03 i 8

= 8k + — = Fractional Partof — is—
15 15 15
~ k=8

Return To Top



Which of the following is/are true for 17192

1710 = (289)> = (290 — 1)°

(a —b)*="Cya™—"Cy a" 1b +"C, a¥2b* — -+ (—1)™ C,, b"

= 1710 = 5¢, (290)5 — 5¢,(290)* + 5C, (290)3 — 5¢;(290)2 + 5C, (290) — 5C;

= [°C, (290)° — 5C1(290)* + °C, (290)3 — 5C53(290)?] + °>C, (290) — °Cs

multiple of 103
=5(290) -1

= 1450 — 1 = 1449

= Last three digits are 449.



’/ If(7+4x/§)n=I+f,vvherel,neNand0<f<1,then

- which of the following is/are true?
I+f=(7+4V3) (@) (0<f<1)

Let f'= (7—4v3)" (i) (0< f' < 1)
D+GE)=>21+f+f'

= @)+ (@) =(7+4v3)" +(7-4v3)"

(a + b)"+(a— b)"= 2["Cy a™ +"C, a®2b* + "C, a™ *b* + -]

S 1+ f+f =2|"C 7" +7C, 772 (4V3)" + ]
>1+f+f =2K--(iii) (K€ )
= f+ f'=2K -1, whichisaninteger

Sf+f=1-@v) (~0<f+f <2)
Return To Top



If (7+4v3)" =1+ f,where Ln e Nand 0 < f < 1, then

which of the following is/are true?

From (iif) I = 2K — 1, which is odd

From (iv) f'=1—f

SU+HA-f)=(7+43)"(7-43)"
= (49 — 48)"

=>U+)A-f)=1



ﬁ Key Takeaways

Properties of Binomial Coefficients:

e Ina binomial expansion *c,,"Cy,™C, -+, "C,, are called binomial coefficients.

Usually they are denoted by €y, Cy,C5, ++, C,

/ (l)Co‘l'Cl‘l' C2+°"+Cn=2n J

Consider (1 +x)"=Cy + C;x + C, x> + -+ Cpx™

putx=1, 2n=C0+C1+CZ +"'+Cn"’(i)

§:+| Mol @ o




ﬁ ) KeyTakeaways )

Properties of Binomial Coefficients:

e Inabinomial expansion *C,,"*Cy,™C, --+, "C,, are called binomial coefficients.

Usually they are denoted by €y, Cy,C5, ++, C,

Consider (1 +x)"=Cy + C;x + C, x> + -+ Cpx™

Putx=-1, 0=Cy—C;+Cy, — -+ (=1)"C, - (ii)

§:+| Mol @ o




p | Key Takeaways SR

Properties of Binomial Coefficients:

e Inabinomial expansion *C,,"Cy,™C, --+, "C,, are called binomial coefficients.

Usually they are denoted by €y, C4,C5, ++, C,

/ (iii).Cy + Cy + Cy + -+ = 2771 1

2n= C0+ Cl+CZ +"'+Cn'“(i)
0 — CO . Cl + CZ — e (—1)nCn"' (ll)

(l)"‘ (ll) = 271 == 2[C0+C2 +C4 +‘“]
= Cp+ Cy+Cyp+ - =2""1

§:+..rn i P —
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Key Takeaways

Properties of Binomial Coefficients:

e Ina binomial expansion *c,,"Cy,™C, -+, "C,, are called binomial coefficients.

Usually they are denoted by €y, C4,C5, ++, C,

(iv).C;+ C3 + C5 + - = 2M71 }

2" = Co+ C1 4+ Cy + -+ Cp - (D)
0=Cy—Cy+Cy—-+ (=1)"Cp, - (i)
() —(i)=>2"=2[C;+C3+C5+ -]
=>C+C3+Cs+--=2""1




=) A

/ Which of the following is/are true?

(A) 12C1_|_ 1ZC2 IL o002k 12C11 = 4094 (B) 10C1+ 10C3 oL 10C9 =512 (C) 11C0 + 1161 TS 11C5 — 210

(4)
1ZC1 + 12C'2 IL oot 12C11 = 4094

Co+Cl+Cz+"'+Cn=2n
= 12C + (12, + 12C, + -+ + 12Cyy) + 12Cy, = 212
= (Y20 + 120, + -+ 12Cy) = 212 = 12C, — 12Cy,= 4094
(B)
0¢, +10¢; + .-+ 19¢, =512

C1+C3+Cs+---=2""1

= 10¢, + 10C, 4 ... 4 10, = 210-1 = 29 =512



Pp/ Which of the following is/are true?

(A) 12C1_|_ 1ZC2 IL o002k 12C11 = 4094 (B) 10C1+ 1OC3 oL 10C9 =512 (C) 11C0 + 1161 TS 11C5 — 210

(C) 11C0 + 1161 + + 11C5 == 210

= MG+ 10+ MG+ -+ 0y =21
= (MG +MC + MG+ MG+ M0+ 1Cs) _ g1
+ (MCe+ MCy + 1Cs + M Co + M Cyo + M1Cy1 )

= 2(MCo+ MG+ MG+ MG+ MG+ MCs) =21

=4 (11C0 + 11C1 + 1162 AF 11C3 + 11C4_ r 11C5) = 210



’/ Prove that : (?°Cy + 2°C; + 2°C, + - + 2°C1p ) = 219 + ;2°C10

Co+Cl+C2+"'+Cn:2n

= 20C0 + 20C1 + ZOCZ = oot 5= ZOCZO = 220
= (ZOCO + 2061 + 20C2 SR LU 20C10)
- 220 + ZOC10

+ (ZOC]_O + 20C11 + 20C12 + + 20C10 )

"G ="Crr
= Z(ZOCO + 2061 + ZOCZ Q= eeo = ZOC]_O ) = 220 + 20610

1
= (20Cy + 2°C; + 2°C, + -+ + 20Cy) =277+ Ezoclo

\ ¥



P Key Takeaways

Factorial Notation:

Note:

/ [ ] 2n+1CO + 2TL+1C1 + 2n+1C2 + .-+ 2n+1Cn — 22n

) ZnCO + Zn(:l L ZnC2 -+ R ZnCn =%(22n+ ZnCn)

\ni-. U2~ W PN PN E—



The value of "Cy + 3 ™C; + 32 ™C, + --- + 3™ "C,, is

(L+x)"="Cy + "Cy x+ "Cy x* + -+ + "Cp x™
Putx=3 =4"="C, + "C; 3+ "C, 3% + -+ "C, 3"

= nCO + 3.7161 + 32.116‘2 + "'+3n.nCn = 411 = 2271




Th
e
va
lue
of ™
C
ot
3
. 42 )
| + 37
n
C
>+
311
n
C
S

.2"

3n



' The value of (?21¢; — 19¢)) + (?1C, — 1°C,) + --- + (P1Cy9 — 1°Cyp) is .

. 221 _ 911
. 220 _ 99

. 221 _ 910
- 220 _ 10



\

The value of (?21¢; — 19¢)) + (?1C, — 1°C,) + --- + (P1Cy9 — 1°Cyp) is .

Let the general equation,

G = (P1¢; = 1°C) + (B1C, — 1°C) + -+ (P1Cy0 — *°C10)
— (21C0 + 21C1 + 21C2 L oo 21C10_ 21C0) - (10C0 + 10C1 + 10C2 L oo L 10C10 _ 10C0)

27‘L+1C0 + 211+1C1 + 2‘rl+1C2 S 2n+1Cn - 22n

nCO AF nC1 + nCZ + .-+ nCn = 2"

oG = (220 _ 1) _ (210_ 1) — 220 _ 210



v If a,, = Zron thenzr On equals __

. (n—1Da,

+
. n.an

2n. a,
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If nis even, then the last two digits of 99"+ 1,n > 1, is ?

§=99"+1,n>1,neN,
S=99"+1=1+4+(100—1)"

=S5 =1+ {"C,(100)* — "¢, (100)" 1 + -+ (=)™}
When nis even, we get

S=2+100k;, k,EZ

The last twodigitsare 02



If nis even, then the last two digits of 99"+ 1,n > 1, is ?

B .

11

B -




’\

|
!

/

Find thevalue of C; + 2.C, + 3.C3 + - + n. Cy:

Ci+2.C,+3.Ca++n.C,

n .
= 2= TG = 2py 7. G = rea e oy
— a3, "G, Ny 4 TCy + 4 TGy = 27

=n [n—1CO + Tl—lC1 L G5 AL n—lCn_l]

=n.2"1

nnp—
ncrz_n 1Cr—1



SN

I"xx

Find the value of ¢; — 2.C, + 3.C5 — -+ (=1)™*1.n.Cy;:

C;—2.C, +3.C3 — -+ (-1)**1 n.C,

= n [n_1C0 - n_lcl + Tl—lcz - "’]

=0

np—
"Cr=—-""1C

nCO_nC1+nC2_”‘=O



’ \ If (14 x)"=Co+Cix+ Cyx% + -+ Cpx", then prove that \ %
——= (1.2)C; + (2.3)C3+ -+ ((n— 1.n)C, = n(n — 1)2™72, —

LHS = (1.2)C, + (2.3)C3+ -+ ((n—1).1n)C,

_ nn- n(n-1)
?=2 r(r — 1)nC7‘ "G = P i 1Cr—1 r(r-1) " ZC

:Z T(T—l)n(n 1))11, ZC

= Z;‘lzz n(n - l)n_ZCr_z
=n(n—-1)X'_,"*C,
= n(n — 1) [Tl—ZCO + n—2C1 L, L n—ZCn_Z]

=n(n—1)2"2 =RHS



ﬁ ) Key Takeaways

Differentiation (Quick revision):

[i (x™) = n") }

Example: i) %C (x5) =5(x>"1) =5x*

/ i) — (x~) = -3 = —3x~*

[% (ax+ b )" = n(ax+ b)" 1(a) ]

Example: i) = (2x +3)® = 5(2x +3)571 (2) = 10(2x + 3)*
i) == (c+1)7=7G+ 17 (1) = 7(x +1)°

iif) = (—x+1)% = 8(=x + 1)®71 (—1) = —8(-x+ 1)’

§:+| Mol @ o




) Key Takeaways

Alternative Method:

Ei—n Mol @ e

To prove: (1.2)C, + (2.3)C5 + -+ ((n — 1).n) C,, = n(n — 1)2™2
Thelast termof LHSisn(n—1) C,i.e,(n— 1)n

The given series is (1 + x)™ = Cy + Cyx + Cox? + C3x3 + -+ + Cx™
Differentiating both sides w.r.t. x, we get

n(1+x)"1=0+C; +2C,x +3C3x% +--+nCy,x™ 1!

Again differentiating both sides w.r.t. x, we get
nn—1DA+x)"2=0+0+ (1.2)C,+(23)C3x+ -+ (n—1) n C, x™ 2
Substituting x = 1, we get

nn—1DA+D*"2=0+0+ (1.2)C,+(23)C3+ -+ (n—1) nC,

= (1.2)C, +(2.3)C3+ -+ (n—1)nC, =n(n—1)2"2




>

\
/

Find the sum of CO+Cl+C3+ b=

CO+ + R
n+1

_yn ”Cr: - 1 () 5
7=04,41 =0 (n+1) (r+1) L/

1 n (@41 5
T () CT=0 (1) &

1 n n+1C

(n+1)[(n+1)c +(n+1)C + . +(n+1)C(n )]

= (n-1|-1) [2n+1 _ (n+1)CO]

211.+1 =1

n+1

np—
"C=-" 1Cr—1

"Co+ "Cy+ e+ "Gy = 27



P Key Takeaways

/ '/-

Integration (Quickrevision):

A+ n xn+1] pn+1_gn+l
[fx”dx=n+1 +c} {f x dx—[ —

Example: Example:
/ 5 — Xt :x—6 b 5 x3+1 b4 a4
JxPdx =——+ec =" g [ x dx—[3+1] [
n g _ [@xromt 11 1 [(pbt)™ " (patq)™**
[f (px i CI) dx = [ n+1 p]a i p n+1 n+1 ]}

§+| Mol @ o




Key Takeaways

Alternative Method:

Tofind thesumof: Cp + 2+ 3 4 .. 4
2 3 n+1

(1+x)"=Cy+ Cix + Cyx? + C3x3 -+ Cpx™
Integrating both sides within limits 0 to 1, we get
fol(l + x)"dx = fol(Co 4+ Cix+ Cyx? + C3x3 + -+ Cpx™) dx

1 1

(14x)n+1 Cix? | Cx3 Cpxntt
= [Cox + i T
n+1 0 3 n+1 1o
1 1
(14x)n+1 Cix? | Cx3 Cpxn 1
=|Cox + +—+ 32—+ -+ 2
n+1 0 2 3 n+1l 1o
2ntl_q ¢, , C C
= =Co+—+2+4 -+
n+1 2 3 n+1

Cn N 2n+1_1

n+1 - n+1

Cot+2+2 4. 4
2 3

§§+' 1~ W B~ NN




2 3
Find the sum of ZCO+2—Cl +2—C2 + o+
2 3

211

26 +2 ¢ +E ¢ c
0+? 1+? 2+"'+? 10

r+1 _ 1 v10

=iz1o 11 10c —
11°7T=

11°7=0p41" 7T

= [Y¢,.2 + 11, 22 ¢ .. G

11

Cio: (G = 1OCr)

nnp—
nCr=_n 1Cr—1

11 r+1
0o Cre1-2 T

(1 + x)n = CO + Clx + C2x2 + ngg e

+ Cpx™



> )

\

Find the sum of C,C, + C1Cryq + C2Cryy + - + Cp i Cy. \

Hence find the sum of € + €% + C + - + C,2:

We know,

(L+x)"="Co+"Crx+"Cox?+ -+ "Cpyp XV T4 -4+ "Cp x™ -+ (i)

(x+ DP="Cox™ +1Cy x™ 14 -+ C X + MCppg XTI Cy x4 4 G, - (i)
Coefficientof x™ " in (1 +x)™ (x + 1)"

= Coefficient of x™ 7 in (1 + x)?"

= "Cy."C, + "C;."Cpyq + "Cy."Crip + -+ + "Cp_,. C, = 2C, 1,

= CoCr + C1Crpq + GGy + -+ GG = 2nCn—r

(2n)!
= CoCr + C1Cra1 + CoCraa o+ CoyCn = 51—



’\

|
!

/

Find the sum of C,C, + C1Cryq + C2Cryy + - + Cp i Cy.

Hence find the sum of € + €% + C + - + C,2:

(2n)!
= Cocr + Clcr+1 + Czcr+2 + .-+ Cn—rCn = m

Substituter = 0, we get

= C2+CA+Cr+ -+ Cr= (2n)! _ e,

nin!



P Key Takeaways

7
Product of Binomial Coefficient:
o CoCr+ €1y + GGrp - RCERCRSE
/ o CRHCE+CR+-+C2=32_mg

n'n!

\ni-. U2~ W PN PN



P | Key Takeaways
7

Product of Binomial Coefficient:

0, ifnis odd

/ (—1)§ .MCx, if nis even

2

\ni-. U2~ W PN PN



p Key Takeaways

Proof:

2:1—. Mol @ o

L+ ="Co+"Crx+"Co x>+ -+ "Cppyp X" T4 -4+ "Cp x™ -+ (1)
(x— D" ="Cox™ = "Cy x™ 1+ "Cy x™ 7% — oo+ (—1)" C,y -+ (i)
Coefficientof x™ in (1 + x)™. (x — D™

= Coefficient of x™ in (x? — 1)

= ("Cp)? — ("C* + ("C3)? — -+ (=D™("Cy)?

In (x%2 — 1),

Topy = "Co. (X2 7.(=1)"




ﬁ ) KeyTakeaways )

T, 1 = "Cp. (x2)"T.(=1)"

For coefficient of x™, r = g (n must be even) and x™ does not occurifnis odd

0, ifnis odd
o (F—CE+CE—+(-D"CZ=

(=1)z."Cn, ifnis even
2

§:+| Mol @ o
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CYAELCEWENS

R ——

° mCr.nCo 4+ m r—1-n61 + mCr—Z-nCZ + -4 mCOnCr - (m+n)Cr




Find the sum of ™C,. + ™C,_,."C; + ™C,_5,."Cy + --- + ™C, :

(where m,n,r e Nand r <m,r < n)

A4+x)™="Co+™Cyx+ -+ MCry x" 24+ "MCr_q x" 1+ ™C x" + -

(1+)"="Co+"Crx+"Cox*+ -+ "Cppyp X" T4 -+ "Cp X"
Coefficientof x" in (1 + x)™. (1 + x)™
= Coefficient of x” in (1 + x)™*™"

= "MCp.. "Cp + MCpoq."Cy 4 MCr_."Cy + -+ ™Cy"C, = (T,

+m mxm



The value of v’ for which 2°¢,..2°C, + 2°C,_; .%°C; + 2°C,_, .?°C, + - + \ %
20€,2°C, is maximum, is

(1+x)2°=29C, +20C; x+ -+ 20C,_, x" 2+ 29C,_; x"1 + 20C, x" + -+ + 29(, x?°
(1+x)2°=29¢C, +20C; x + 2°C, x? + -+ + 20C,. x" + --- + 29C,, x2°

Coefficient of x" in (1 + x)?°.(x + 1)?°

= Coefficient of x" in (1 + x)*°

= 20¢ 20¢, 4 20 20C, 4 ... 4 20C,20C = 40C

"C.is maximum when r = g Jifnis even

. . 40
40C_is maximum, whenr = — =20



V The value of 'r’ for which 2°C, .%°C, + 2°C,_; .%°C; + ?°C,_, .?°C, + --- +
20¢,2°C, is maximum, is

| -
g .
| .




Session 07
" Binomial Theorem for

any index




If (1 4+ x+2x2)2%=qy+ ayx + a,x?+ -+ + a,0x*®, then
Find: (a)ag+a; +a, + -+ aug

(b) ag+ a, + a, + -+ ayg

(c)a; +az +as + -+ asqg

Let £(x) = (1 + x +x2)%°
= ao + a1x+ a2x2 + .-+ a40x40

Now ,

f(l) =420 = apgtas+a,+ -+ ay (D) o (a)

f(=1)=2%"=ag—a;+a;— -+ ay (i)

(i) + (i) Sagta;ta,+ ot ay= 420
+ ao—a1+a2—---+a40:220

420 + 220

— )

gt a,+ag+ -+ ag =



If (1 4+ x+2x2)2%=qy+ ayx + a,x?+ -+ + a,0x*®, then
Find: (a)ag+a; +a, + -+ aug

(b) ag+ a, + a, + -+ ayg

(c)a; +az +as + -+ asqg

f(l) = 4‘20 — a0+a1+a2 +"-+a40 "'(i) N (a)
f(_l) = 220 = ao_a1+ a, — °'°-|—a40 ...(ii)

(i)— (ll) Sagta;+a,+-+ay= 420

420 - 220

a;+azt+ag+ -+ a4, = 5

= (0)



P ) Key Takeaways

Substitution Method:

If f(x) = ayg+a;x+ ax? + -+ a,x™, then

® a0+a1+a2+a3+”'+an=f(1)

/ ® aqptat+ag+ = f(l) +2f(_1)
°* agtaztas+-= f) _Zf(_l)




Return To Top

If the sum of the coefficients of all even powersof x in the
product(1+x +x2+ -+ x)(1—x+x%2 —x3+ -+ x?") is61,
thennis equalto :

f) =@ +x+x2+ - +x2)(A—x+x% —x3 4+ -+ x°M)

sum of the coefficients of all even powersof x = (W)
f=A1+1+1+--+1DAD)=2n+1
N J

\
2n+ 1terms

f-D=0-1+1-141--—-1+DA+1+1+--+DA)=2n+1
\ J
Y
2n+ 1terms

(2n+1)+(@2n+1)

sum of the coefficients of all even powersofx =

=>2n+1=61

~n = 30.

=2n+1



If nisa positive integerand (1+x + x?)"=ay +a;x + a,x* +
Then the value of af — af + a5 —--- + a5, isequal to

Q4+ x+x)"=ag+ ax+ azx?+ -+ a;px®™ - (i)
Replacing x by—)—i,vve get

n
(1_)—16+xi2) =gy — 22— 222 ()

X x2 xZn
Constant (Independent)term in

n

(1+x+x2)"(1—3—1c+xi2) =ag—as+a5—--+ a3, --(iii)
n 2 _ n

A+x+a)(1-2+3) =@+ x+ 22" (52

X X X
n
[(x2+1)2—x2] . [14+22 +24]"
x21n - x2n

i aanzn \ %



If nisa positive integerand (1+x +x%)"=ag+a;x + a,x? + -+ a,,x°" \

Then the value of af — af + a5 —--- + a5, isequal to

A+ x+x)"=ag+ ax+ azx?+ -+ apx®™ - (i)

~ Independent term = Coefficient of x?™ in (1 + x? + x*)"
= Coefficient of x™in (1 + x + x?)"

:an

From (iii)| a3 —a%+a5—--+a5, =a,

4



If nisa positive integerand (1+x +x%)"=ag+a;x + a,x? + -+ a,,x°"

Then the value of af — af + a5 —--- + a5, isequal to



p Key Takeaways

Binomial Theorem for any index

If neQ—Wand |x|] <1,then

L nlnsDromnulis DS .

Q1+x)"=14+n-x " o

n-(n-1)-(n-2)--(n-r+1) X
r!

e GeneralTerm Ty4q1 =

e If 'n’isa negative integer or a fraction, then

L ar(1+2)" if[Y <1

pr(1+9)" i[9 <1

2:1—. Mol @ o

e The number of termsin the above expression is infinite.




Find the range of values of x, for which
in ascending powers of x.

1
1 2

Given: J5t4x

=(5+407=52(1+2)

1
-1 4x\ " 2
=57 (1+7)
~ Expansionis valid only when |4?x| <1

=>|x|<E :xE(—E,E)
4 4’4

1

V5+4x

can be expanded

n b
(a+b)™ = : (1+a)

n
y |

\ ¥

f|§|<1

(149" if|Y <1



P Key Takeaways

Special Case

When n is a negative integer

Letn=—-—m,wheremeN

/ We have,
(14+x)" = 1+n-x+m—721,_—1)x2+m+)'(n_2)x3+---

Now, putn = —m

>Q+x)™M=1-m-x+— 3!

> 1 +x)™=1-"Cx+ MDC,x%2 — M+ x3 4 ...

m(m+1)x2 _ m(m+1)(m+2) X3 4 ...

2:*—. Mol @ o




ﬁ Key Takeaways B

e

Special Case

A+x)™=1-"Cx+ MDC,x2 — (I 53 4 ...

(l—x)"=1—m-x+ m(m—1) 2 m(m—l)(m—z)x3 4.

/

Generalterm, Ty = ™70C, - x7

e (1—-x)t=1+x+x%+x3+-

e (1+x)2=1-2x+3x2—4x>+--

§+| Mol @ o




2 & 1-3-5/2

3
Ify :§+§(—) +—(—) + -+, thenthevalue of (y2+2y—4),is______

5 3! \5

We havey =2 +22(2)" +225(2) 4 ..

-1y =1+ @+ 20 250

let1+y=(1+x)"=1+nx +"(" D2y ...
On equatingthe given series, we get

o E e (D)

Ang™D 2 _ g(g)z
2 21 \5

On solving Equations (i) and (ii), we get

4 1
x=—-andn=—=
5 2

\ W



3
y = 3+5(5) +£'5(3) + -+, then the value of (y? + 2y — 4),is

> (@ +1) =)

On squaring both sides, we get
y2+2y+1=5

=>y2+2y—4=0

~ Thevalueofy2+2y—4=0

Hence, option (c) is correct.

\ W



3
+—(§) + .-, thenthevalueof (y?2+2y—4),is___




- \ 3
D /  The coefficient of t* in the expansion of (1_t6) is

1-t

JEE MAIN 2019

3
(11__tt6> —(1-3(1—1)"

=(1-3t°+3t"* -t (1-1t)7°

3
.. Coefficient of t%in (11_—’:6) = Coefficient of t*in (1 —1t)73

Coefficient of x"in (1 —x) ™is (M+m=D¢_

= (3+4_1)C4 — 6C4 = 6C2 =15



3

QQ The coefficient of t* in the expansion of (1_t6) IS

1-t
C

10

g .

[JEE MAIN 2019




N . . £
. For |x| <1and m,n € W, the coefficients of x" in the expansion of \\ '

“~
——

1

1+x+x2 =
Given:; 1—x)t=1+x+x%+x3- ] |
Lt 22 1,ifn=3m
__ 1 a-»
1+x+x2" (1—x) . e
_ 1—x
1—x3

. 0,ifn=3m-1

=(1-0)A+x3+x4+x7 4+ +x3+-) . —1,ifn=3m+1

=(1-x)(1—-x3)"1

=(Q+x3+x+x°+ ¥+ ) -+ xt +x7 +x10 4 )



For |x| <1and m,n € W, the coefficients of x" in the expansion of

1

14x+x2 =
1
D A+x3+x+x7+ 423+ ) —(x+x* + 2" £
In the above expansion, if m e W _
1,ifn=3m+1

i) Coefficient of x3™m =1

i) Coefficient of x3M+1 = —1

iii) Coefficient of x*™=1 =0 (no term contain x*~1) !-

Hence optionsa,b and d are correct.



QQ If x isso small such that x* is neglected for all k > 2,
1

3

then the value of 42203 +A+50 2 ;o
(CEFIP)

149

N
—_
N
O



If x isso small such that x* is neglected for all k = 2,
1 3

then the value of 4203 +0+50) 2 g
(CEFIP)

Given: x¥isneglectedVk > 2
a nn—1 nn—1)(n—-2
(1+x)”=1+n-x+—( i )x2+ ( 3)'( )x3+

1 3
(1-2x)3 + (1+5x) 2

9 +x)2

1 +%(—2x)+ 1+ (—%)(Sx)
- 1
2

3(1+3)

1 2 15 2
-5y’



If x isso small such that x* is neglected for all k = 2,
1

3

(1-2%)3 + (1+5x) 2
f T
(9+x)2

then the value o

Given: x¥isneglectedVk > 2

1 3
(1-2x)3 + (1+5x) 2

1
CEZIY]
_1 5 X 49x+49 >
—3\“ 7976 T108"
H_J
neglected
_1 5 149x _E 149x
3 18 | 3 54

IS

\

B
If|x] <<1,n€Q—W,x? and its higher power

are neglected, then

1+x)"=1+nx



V If x isso small such that x* is neglected for all k > 2,
1

3

then the value of 42203 +A+50 2 ;o

(9+x)2
s
36~
. 4 145
3736 " ’“

® .
36



/ Multinomial theorem and

its applications




@/ Find the sum of ¥o_; ¥5_o"Cs - °C, (r <'s)

r=ods=1 Cs* °Cr (r<5)
= Ds=1 Cs - (°Co +°C1 + °Cy + -+ °C;)
- Z?:l nCS : 25
(1+x)"=Cy+ Cix + Cyx? + C3x3 + -+ + Cpx™
="Cy-2+"Cy- 224+ "C, - 2"
58 =1 /4

=3"-1



Let (2x® +3x +4)1° = 320 a,x".Then 5—7 is equal to
13

We have, (2x% +3x +4)10= Y20 ja,.x" - (i)

Replacing x by)%, we get

20
8 6 10 2 r
= ;E-F;;+'4 ==:E:(L, ;
r=0

20

210(2x2% + 3x + 4)10
= ( 20 ) = zarzrx_r

r=0
20 20
= Z ax’" = Z a, 2710, 20-7 Using (i)
r=0 r=0

On comparing the coefficient of x” from both sides, we get

a
a7=a1323$_7 =8
ais



P ) Key Takeaways

MULTINOMIALTHEOREM

We know,

n
0(a+b)”=z"Cran_Tbr, VvneN

r=0

/ n
Consider (x; + x,)" = z "Cr x1TT x5
r=0

L |
n!
— LM T
_Z(n—r)!r! 1%
r=0

(1 + %)™ = z kl'llc xl x;cz

ki+k,=n

wherek, =n—rk,=randk; +k,=n

2:*—. Mol @ o




2

Key Takeaways

MULTINOMIALTHEOREM

n!

kl!kz!“'kr!

k1+k2+"'+kn=n
AlSO, 0 S kl,kz,"‘,kr S n n € N
Aﬂdk1+k2+--°+kr =n

Note:

The total number of distinct terms in the expansion of (x; + x, + -+ x,)™

— (n+r-1) C(r— 1

2:*—. Mol @ o

&




%} In the number of termsin the expansion of (x + y + 2)™ is 36, \ %

then thevalue ofnis

Given: Number of terms in the expansion of (x + y + z)™ is 36.
Number of terms = ®*+=D¢

Number of termsin (x + y + 2)™ = "*3-1¢,_, = "2,

N (n+22$n+1) — 36

s>n+2)(n+1) =72
=>n2+3n-70=0
=>n-7)(n+10)=0

=>n =7andn=—-10 (Rejected)

sn=7



In the number of terms in the expansion of (x + y + 2)™ is 36,
then thevalue ofnis




4
’ / Find the independent term in the expansion of(l +§ +§) :

Giveni(l +§+,%)4 =X kllkzlkg Ohs (x)"z ' Gc)ks

(Whel’e k1 + kz + k3 =4 aﬂd 0 < kl,kz,kg < 4‘)

(454" =2 gty () @i
For independenttermsk, —k; =0 =k, = ks
Also, ki +k, + k3 =4

Possible Cases:

(i) ki =4k, =0,k; =0

(i)k, =2k, =1,k; =1

= ToTop (i ki =0k =2,k;=2



\ :
’ / Find the independent term in the expansion of(l +§ +§) :

Independent term
=2 k1lk2lk3 (1 )kl( ) B (2)%s xt2~Hs
4'0'0'( )4() (2)0 2'1'1'(1)2() (2)1 0'2'2'(1)0() (2)2
=14+12+6

Independentterm = 19.



. .. . . £
Find the coefficient of a?b3c*d in the expansion of (a — b — ¢ + d) *°. \

n! k k k
n _— 1 2 oo T
g +xy+ - +x)" = E KTkl k) i S SRR o

kl +k2 ++kn =n

(a—b—c+d)0= Zm (@a(=b)2(=c)f=(d)*  (where ky +k; + ks + ky = 10)
3

To find the coefficient of a? b3c%d,

put kl = Z,kz = 3,k3 = 4‘,k4_ — |

10!
2!1314!1!

= Coefficient of (a)?(=b)3(—=c)*(d)! =

= 12600

= Coefficient of a?b3c*d = —12600.



In the expression of (v2 + /3 + /5)  Which of the followingis/are true ? \ {%

(2+¥3+48)"= 1 (v () (5)" g

Where, k1 ol k2 ol k3 = 10.

The number of rational terms is 4.

. . The number of rational terms is 3.
For rational terms

kl should be mUItlple of 2 . Sum of the rational terms is 12632.

k, should be multiple of 3
] . Sum of the rational terms is 11792.
ks should be multiple of 6
Possible cases:
(i) ky =10k, = 0,k3 =0
(ll) kl = 4‘,k2 = 6,k3 =0

(lll) k1 = 4, k2 = 0,k3 =6



’ / In the expression of (V2 + 33 + /5) " which of the following is/are true ?

Now, Sum of rational terms

Hence the number of rationalterms = 3 - (b)

- The number of rational terms is 4.

(\/_)kl (i/_)kz (Q/_)k3 - The number of rational terms is 3.

k'k'k'

4!6!0!

0 (V2) ' (33)°(35)°

4'0'6' D

=32+ 7560 + 4200

So, Sum of rational terms = 11792 - (d)

\ W

10! (\/j)lo(iﬁ)o(i/g)o + 1—0!(\/2)4(%)6(?/5)0 . Sum of the rational terms is 12632.

~10!0!0!

Sum of the rational terms is 11792.






