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Session 1

Introductionto
Complex Numbers




* x*+1=0
=>x2=-1
= x = +V—1 = =i

Wherei is called imaginary number.

* Animaginarynumberis a number whose square is a real number that is not positive.

It is represented by i (iota) such that

i2=—1ori=+-1



ﬁ | Key Takeaways

o Vab=+aVb —— Atleast oneof a and b is non-negative

Vab=—/avVb —— a<0&b <0

/ e x24+16=0
= x?=-16
=>x=+V—16= +/16x (1)
= x =+V16V-1
=>x = 14i




@/\ Evaluate vV—25 ++v—49 — v—81

Solution: v/-25 =,/25x (1) = 5i

Similarlyv—49 = 7i and v—81 = 9i

o~ =25 4++vV—-49—-/—-81=5i+7i—9i

= 3i



Key Takeaways

Integral power of iota(i)

¢ i =+v_1
o i2=-1
¢ BoiZii=—

ForneZ:

o M —1fornez

o ("l =iforneZ

° 2= _—1fornel

o (M3 = _jforneZ




)

* Sum ofany four consecutive power of i is zero.

e, (4 4 j4ntl | jant2 L ARSI
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Solution:

13

Evaluate z (™ + "t

n=1

13
Z (ln + in+1)
n=1
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ng/ ove 587+l629+l777+1847+l995

1577 +76194;767 +1837+1985

Solution:

i587+i629+i777+i84—7+i995 B ilOX(i577+i619+i767+i837+i985)

i577 416194767 ;8374985 i577 41619 (767 ;837 41985



Key Takeaways

Complex Number:

e Anumberofthe forma +ibis called a complex numberwhere

a,be Randi=+v-1.
e [tisdenoted byz =a + ib here a is called real part represented by Re(z) and b

is called imaginary part represented by Im(z).

e Aset of complex numbers C can be defined

Where, C={a +ib:a,b ER, i=+v~1}




2

Key Takeaways

Note:
e z=a+ibispurelyreal ifiIm(z)=0ie. b=0.
e z=a+ibispurelyimaginary,if Re(z) =0i.e.a =0.

e 0=0+1i-0,s00is purelyreal as well as purely imaginary.

* Theset of real numbersR is a proper subset of C, hence
NcWcZcQcRcC




Equality of Complex Numbers:

e Two complex number z; = a; +ib, and z, = a, + ib, are equal
ifal = az aﬂd bl = b2

= Re(z,) = Re(z,) and Im(z,) = Im(z,)



/ Find (x,y) which satisfy 4x + i(3x —y) = 3 — 6i,where x,y € R

=) “

Solution:
4x+i(3x—y) =3 —6i

>4x=3and3x—y=-6

3 9 33
Sx=-and-—y=—-6>y=—
x 4 4 y 6 y 4

e =0 %)



Key Takeaways

Letz; =a+1ib,z, =c+id then:

Addition:

e z1+z,=(a+ib)+(c+id)=(a+c)+i(b+d)
——
Re(z1+ 23) Im(z, + z,)

Subtraction:
ez,—2z,=(a+ib)—(c+id)=(a—c)+i(b—d)
——
Re(z1 — z3) Im(z; — z,)
Multiplication:
o 7.z, =(a+ib) - (c +id) = (ac — bd) + i(ad + bc
123 ( )

Re(21 . Zz) Im(21 . Zz)

U




@/' fP=2+iand Q=1+ithenP-Qis

Solution: 1-—3i
P-0=0Q2+)A+1)

g .
=2+2i+i+i?

@ :

=1+ 3i ‘ 1+ 3i

B



Key Takeaways

Division:

z; _ (a+ib) _ (ac+bd)

. (bc—ad)

z, (c+id)  c2+d?

c?+d?

E (Z—:) Im (z—:)

(z, # 0)




Solution:

Express E in form of a + ib.

1+i 1+i  1+i
— =X
1-i 1-i  1+i

_ (A+0)? _ 1+i2+2i
1-i2 2

20

.



ab e

Note:
() (Zl + Zz)z = Z% + Z% + 22122

(24— 23)%2 = 22+ 22 — 2242,

25 — 2,° = (21 + 2,) (21 — 25)

(z1+2)3 =23 + 3222, + 3222 + 73

(z1—2,)3 = Zf — 32%22 + 321222 — ZS‘



Solution:

Let A={0 € (0,F):312sno

of the elementsin Ais

Given:

n) _3+2isinf

A= {9 € (0'_ "1-2isin#

. is purely imaginary}

__ 3+2isinf _ 1+2isinf _ (3—-4sin? 0)+(8sin? 0)i

Let z =
1-2isin® 1+2isin® 1+4sin20

z is purely imaginaryif Re(z) = 0

3—4sin?6
1+4sin26

=3 —4sin26 =0

. 3
= sin%6 ==
4

. NE)

=>sm0=i?

is purely imaginary} . Then, the sum

\ W



\ ¥

2/ "1-2isin 0

@/ Let A = {9 € (O,E) ,342isin 0 4 purely imaginary} . Then, the sum
— of the elementsindis_____.

Solution:

Hence, A = {g}

. T
~ Sumofelementsin A = 3



ﬁ Key Takeaways

GEOMETRICREPRESENTATION AND ARGAND PLANE:

e Acomplex numberz = a + ib can be represented by

a unique point P(a,b) in the cartesian plane referred

to a pair of rectangular axes.
* 0+ i0 representsthe origin point 0(0,0).

* Apurelyreal numbera, i.e., a + i0 represented by

the point (a,0) on x —axis (called real axis).

A




Key Takeaways

r/ ¢
o

2

GEOMETRICREPRESENTATION AND ARGAND PLANE:

A purely imaginary number b, i.e,, 0 + bi represented by

the point (0,b) on y —axis (called imaginary axis).

The plane representing complex numbers as pointsis

called Argand Plane/ Complex plane/ Gaussian Plane.

. P(a, b)

-

A

X
(a,0)




“a \ W

= / Mark these complex numbers as points on the Argand plane.

= ().3+4i (ii).5i @ii).2 (iv).—2+i @) —5-=5i (vi).5—3i

Solution:

I 2.(0,5)

e 1.(3,4)

4.(-2,1)

A
¢
®
v

0 (0,0 3.(20) o ¢(5-3)

® 5. (—5,-5)




Session 2

Modulus and Conjugate of
Complex Number




Key Takeaways

Conjugate of a complex Number:

o« Conjugateofacomplexnumberz=a+ibis y

denoted by zand is defined as Z = a — ib. A

e Zis obtained by changingthe sign of the
imaginary part of z.

A

e |If P representszand Q representszin the
Argand plane,then P = (a,b) ,Q = (a,—b).

e Q(2) isthereflection of P(2) in the real axis.

Examples:

) Ifz=3+4i,thenz =3 —4i. ii)lIfz=i—-5thenz=-5—-1.

iii)Ifz=5,thenz=5. iv)If z =-2i,then z = 2i.




a»e
AN

Propertiesof conjugate:

letz=a+iband zZ=a —ib.

II. z+ Z=2Re(z) = 2a

. z—Z = 2ilm(z) = 2bi

V. zZ = [Re(2)]? + [Im(2)]? = a? + b?
V. z=2z& zIs purelyreal

VI.z+ z=0 & zis purely imaginary

VII. (z1+23) =21+ 73



Propertiesof conjugate:

a»e

Viii. (Z1—22)=21—2;

IX. (Zl'ZZ) = Z_].'ZZ

X. @:% (z, # 0)

Z3

1| If W = f(x +iy), then W = f(x —iy) ,wherex,y € R

l.e for conjugatereplace i with —i.



5 )

/ If (x+iy)> =4+5i (x,y € R)then(y+ix)>=___

\

Given, (x +iy)°> = 4 + 5i
Taking conjugate on both sides
> (x+iy)° =4+5i
= (x —iy)°=4—5i
= (=)3(y+ )% = 4 —5i
= —i (y +ix)>= 4 — 5i
= (y+ix)S==+5

= (y+ ix)°=5 + 4i



 Key Takeaways \%

Modulus of complex number: '

® letz=x+1iy=P(x,y)inthe Argand plane. Then modulusof complex
number represented as |z|, where |z| = \/x? + y? = OP.

|z| represents the distance of P(z) from Origin.

o z=0&|z| =0. Im(Z)“- _____ P(z)

I
Examples: \q,\ E
(i).1fz =3 +4i,then |z =v32+ 42 =5 < 7 0o Re(2)
(ii). 1f z =5,then |zl =v/524+02=75

(iii)). If z =3i =0+ 3i,then|z| =v0%2+3%2 =3

(iv).Ifz=0=0+ 0i, then |z| =v0%2+0%2=0




\ o
@ | Iftheequation,x? + bx + 45 = 0 (b € R) has conjugate complex rootsand \ { U
b / they satisfy |z + 1| = 24/10,then

JEE MAIN JAN 2020

Givenx?+bx +45=0(b € R) N

A b +b =12
Let rootsof the equation be p + iq
Then, sum of roots = 2p = —b ﬂ b2 _ b = 47

Product of roots = p? + g% = 45

Asp +iq lieon|z+ 1| = 2v/10, we get g B2 _p =30
(p+ 1)2+ g% =40

>p2+qg?+2p+1=40 ﬂ b2+p =72
=45—-b+1 =140

=>b=6

= b%* —b =30

Return To Top



Key Takeaways

e |f z; and z, are two complex numbers represented by P and Q in the Argand

plane, then PQ = |z, — z,|

Im (2)

A

A

» Re(z)




(A
= \ Let z be a complex number such that |z| +z =3+, \ ©

5 where i =+/—1.Then |z| isequal to:
[ JEEMAIN2019 |

lz| +z=3+i . (1)
Z=x+1y 2
= |z| = /xZ+ y? 5
From equation first )
JxP+yZ+x+iy=3+i ?
( x2+y2+x)+iy=3+i /i

4

Comparingimaginary part
>y=1
Comparingreal part

Return To Top



A
@/. Let z be a complex number such that |z| + z = 3 + i, \ U

7 where i =+v—1.Then |z| isequal to:
[ JEEMAIN2019 |

Vx?2+1+4+x=3 5
3
=>Vx2+1=3-x
=x24+1=(3-x)? Z
4
@ng
ez
=>Thus, |z| = /x% + y? 3
2
— (% 2 Va1
= |zl = (3) +1 >

5
=>|Z|=§



L)

CVAELCEWENS

Properties of Modulus:

(i). Foranycomplex numberz, |z| = |—-z| = |z| = | - Z]

(iii). Letz=x + iy, —|z| < Re(2) < |z| !

and —|z| < Im(2) < |z| \




a»e

Propertiesof Modulus:

(iv). Letz=x +iy,zz = |z|?

(v).

(vi).

1
= - =
zZ

1
W If zis unimodulari.e|z| =1, then z =

Let zy = xq +iy1, Zo =X + 1Yy, , Zp =X + Yy

Then, |z,2,| = |z1]|2,]

In general, |z,2,25 - z,| = |21 2,|| 25| -+ |z, |.

|z"| =

e |Zl|

| z|™

L Z, #0

z,



Solution:

T (24+i0)(24+2i0)(24+3i) - (2+ni)=x+iythen5.8.13
isequalto_____.

Given, 24+ i)(242i)(24 3i) - ee-e 2+ni)=x+1iy
>[4+ D)2+ 20)@243i) w0 (2 +ni)| = |x+ iy|

= [2 +il|2 + 2il|2 + 3i] - - |2 + ni| =x + iy

= V22 + 12422 + 22422 + 320 oe oo V22 4+ n2 = \[x2 +y2

Squaring both sides

=5.8.7-(42+n?) = x? + y?



Solution:

If z,,2,,23 are complex numbers such that

101 1
|z1| = |22] = |z3| = Z_1+—+Z_

Z3

leeﬂ, |le = |Zz| = |Z3| = 1
= |37 =z, =252 =1

= 2171 = ZpZy = 7373 =1

S L=, =2 =
1_21’2_22,3_23
Alsogiven + Lill=1

Z3 Z3

=>|Z_1+Z_2+Z_3|=1

$|Z1+Z2 +Z3|=1

=z 42,425/ =1

,then find |z, + z, + z3]|.



’ /' Prove that |z, + z,|% = |z |* + |22 |* + 2Re(z,Z;)

Solution: ,
|z1 + z5|° = (21 + 23) (2, + 23)

= (21t 2)(Z1 + 73)
= (2121t 2125 + 2,21 + 2, 7;)
= |z41% + 12512 + 2,2, + 2, 23

= |2y + z5|? = |241% + | 2,1? + 2Re(2,73)



ﬁ Key Takeaways

| |zy + 2,1% = |24|? + |2,1? + 2Re(z1.23)

. |Z1 o Zzlz = |Z1|2 + |22|2 — 2Re(z,.23)

/ 1. |21 4 2512 + |21 — 23|% = 2(1z4]% + | 2,]%)
IV |a21 _bZ2|2 + |bZ1_aZZ|2 = (a2 +b2)(|Z1|2 + |Zz|2)
V. 121 + 25| # |21 + | 25

VI. |Z1 —Zzl * |21| o |Zzl




\ o
:0 | If% (a € R) is a purely imaginary number and |z| = 2, \ { U
/ then a value ofa is

JEE MAIN JAN 2019

—a
Let u = 22
Z+a

N =

As, u is purely imaginary

So,u+u=0

Z—a Z—a
3—4+—=0
zZ+a Z+a

>zZ+za—zZa—a*+zZz—za+zZa—a* =0

= 277 — 2a% =

aac a
N

= |z|? = a? L
= a = +|z|
>a=%2

Return To Top



Session 3

Argument and Different Forms of
Complex Number




p ) Key Takeaways .

Argument (Amplitude) Of A Complex Number:

e Let P = (a,b) be a pointrepresenting a non-zerocomplexnumberz=a+ ibinthe
argand plane.

/ e |[f OP makes an angle 8 with the positive real axis, then 0 is called the argument or
amplitude of z and written as arg(z) = 6.

Imaginary Axis
A

P(a,b
a
b
/6N :
of«——a :
v Real Axis




L)

Key Takeaways %

Principal Argument:

e Theuniquevalue of 8 suchthat —m < 8 < mis called principalargument.

e Unless otherwisestated, arg(z) refers to the principal value of z.

General Argument:

e General values of argument of z are given by 2nr + 6,n € Z.

e Anytwo consecutivearguments of the same complex number
differ by 2.

e Ifz= 0+ 0i, thenarg(z) is not defined.




p CVAELCEVENS

Working Rule For Finding Principal Argument:

letz=a+ib (a,b € Randa # 0,b # 0)

First computea suchthattan a = %.

Let 6 represent the principal argument of z.

CASEl:a>0,b>0 *P(a,b)
|
z lies in first quadrant. . ilbl
) .
) lal M
[ arg(z) =0 =« }




p CVAELCEVENS

Working Rule For Finding Principal Argument:

letz=a+ib (a,b € Randa # 0,b #0)

First computea suchthattan a = %.

Let 6 represent the principalargument of z.

CASEIll:a<0,b>0

z lies in second quadrant. | b

\ 4

7 N

[ arg(z) =0 =nm—a ]




Working Rule For Finding Principal Argument:

letz=a+ib (a,b € Randa # 0,b # 0)

|l

First computea suchthattan a = al

Let 8 represent the principalargument of z.

CASEIlll:a<0,b<0

»

v

zlies in third quadrant.

P(a,b)

[ arg(z) =0 =a—-m J




Working Rule For Finding Principal Argument:

letz=a+ib (a,b € Rand a # 0,b # 0)

First computea suchthattan a = %.

Let 8 represent the principalargument of z.

CASEIV:a>0,b<0

z lies in fourth quadrant.

[ arg(z) =0 = —«a J

A

v




Working Rule For Finding Principal Argument:

letz=a+ib (a,b € Rand a # 0,b # 0)

First computea suchthattan a = lol

lal’

Let 8 represent the principalargument of z.

A

A
L 4
v




Forz=a+1ib (a,b €R):

e a=0,b> 0= zlies on +ve imaginary axis = arg(z) = =

2

~ Purely Imaginary
e a=0,b<0>zlieson —ve imaginary axis = arg(z) = —g A
-’

N
=

-~
e a>0,b=0= zlieson +ve real axis = arg(z) =0 1

> Purely Real

e a<0,b=0>zlieson —ve real axis=arg(z) ==
-

v



2

Key Takeaways

Different Forms Of A Complex Number:

i) Cartesian Form/Algebraic Form/Geometrical Form

z=a+ib=(a b) Wherea,b e Randi =v-1
Re(z) =aandIm(z) = b

= |z| =Va? + b?

tan9=2
a

P(a,b)

v




9 ) CVAELCEVENS

i) Polar Form/Trignometric Form

letz=a+ib, |z| =rand arg(z) =6

[ z=r1(cosf + isin ) ]

P (a,b)

A 4




z=1(cos@ +isin H)

z=71(cosf —isin 0)

|cos 8 + i sin 8] =Vcos2 0 +sin26 =1

lcos 6 — i sin 8] =+Vcos?2 6 +sin26 =1



iii) Euler Form:

e Forcomplexnumber,z =a+ib=r (cosf + i sin 0),

e Euler'sformis z = |z|e'®

e ¢%=cosh +isin @ where 0 = arg(2)

P(a,b)

A 4



If z iIs a complex number of unit modulus and argument

0, then arg( )equals:

|zl = 1andarg(z) =6

i

So,z=¢e
1+ 1+
r(t2) a2
= arg(z)
=0

\ W

[JEE MAIN 2013 J




;p > For anyintegerk, if a; = cos (kg) + i sin (k;),then value of the \ %
12

— Z |ags1 — axl
expression k=1 is____ .
3
z |aar-1 — agg—2|
= [JEEAdeO]S]

@, = cos () + i sin (*F) = %)
= Apyq —Ag = ei(@) — ei(k_:)
= (T - 1)
— (T eilons— o) Sioi |2isin (Z)]
= |ag — axl = 2sin (£)
Replacing k with 4k — 2 in the above expression,

g T
|a4k_1 — a4k_2| = 2sin (14)
Return To Top



. . k . . (k
For anyintegerk, if a; = cos (7”) + i sin (7”) ,then value of the
12
. |ak+1 — akl .
expression k=1 is

3
Z |aar-1 — agg—2|
k=1

Hence the value of the expression is,

12
Z |ak+1 - akl
k=1

3
Z |a4k—1 — Qyk—2
k=1

[JEEAdVZO]S]

\ W



P

Key Takeaways

Properties of Argument:

Let Zl = |leei61' ZZ = |Z2|ei62; Zg = |Z3|eie3,...

(i) arg(z,z,) = arg(z,) + arg(z,) + 2km, k € Z

Proof:

ﬁZl Zy = |leei01 . |Z2|ei92

=7,2, = |Z1||Zzlei(91+ez)

, Zp = |z,|e%n

Y
a
“i147 Zy
o
\)X Zq
(o4
o
B >0 0,
0
4

=z, 2, = |z|e'® where|z| = |z,]|2,],60 = 6, + 6,

= arg(z,2,) = 0, + 0, + 2km,k € Z

= arg(z,2,) = arg(z,) + arg(z,) + 2km, k € Z




‘p ) Key Takeaways e

Note:

* arg(z; 2,25 - z,) = arg(z,) + arg(z,) + arg(zz) + -+ + arg(z,) + 2km, k € Z

/ ° Ifz, =2z, =23 =2, =z, then arg(z") = narg(z) + 2km, k € Z

5]




If arg(z;) = 160° and arg(z,) = 80°, then arg(z z,) =

Given: arg(z;) = 160° and arg(z,) = 80°

arg(z,z,) = arg(z ) + arg(z,) + 2km, k € Z

~arg(zz,) = 160° + 80° + 2km, k € Z
Here, 6, + 0, ¢ (—m, 7]
= arg(z; z,) = 240°— 2n  ( k = —1 for principal argument)

= arg(z,z,) = —120°

= arg(z,z,) = —2?”

21

~arg(z z,) = — By



—_ \
B/ Ifz=1+i,thenarg(z®®) =__ o

Given:z=1+1i

=V2(G+1p)

= \/Z(COSZ}—I + ising)

=~ arg(z) =§ arg(z™) = n arg(z) + 2km, k € Z

-~ arg(z®°) =50. g+ 2km,k € Z

= k = —6 for principalargument

= arg(z°%) = 2;—” — 127

arg(ZSO) = 72T



ﬁ ) Key Takeaways

Properties of Argument:

(ii) arg (j—:) = arg(z,) — arg(z,) + 2km, k € Z

Proof:
Z_l — |leel:91 — ﬂ el(91—92)
z;  |zpletf2 Z

Z1

Z3

= 2—1 = |z|ie?, where |z| =
2

b 0201_02

:arg(?) =60, — 0, +2kn,k €Z

2

= arg (?) = arg(z ) — arg(z,) + 2km, k € Z

2

A




Angle between two lines

Note:

e Angle between twolines= a — B = Arg(zs — z,) — Arg(z, — z;) = Arg(

Z3=2%

Z—2Z

)



e Angle between two lines

Note:

* Angle between twolines joining z4,z, and z3,z, = Arg (23—24)

A
A 4

Zl _Zz

a = arg(z; — z,)

B = arg(z; — z,)



If zand w are two complex numberssuch that |zw| = 1 and arg(z) — arg(w) = >

then arg (%) is:

=\

(here argz denotes the principal argument of complex number z)

. 31
i\0———
7 =71 w=-e ( 2)
r
=>z=re%
3T
1-2Zw _ 1-2e7%0 -7 +9)
_ - . 31T
1+3Zw 1+3e_i9.el(—7+ 0)
_1-2i
1430

{JEE Main July 2021 ]




% . If z1,z, are complex numbers such that Re(z;) = |z, — 1], \ %
/ Re(z,) = |z, — 1| and arg(z; — z,) = g, then Im(z, + z,) is equal to:

[JEE MAIN JAN 2020}

Let z; = x; + iy, and z, = x, + iy,

Re(z;) = |z, — 1| A 28

x? = (x;—1)?+y? E %

>y2—-2x,+1=0 ) %
3

Re(zy) = |z, — 1] ﬂ 3
2

x3 = (x,—1)* +y7
=>yf—2x,+1=0 veee (1)

Subtracting equation (ii) from (i),we get



% . If z1,z, are complex numbers such that Re(z;) = |z, — 1], \ %
/ Re(z,) = |z, — 1| and arg(z; — z,) = g, then Im(z, + z,) is equal to:

[JEE MAIN JAN 2020}

Subtracting equation (ii) from (i),we get

= 7 —y5)—2(x;—x3) =0 A 2V3
= 1 —y2) (0 +y2) = 20, — x3) B %
= (y1+y2) = —2((;1;:2)) y y
arg(z,; —z3) = =
B -
2

1 (i=w\_ =
= 1L ((xl—xz)) Y

yi—y2) _1
(x;-x,) V3

= (y, + y2) =23



@) . . . \ 70

Consider two pointsof non-zero conjugate complex numbers (z4,z5)
— and (z3,z,). Then the principal value of arg( )+arg( ) __ [N

Given:z, =74,2,= 273

arg( )+arg( )—arg(zlii)—arg(%)
‘arg<|3D
|22 .

Here, ||s a positive real number and we know

that Argument of a positive real number is zero.

g2+ as(2) =



Session 4

De Moivre’s Theorem




2

Key Takeaways

Vector form (Vectorial Representation)

Every complex number can be considered as the position

vector of a point.

If the point P(a, b) represents the complex number z.
>z=a+ib

Then OP = zand |0P] = |z

P(a,b)

\ 4




p ) Key Takeaways S

Geometrical Representation of Fundamental Operations:

(1) Addition Of Complex Numbers

LetO—P)=Zl=a1+ib1, 0—Q>=Zz=a2+ib2

/ Now OR = OP + 0Q (Parallelogram law)

m?) =zZ1+2z,= (a1 + az) + i(by + by)

P(z,) = (ay,by)

b
»




ﬁ ) Key Takeaways E

Geometrical Representation of Fundamental Operations:

(2) Subtraction Of Complex Numbers Q(z2)
Let m; = Zl,O—Q) =2z P(Zl)
= 0Q' = -z, . 4
< 5 >
Now 0S = OP + 0Q' (Parallelogram law) Sz, — 2,)
o ﬁ =Z1— Zy
Q'(—2zp)




CYAELGCEWEYS

Geometrical Representation of Fundamental Operations:

A R(z1 + z3)
Q(z;)

‘ P(z 1)




Key Takeaways

Geometrical Representation of Fundamental Operations:

Q(z2)
R(z12,) T (22
(3) Multiplication Of Complex Numbers
2
— , —> ,
Let z; = OP = rye'%1,z, = 0Q = r,e'%2 be complex AT, 116 .
1
numbersrepresented by P and Q. 0 P(z4)
< 0, —
R 0

212, = OR = (1'% )(r2e'%)

= (7”17”2) el(61+62)

arg(z,z,) = 6, + 0, = arg(z,) + arg(z,) + 2nm;n € Z

€ (—m, m|




Key Takeaways

Geometrical Representation of Fundamental Operations:

(4) Division Of Complex Numbers

Let z; = r,e'%1,z, = r,e% be complex numbers

represented by P and Q.

= (&) eite1-62

T2

arg(j—:) =0,—0,+2nmn €L

0,— 0, + 2nm € (—m, ]

‘Q(Zz)
1
0,
) 6,
0 6, — 6,
i
2




ﬁ Key Takeaways

Triangle Inequalities:

Let z4,2z, be two complex numbers represented by the points P and Q in argand plane.

° ||Z1| = |Zz|| < |zy + 25| < |z1] + | 23]

° ||Z1| — |Zz|| < |zy = z,| < |z1] + | 2,




Key Takeaways \ %

Triangle Inequalities:

Let z4,2z, be two complex numbers represented by the points P and Q in argand plane.

Let OP = Zq, OQ =2 A4 R(Zl + Zz)
Q(z2)

= OR = 24 + 25, QP =21 — 2,

In A OPR

Sum of two sides is always greater than third side.
) P(z1)
|0P| I |PR| = |0R| l.e, |le —+ |Z2| = |Z1 +Z2|

\4

A

Difference of two sides is always less than third side.

|0P| - IPRl < |0R| |e, |Z1| _— |Z2| < IZl+Z2|




p ) Key Takeaways

Triangle Inequalities:

[ ||Z1| — |Zz|| < |zy + 23| < |z1] + |2, 1

4 R(zy + z3)
Q(z2)

Similarly, from A OPQ, we have

/ [.‘.||Z1|—|ZZI|S|Z1—Z2|S|Z1I+|ZZ|]

P(z,)

A
\4




A\

Note:
|z, + 23| = |21 + |2,
||Z1| - |Zzll = |Z1_Zzl

Holds, if origin, z,,z, are Collinear.

z,and z, lies on the same side of origin.

Also, argument between z, and z, will be zero.

Origin lies between z; and z,.

Also, argument between z; and z, will be .



@/ If |z— (5 + 7i)| =9, then find the greatest and least value of |z — 2 — 3i|. \ {%

Method-|

lz— (5+7)|=9

Now, |z — 2 —3i| =z — (5+ 7i) + (3 + 4i)|

Zq Z2
||Z1|— |Zz|| < |z + 23| < lzy] + |2,
a|lz= G+ 7D = 13 +4il| < lz—2-3il < |z— (5 + 7)| + |3 + 4il

=>|9-5|<|z—-2-3i|<9+5



@/ If |z— (5 + 7i)| =9, then find the greatest and least value of |z — 2 — 3i|. \ {%

|z — 2 — 3i|n = 4
>4<|z-2-3i|<14

12— 2= 3il gy = 14
Method-II
lz—(5+7)|=9
Letz=x+1iy
= (x =52+ —7)*=9?

=~ z lies on the circlewith centre €(5,7) and radius,r = 9.



\ \ o
B/ If |z— (5 + 7i)| =9, then find the greatest and least value of |z — 2 — 3i|. { U

=>x -5+ -72=9°

|z—2-3i]l =|z - (2+ 3Dl

— Distance between z and P(2,3)
Distance between z; and z, = |z, — z,|
c(5.7) s~ Minimumdistance: AP=|CP—1r| =|5-9| =4
/ P(2,3) Maximum distance:BP = |CP+r| =5+ 9 = 14

A

><V

0(0,0)




g —

@) Iflz; —1] <1, |z, — 2| £ 2,|z3 — 3| < 3,then find the greatest value of |z, + z, + z3|. \ %

|z, —1|<1,|z,— 2| < 2,]|z3— 3| <3

=S |zi+2z,+ 231 =1(z;— 1) + (2, — 2) + (25— 3) + 6]
< |(zy = DI+ 1(z; = 2)| + [(z3— 3)| + |6]
<1+2+3+6
<12

Hence, the greatest value of |z; + z, + z3| is 12



)

Logarithm of a complex number:

Let z = x + iy = |z|e?
= log, z = log.(|z|e'®)
= log,|z| + log, %

= log, z = log.|z| + i6

= log, z = log.|z| + i (6 + 2nm)

|

r=.x2+y? 0 € (—nnl



Express the following in a + ib form.

) log.(1+1)
it) loge(—5)

_\/_(\/‘ NG )
=2 [cos (g) + isin G) ]
2 .e% log, z = log,.|z| + i6

= |z| =\/§,9=g

log.(1+ 1) =§loge 2+1. (§+ Znn);n € 7Z



Express the following in a + ib form.

) log.(1+1)

ii) loge(—5)
ii) —5

=5(—-1)

=5[cosm +isinm]

= GeiT log, z = log.|z| + i6
=|z| =50=n

log. (=5)=log,5+i 1

=log, 5+ i(m+ 2nm);n € Z



p DE MOIVRE'STHEOREM

If n € Z (set of integers), then (cos O + isin 8)™ = cosné + i sinnb

PROOF:
Letn€eZ

We know, z = cos 6 + isin 6 = e'?
z" = (cos 6 + i sin @) = ()"
_ ¢i(n6)

s z" = (cosB +isin@)" = cosnb + isinnb

We knowthat |z| = 1 and arg(z) = 8 and we have |z"| = 1 and

arg(z™) = no




N

DE MOIVRE'STHEOREM

If n € Q (set of rational numbers),then cosnf + i sinnb is one of the values of
(cos@ +isin@)"

Note:
(cos@ —isin@)™ = cosnf —isinnf,n € Z and it is the only solution.

If p,q € Zand q # 0,then

. . B 2km+pB\ . . (2km+p@
(C059+151n9)q=cos(nTp)+lsm(”Tp)

wherek =0,1,2,-:-,q — 1

\ ¥

-

e ——



Find all the roots of the equation z* = 1.

Given:z*=1=z= (1)%...(1’)

1 1
=2z =(1)s = (cos0+isin0)+

p
(cos @ + i sin8)a = cos (2"”“’9) + isin (—2""’””9); k=012,q—1
q q

Here,p =1, =4, =0,k =0,1,2,3
#z= cos (2F) + isin (25) k= 0,123
Whenk=0,z=1

Whenk =1,z = cos§+ isin;—T =
Whenk =2,z=cosm+isinmt = —1

3 . . 3 .
Whenk =3,z =C057n+151n?n= —i



\ (7]
?/ |fz=§+%(i=\/—_1),then (1+iz+2z°+iz%)°isequal to \ { .

JEE MAIN APR 2019

N

Il

|

+

N |~
Il

™

o)}

a
—

ECED)
p) y)
5 _ B . NE -1
Z°> =ee6 =cos—+151n(—):_7 -
(—1+2i)°

N

o
I

Q

“[3
I

()

o

wn

|

+

2

o)

|
N———
I

|

|

|
~ |G

o [ o %

9
c(A+iz+2z°+iz8)° = (1__+ﬂ_£+_+§_é)

9

= G +@)9 = (ei?n) — g = |

2



Session 5

Cube Roots and nth roots of Unity




9 Properties of Cube Roots of Unity

e

Integral Power of w.

—1+iV3 27 . . (2m
w = ” = COS T + 1 SIn Y

Since w is a cube root of unity, we have w3 =1
= (wdk=1%kez

So,we can concludethat w3 =1,k €Z




>

——

Properties of Cube Roots of Unity

For example:

w8 = 36 = (3)6 =1

i) wi®
12
a2 1
W0 =22 =22 2L,
w w
iii) w28
028 = 3042 = (h=30 (2 = (,3)710, ()2 = 1 2 = 2

iU) wZOO + (1)198+ (1)193
wZOO + w198 + w193 — w198.w2 + (1)198 + (1)192.(1)

= (w03)%. w? + (w3 + (W) w=w?+14+w=0



P ) Properties of Cube Roots of Unity \%

PROPERTY 1:Sumof cuberootsof unityis 0.

PROPERTY 2 :Productofcuberootsof unityis 1.

PROPERTY3:If1, w, w?are the cube roots of unity, then the cube root of —1 are
—1,—w, —w?

Proof:

(-1)2= ¥=1+ i

The cube roots of -1 are similar to the roots of the equation z3 = —1.

Aswe knowthat (-1)3=—-1and w3 =1

= (-w)?=(-131=-1

= (0?3 =(-1)3 (0?)3P=-1-1=-1




\ \ W

®
. | Properties of Cube Roots of Unity

/

PROPERTY 4 : If we represent the cube roots of unity by pointsin Argand plane,

they form an equilateral triangle with side as+/3 units.

Also they lie on a circlewith unit

radius and centreat origin.

1=1+0i=P(1,0)

P(1,00

wlly
A~

A




Properties of Cube Roots of Unity

PROPERTYS5:a® + b3 = (a+ b)(a + bw)(a + bw?)

Note:

If 1,w, w? are the cuberoots of unity, then

14+ w* + w?* = <

3,when k isa multiple of 3

L 0, when k is not a multiple of 3



\ o
@ | Ifa, B arethe distinct rootsof the equation x? —x + 1 =0, then \ { &
/  a'® 4+ B1%7 s equal to

JEE MAIN APR 2018

Givenx?—x+1=0

ooy = 1+V/1-4 _ 14iV3 2
X=T T T,
:>—w2:1+2i‘/§=a (say) 1
and —w = 1_;‘/5 = (say)
0

NOW, a101 + ,8107

= (—w2)10L 4 (—g)107

_ _((w3)67 a0 4 (aB)P5 - wz)
=—(w+w?)=1

Return To Top



n

Key Takeaways

th Roots of Unity

th - B (Ghmpe)
Let z be an n*"* root of unity. ((e”’)q=el( . );k=0,1,2,---,q—1)

1
Thenz®=1=¢" = z = ()"

1 1
(1+ 0i)n = (cos0+isin0)n

2
@059 + isin )4 = cos (2kn+p9) + isin (2kn—+pe) ;k=0,1,2,---,q —D
q q

(1) = cos(%’) +isin(%’);k -0,1,2,~n—1

(cosO+isin0)%= cos(%r) +isin(%r);k =0,1,2,n—1

Herep=1,q=n60=0k=0,1,2,--,n—1




p Key Takeaways

(cosO+isinO)% = cos(%r) +isin(%r);k =0,1,2,--n—1

k
cz=eW); k=01,2,n—1
oz = el ei%) (i3 ...

l.((n—l) 217:)
) )0, € n
=7 = 1,ei(2n_n),ei(4n_n)’...' ei((n_rlz) 27T)

Ll

a a’ a

n—1

= 1, w,w? are cube roots of unity, which are in G.P.
with common ratio w.

y) n—-1 : . : 1(2—”) 2T . . 2T
>z=1aa° -, arein G.P.withcommonratioa =e\n’/ = C057+l811’17




J

° : :
' \ Properties of nt* Roots of Unity :
— (%)
z=1aa? -, a" ! wherea =e'\n
Propertyl: |1l =|la] =|a?| =]a3| == 1

Property ll: If we represent the nt" roots of unity by pointsin
Argand plane, they form a n — sided regular polygon
with circumcircle of unit radius and centre at origin.

Pointsequidistantfrom 1 are conjugatesto

each other.
Hence, « and a™1,a? and a™ 2 are conjugates

to each other.




Properties of nt* Roots of Unity :

ame

y) -1 l(ﬂ)
z=1aa% -, a" wherea=e \n

Note: z23=1=223-1=(z-1)(Ez-w)(z—w?

=2z#1,(1+z+4+7%) =(Z—w)(z—w?

Propertylll: If1,a,a?,,a™ arerootsofz" —1=10

=z"-1=z-Dz-a)(z-a*)(z-a")

1(z"-1)
z—1

=z-a)(z—a?)(z-a®) - (z—a¥1):;z#1

1+z+z°++z2"t=z-a)z—a?) - (z—a™1);z# 1



\

° : :
' | Properties of nt* Roots of Unity :

2 -1 1(2—”)
z=1a a4, a"*wherea =e\n

PropertyIV: Ifnis even, then +1 are the only two
real rootsof the equationz™ — 1 = 0.

PropertyV: Ifnisodd,then1isthe onlyreal root
of the equationz™ —1 = 0.

Forn=odd, z3 =1,

Rootsare 1, (real root) and w,w? (complex roots)

PropertyVI: Sum of the nt"* roots of unity s zero.



Properties of nt* Roots of Unity :

y) -1 l(ﬂ)
z=1,a a4, a" *wherea =e \n

PropertyVIl: Product ofthe nt"* roots of unityis (=1)*1



1

F\ \| If a is an imaginary fifth root of unity, then find the value of
0
_____,--'/ lng |1 +a+ a? + a3 — ;|

Solution:

(04

log2|1+a+a2+a3—1|
Here,a5=1 cal=q

Alsol+a+a?+a3+a*=0

log, |1+ a +a? +a® —=| =log; |1+ a +a? +a® —a*

(04
= 10g2|—a'4—a4|
=log,|-2a* (la*l =1)

=log,2=1



@} (1 + w — w? )(1 + w? — a)4)(1 + 0t — w8) ... 2n factors = ? \ %

Solution:

(1+w-—w?)1+w? -1+ w*—wd) - 2nfactors

= (—w? — w?)(—w — 0)(—w? — W) (—w — w)(—w? — w?) ...2n brackets
= (2w?)(—2w)(—20?)(—2w)(—2w?) ...2n brackets

= (4w3)(4w®)(4w?) ...n brackets

=4" x1 =4"



e \ a+tbw+cw? | aw+bw?+c .
0 B Is equal to

/ aw+bw?+c  a+bw+cw?

Solution:

a+bw+cw? aw+bw?+c
2 + 2
aw + bw*+c a4+ bw +cw

_at+bwtcw®  w(a+bw+cw?)
“w(a+bw+cw?) a+bw+cw?

=w’+w=-1



\

’ \ If1,a4,ay, a3, a, arethe 5t roots of unity, then
/ 4 4
i) 1_[(2 —a;) = i) Z
. 2 —a;
=1 =1
Solution:

Given:1,ay,a,,a3,a, are the 5" roots of unity.

=22 —1=0z-1Dz-a)z-a)(z—a3)(z—ay)
>zZ-—a)z—ay)(z—a3)(z—a,) = % wherez =2

D (2= a)C2-a)(2-a)(2-a) =22 =31

4
1
g ; 2 —aq; - (2—1a1) T (2—1a2) d (2—1‘13) N (2_10‘4)

22 -1=z-1D)z-a)z—a,)(z—a3)(z— a,)

Take log on both sides.

log(z®> — 1) =log(z — 1) +log(z — a;) + log(z — ) + log(z — a3) + log(z — a,)
Return ToTop

\ I



If 1,a, a5, a3, a, are the 5" roots of unity, then

o[Je-w= o iz —
=l =il ‘

Solution:
log(z> — 1) =log(z — 1) +log(z — ay) + log(z — a,) + log(z — a3) + log(z — ay)

Differentiate with respect to z

4
=>SZ=1+1+1+1+1

z5-1 z-1 z-a; z-a, Z-Qa3 Z—Q,

et B o T )

:@:(21+1+1+1)

31 —aq 2—a, 2—as3 2—0y

4
Z 1 _49
T L2 —a; 31
=1

\ I



6
G/ Find the value of Z(lnm‘_”_wos@)

Solution;
6
2kt 2kt 1 2kt 2kt
Let S = z sm——tcos— =z— isin— + i% cos—
7 [ 7 7
k=1
6
_12 2kn+, - 2km
=7 CcoS 7 [ Sin 7
=

(21 e (6
a= cos%ﬂ + isin%ﬂ = el(7); a? = el(Tn); ad = el(Tn)
=%(a+a2+a3+a4+a5+a6)

1 1 i

= — — = —X- = —=—
;<1 i -1



P

Key Takeaways

Locus Models Based on Distance (Modulus)

RESULT:|z— 2z, =1z — 2,

NOTE:

|z, — z,| represents the distance between z; and z,

= z lies on the perpendicular bisector ofthe line

segment joining z; and z,

P(2)

A(Z1)

B(Zz)




P ) Key Takeaways '@

Locus Models Based on Distance (Modulus)

RESULT:
|z — z1| + |z — 23| = |21 — 2,
z lies on the line segment joining z; & z,
/ PA+ PB = AB
o . o
A(zq) P(2) B(z,)




a»e

Locus Models Based on Distance (Modulus)

RESULTS:
||Z_Z1| = |4 —Zz|| = |z1 — z,|
z lies on the ray emanating from the point B, if .
A(zq)
|1z — 2zl =z — 2, = |z, — z,]|
z lies on the ray emanating from the point 4, if -
P(z)

|1z —z,| = |z—2z.| =1z, — z,]|

B(z;) P(z)
e B(z3)



\ ¥

The equation |z —i| = |z —1|,i = V-1, represents
JEE MAIN 2019

> lx+iy—il =|x+iy—1|
Theline throughthe origin with
slope —1

Method 1: 4
A A circle of radiusis 1 unit
Given,|z—i| = |z - 1] on /
Slppossz = iy « . > B A circle of radiusis = unit
100 1,0 2

5x2+(y—1)%2=G-1?%+()?

=»—2y+1=-2x+1 ‘ The line through the origin with

slope 1
S>y=Xx

Which s a line passing through the origin with slope 1



o
. \ o
The equation |z —i| = |z —1|,i = V-1, represents

JEE MAIN 2019
Method 2;

: _ A circle of radiusis 1 unit
Given:lz—i|l=|z—-1]|
Let21=0+l& ZZ=1+0"

, _ , _ A circle of radiusis = unit
z lies on perpendicular bisector of line 2
segment joining z; & z,
Theline throughthe origin with
slope —1

Qaa

The line through the origin with
slope 1

.

A




Session 6

Rotational Theorem of Complex
Numbers




9 Key Takeaways

Equation of Ray:

arg(z) = 0 represents a ray emanating from origin making an angle

6 with the positive direction of real axis.

Ifz=x+1iy f

tan 6 2% Q@
=y = (tanf)x

Thisray is partof theline y = (tan6)x N ( 9 X=




P ) Key Takeaways

Equation of Ray:

arg(z) =6
y = (tan 0)x

/ Example: arg(z) =§

e

A

v




Equation of Ray:

arg(z — z,) = 6 represents aray emanating from z; making an angle 6

with the positive direction of real axis.

Y
fz=x+iy& z; =x, +iy; t
P(z)
tang = L=
X — Xq
/// A
=>y—y; =tan 6 (x —x;) x@ (z1)
Thisray is partoftheliney —y, = tan 8 (x — x,) N A
v



b\

J

o
Let z = x + iy be a non-zero complex number such that z? = i|z|?, wherei =+-1, O
then z lies on

[JEE (MAIN) 2020]

Theliney =x ﬂ The real axis
The imaginary axis ﬂ Theliney = —x

Solution:

Given:z =x+1iy
z% = i|z|?
= (x+iy)? =i(x?+ y?) |z| = x% + y?

= (x?2—y3)+i2xy) = i(x? +y?)



Let z = x + iy be a non-zero complex number such that z? = i|z|?, wherei =+-1, \ %
then z lies on

Solution: [JEE (MAIN) 2020]

Comparingthereal and imaginary parts 4
x?—y?2=0and 2xy=x?+y?

S@x+y)(x—y)=0and (x—y)?>=0

A
\4
S

S +y)x—y)=0and (x—y)2=0 Y

>x—y=0

Locusofzistheliney =x v



2Z+1

B / If Re (Z 1_) = 1, wherez = x + iy, then the point (x, y) lies on

Solution:

Given:z =x+1iy

e (ZZZ_+1i) =1

( (x—1) +iy 2x —(2y+1) i)
2x +(2y+1)i 2x—-(2y+1)i

= Re

(x—-1)2x +y(2y+1)
(202 +2y+12

=2x%2+2y?>+2x+3y+1=0

Sx2+yl+x+oy+o=0

[JEE (MAIN) 2019]

i . 1 ]
a circlewhose center is at (—5, _E)

B a straightline whose slope is —g

a straightline whose slope isg

. . o 5
ﬂ a circlewhose diameter |s§



2Z+1

B/ If Re (Z 1) = 1, wherez = x + iy, then the point (x, y) lies on

[JEE (MAIN) 2019]

i . 1 ]
a circlewhose center is at (—5, _E)

Solution:

:x2+3’2+x+§y+§=0(circle)

P B a straightline whose slope is —g
Center=(—g,—f) = (_E’_Z)
, C a straight line whose slope is >
Radius=./g?+f2+c = /1+i—15\/E . = PeISS
4 16 2 4
— > R
Diameter = 2 == a circlewhose diameter is —



-

— Find the points of intersection of the two raysarg(z — 3 — 2i) =§ and \ {%

0
——/ arg(z—3—4i)=2?n. —

Solution:
Yy 4 ) arg(z—3—2i):§
ii) arg(z — 3 — 4i) = Z?n
Thereis no point of intersection
for the given rays.
o
\ 4




Key Takeaways

Complex Number as a rotating vector in the Argand Plane.

Let z = |z|(cos O + isin @) = |z|e'®

OP =|z| +P0OX=26

Consider the complex number z; = ze'®

A

=z, = |z| €0 - i@ = 7, = |Z|ei(9+a)
= z, represents a pointin Argand Plane where

2Q0X=0+«

= Multiplication of z with e'® rotates the vector OP

through angle a in anti-clockwise sense.

Angle of rotation




Key Takeaways

Complex Number as a rotating vector in the Argand Plane:

Considerthe complexnumber z = re'® then,

: Z
1)2z =z —420Na e (23)

where 2r = |2z| = 2|zl and 8 =argof 2z=argof z

i

Nz,=iz=ez -z

A

3) z3 = 2iz

4) Zy = e AVA




Rotation Theorem (Coni's Formula):

zz _ 22l 4o
Zl |le

A(Z1)

\4



p Key Takeaways

/ Rotation Theorem:

A A

C(Z3)
Cl
[ ]
!
Z3—2Z4 B
Z3—274] 17N
e m%ﬂ"
\q,'\»
AI

"o

Let A(z,),B(z,),C(z3) be three pointsin Argand plane.

<£I
Y

AB =z,—z,and AC =z;— 7, = AC = AB' - '

Z3—Zl . ZZ_Zl ) 19
|z3—211  |zy—z|

=

B&L —

Y




— \ If the area of the triangle whose sides are represented by z,izand z + iz

_ﬁ |
/ is 200 sg. units, then|z| =

Solution:
Let z = |z|e'®

] 1
iz = |z|e?. e"2

~ Angle between z and iz is g

So, triangleis rightangled.
= Area =-|zlliz| = 200

= |z| =20

iz 4

zZ+iz

\_. P

—



Key Takeaways

Rotation Theorem:

Let A(z,),B(z,),C(z3),D(z,) be D(z,)

. . B(z;)
four pointsin Argand plane.
AB =2z, — 274 25M
Z6
A(zy)
CD =2z, — 73 v
Zo e 0 0

Z47%3 __ (22—21) . eie
Z4 =73 |z =24l

Z4=23 _ |z4—2z3l . pi0f
ZZ_ZI |ZZ _le
Zy—Z Zy—Z
Here, zg = —-and zg = —*—=
|ZZ —21| |Z4_—Z3




If z,,2,,25 are the vertices of an equilateral triangle and
z, IS its circumcentre, then prove that:
i) 22 + 22+ 22 = 292, + 7,75 + 232,

N 2 2 2
i) 3z§ = z5 + z5 + 74

Let:A =z, B=2z, C=2z

AABC is equilateraltriangle

AB =BC =CA
Zl_ZZ _ |Zl_ZZ| E
23-2, |z3-2l . (D)
Z3—2; |lzz—2z| s
= 3 ..
Zy—2Zq |Zz —21| ooo (ll)
|Z1 _Zzl = |Z3 — Zzl = |Z3 _Z1|

AT BT 024 52452 _ g0 4 gzt ZaZ
PR 11t2; +23 122 + 273+ 737

Z3

C(z3)



.o If z,,2,,25 are the vertices of an equilateral triangle and
z, IS its circumcentre, then prove that:

i) 22 + 22+ 22 = 292, + 7,75 + 232,

ii) 325 = z2 + 2% + 73

=72+ 72+ 22 = 212, + 7,73+ 7374

5 Z1+Z,+2Z
Circumcentre, zg =%

=3z =21+ 2y + 23

=9z = 22 + 25 + 25 + 2(zy2, + 2323 + 237y)
=27 + 25 + 25 + 2(z{ + 25 + z3)
= 3(zf + 75 + 72

2,24 ,2 4 ,2
= 3z5 =z7+2z5 + 23




\ o
@ : The centre of a regular polygon of nsides is located at the pointz = 0 and one \ [ U
i / of its vertex z, is known. If z, be the vertex adjacentto z;, then z, is equal to -

Let A be the vertex with affix z; 7 (cos LL sinz—n)
- n

2m

l
Zl'e n :ZZ
or

2T

Zi-e n =2z,

A

2T ., . 2T
:zzzzl(cos?+lsm7)

or

Z, = z4(cos (Z—n) — isin (Z—n)
2 1 n "

2T . . 2T
= Z, = zq\cos— X isin—
n n

Return To Top



Session 7

Geometrical Applications of Complex
Numbers




2

Key Takeaways

Circle

|z| = r (r € RY) represents a circlewhose

centreis theoriginand radius'r’
z=x+1y
|Z| =7r (1)

=>x+iy|l=r

> Jx2+y2=1r 2x2+y2=1r2

A

A\

A

Y
<
Y
0 /
4

= x—-0)>2+(y—-0)?2=r%... (2) — Circle(centre(0,0) and radius () )

v




P

Key Takeaways

Circle

|z— 2z =7 (r € R") represents a circle

whose centreis the z; and radius 'r’
z=x+1y;z1 =x1 +1iy;

|z — 2,2 =72

(z—2z)(Z—7) =7r? (vzZ=|z?)
=zZ—271— 7221+ 2,2, —1%>=0

= zI2 —zz;— 2z, +|z4|?—12=0

= z|2 —zz;—Zz; + |z4|1?°—12 =0

=>zz+az+az+b=0—> General form

Y

|z— 2z =7

A

\ 4




)

Circle

|z— 2z =71
=|z|2 —zz; —Zz; +|z|?—712=0

>zz+az+az+b =0 — General form

whose centrez; = —a
r=lz12=b =+lal>-b

Note:
« Forrealcircle:|al?—b = 0.

 aisallowedtobeacomplex number,
but b is always a Real number

A

\ 4



|z,| = 9and |z, — 3 — 4i| = 4. Then, the minimumvalue of |z; — z,|is_____

@} Let z, and z, be two complex numberssatisfying \ %

Solution: z; =1zl =9 JEE Main (2019)

z;=z-(B+4)|=4 A :
e, lz—z]=4 % B 2
C: =(0,0), ¢, =(3,4) ) 0Cy !

€,C, =32 + 42 / &
=>r—1r=>5 ‘ 0

~ Two circles touch each other internally

~ minimumvalue of |z; — z,| is 0.



Pﬁ' /' What is the centre and radiusfor zz— (3 —4i)z— (3+4i)z+9 =0

Solution:

As we know that, for

= |z|12 —zz;— 7z, +1z4]* =712 =0

centrez; = —a

r=.lz2-b =+lal?-»b

Comparingwithzz— (3—4i)z— (3+4i)z+9 =0

=>b=9

= Centre: —a= —(—-3—4i) =3+ 4i

= Radius:+/lal2—b=/(9+16)—9

16 =4

5

(3 + 4i),5

(3+4i),4

(3 —4i),4

(3 —4i),5

\ ¥



Key Takeaways

Equation ofan Arc:

Let z4,2z, be any twocomplex numbers.

Czy—z B oz,
|z, —z| |z, —z|
lz,—2z] & z,-z

— \Zp SR
|24 —z| Z,—Z

I ! [z 14
=7 =|z|ez; EE(—n,n]

s

= arg(z') = 5

= arg (Zz _Z) = g

Z1—Z

P(z) I
/ i
A(Zl) B(Zz)
11
I
A(zy)
B(z,)
11
P(z)
arg(fj:—z) = -z




Key Takeaways

Equationofan Arc:

Let z4,z, be any two complex numbers.
arg(z, —z) = 6,
arg(z, —z) = 0,
e, 0,+6 =20,
=60,—0,=0; 0¢€(—mnnmn]

= arg(z, — z) —arg(z;, —z) =0

acute—— Major arc
o

Zl —Z

\ obtuse —— Minor arc

Major arc AB

\ P




Note:

For arg (Z—Z) =0
e Casel:0 = g or —;—T (Semicircle)

® Casell: 0 <72—T (Major Arc)

® Caselll: @ >§ (Minor Arc)



Pﬁ /  Findthecenter of the arc represented by arg[ ] = f

—2i+4

Solution: C(z,) = centreof the arc given by arg[ 2”4] —z

275 _ T z —(0 + 30) p
= ar = z=(0+3)] _m
g[z —Zl] 4 = arg [z —(—4 + 2i) 4

0 =§—>Acute
7y = —4 + 2i = A(—4,2)
z, = 3i= B(0,3)

—

CA: _4'+2l_ZO

. —4+42i-z, = 3i-z,
L.e.,— 77— ‘€2 ==
|4l =
—(3i—zy) . Zy—3i .
= (—0 =i o0 =
—(4+2i-2y) Zo+4—21

Return To Top



zZ—2i+4

Pﬁ/ Find the center of the arc represented by arg[ -3 ] =§

Solution:  _%o=3t _;
Zo+4—21

= 20 — 3i = zi + 4i + 2
= zg(1—0)—7i=2

2+71  1+i 24+2i+7i—7
= ZO = - X — =
1-1 1+1 1+1

9i—5 1 g
=, =3 (=5+9i)

zo = 5 (=5 + 91)



Key Takeaways E %

Straight Line:

Let ax + by + ¢ = 0 is a straight line with slope = —%

letz=x+1iy, Zz=x—1iy

Z+Z zZ—Z
>=——=xand=—F/=y
2 21

L: a(%z)+b(zz;iz_)+c=0
az+az—ibz+ibz+2c=0
L:(a—ib)z+(a+ib)z+2c=0
az+az+k=0 «— ax+by+c=0

wherea =a+ib k = 2¢




Key Takeaways

Straight Line:

az+az+k=0 «— ax+by+c=0

wherea =a+ib k = 2¢

Proof: Let @ = a — ib where %ﬁ =a andaz;? =b

_a_ _ (a+5¢) » 20 ilat@)

b 2 (-  (a-@

Note:

® Slopeofthelineaz+az+k=0Is

Re(a) _ B (a+a)i
Cm(a) T (a—a)

e
b




Note:

® Distanceof a point z;(x; + iy,) from the straight line
az+az+k=0Iis

_|azy +az; + kK|
- 2|al

® Equationofa line paralleltoaz+ az+ k=0is
az+az+1=0 (1ER)

® Equationofa line perpendiculartoaz+az+k=0s
az—az+il=0 (1eR)



All the possiblee points in theset S = {

Solution:

a+i

Lt——

Taking the modulus on both side
|a+1| _ | |

As «a is real,

YT
N FEr

=zl =1

Hence the pointsin S lies on the circlewith
radius one unit

a’+l
a— l

aac e

\ o,
a€ER,i = \/—1} lies on
JEE MAIN 2021

A circle whose radiusisv2 unit
A circle whose radiusis 1 unit
A Straight line whose slope is 1

A Straight line whose slope is —1



(A ]
. : . . 4
A complex number z is said to be unimodular, if |z| = 1, suppose z \
and z, are complex numbers such that Z172%

is unimodular and z, is

2—271Z,

not unimodular. Then the point z lieson a: JEE MAIN 2015

Solution:

Straight line parallel to x —axis
Z1—22,

=1 onsquaring

2_2122

z,-22y (z1-273) _

1

= — A circle of radius 2 unit
2-21Z2, 2-Z1Z,

= |z41? — 2212, — 22173 + 4| 2,|?
=4 — 27,7, — 22173 + | z11%| 2, |? Straightline parallel to y —axis
= |2112(1 = 12,1®) = 4(1 = |2,/*) = 0

> lzil=2 (vlz|#1) A circle of radiusv2 unit

aac e

= |z,| is a circle of radius 2.



P

e |PA|+ |PB| =k > |AB]|

Key Takeaways

Equation of Ellipse :

Let z4,z, be any two complex numbers.

For locusof zto be an ellipse

P(2)

|z, —z| + 1z, —z| = k> |AB| = 2a

If|z— 2zl + 1z — z,| = k > |z, — z,| then
locus of z is an ellipse whose foci are z; and z, .
|PA + PB| = 2a

|Z1_Zzl
4

[—

Y




Key Takeaways

Equation of Hyperbola:

Let z4,z, be any two complex numbers.

For locusof zto be a hyperbola

e |PA|—|PB| =k < |AB|

|z, —zl + |z, —z| = k <|AB| = 2a

o |f ||Z—21| — |z —zzl| =k < |z; — z,| then
locus of z is a hyperbola whose foci are z; and z,.
|PA—PB| = 2a

|Z1_Zzl

e = k

®
\4

A

A(z

B(z;)




v If zis a complex number satisfying the equation

—_— |z + i| + |z — i] = 8, then the maximum value of |z]| is

Solution: Given: |z+i|+|z—i| =8

=)z—(0-)[+[z-(0+)]=8

A

Comparingwith |z — z;| + |z — z,| = k ,we have
zZ1=-1, 2,=1, k=8

|z, — z,| = |-2i| =2

Clearly k > |z, — z,]

Therefore, locus of z is an ellipse with foci z; and z,.

il

\ 4



If zis a complex number satisfying the equation

Solution: Given: |z—1|+|z+3|<8
>|z—(14+0,)|+|z=-(=3+0,i)| <8

= z lies inside or on the ellipse
whose fociare (1,0) and (=3,0)

lz+ 1|+ |z + 3| < 8,thenfindrange of [z—4|is_____

Y4

Length of majoraxis2a=8=a =4
= Vertices = (-5,0) and (3,0)

|z — 4| represents the distance of P(4,0)
from the ellipse

~ |z —4lnm =PA=1and
oz —4|pax =PA =9

Hence, range of [z — 4| is [1,9]

Z,(1,0)

Kt






