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Inequalities

Inequalities are mathematical expressions involving <, >, <, = symbols.

Examples:
e 7>4
e 3x+2<0

2x+1
¢ >
4x—-3
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- Interval

The set of all real numbersbetween any two real numbersis called an interval.

A
v

Interval € R

Types of Interval:
(i) Open interval
(il) Closed interval

(iii) Semi open/closed interval
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Open Interval
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Interval € R

{xeR:-1<x<3} =(-1,3) - Open Interval

(a,b) ={x:a<x <b,x€R}

(a,b)
< O oO———»
a b
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Closed Interval
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Interval € R

{xeR:—-1<x<3} =[-1,3] - Closed Interval

[a,b] ={x:a < x < b}

[a,b]




Semi Open/Closed Interval

a b
« ——+—O0——+—+—o >
- - o+ o« =4 -3 -2 -1 0 1 2 3 4 0
)
v
Interval € R

{xeR:-1<x <3} =(-1,3] »SemiOpen/Semi Closed Interval

(a,b] ={x:a < x < b}

(a,b]
< O o——>
a b



Semi Open/Closed Interval
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Interval € R

{xeR:-1<x<3} =[-1,3) »SemiOpen/Semi Closed Interval

la,b) = {x:a < x < b}

[a,b)
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.Ill) Which among the following represents the interval (2,7]
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V/ Which among the following represents the interval (2,7]
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—00 2 7 [0'e)
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D) Key Takeaways w\\

" Rules for Solving an Inequality

Equalnumbers may be added to (or subtracted from) both sides of an inequality
without affecting the sides of inequality.

Example
ex—5>8
Adding 5 on both sides,

>x—5+5>8+5

=>x>13i.e,x € (13,00)




D) Key Takeaways “\\W

Rules for Solving an Inequality [

Both sides of an inequality can be multiplied (or divided) by the same positive
number, but when both sides are multiplied (or divided) by a negative number,
then the sign of inequality is reversed.

Examples

° 5>2 e 2>1

Multiply 3 on both sides, Multiply —1 on both sides,

=>15>6 =»>-2<-1
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‘O ) Key Takeaways “\\\\‘

- Rules for Solving an Inequality

Note:

e For aninequality,squaringthe termson both the sides is allowed only if both the
quantities are non-negative.

Example —5<2 but25« 4

e If an inequality consists of fractions or rational terms, cross multiplication of only
positive quantityis allowed.

Example 1—2 <1=10 « -3 7
@
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Solve the following for x
(i) 3x = 60 (ii) —4x > 15

Solution:

(i) 3x = 60
Divide by 3 on both sides
= x = 20,x € [20,00)

(ii) —4x > 15
Divide by —4 on both sides

< 15 c 15
= —— —00, ——
* 4 & "4

A

A

20

A

\ 4
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Solve (x =5)(x—7)=0
Solution:

(x—5)(x—-7)=0
(x=5>=>0&((x—-7)=0
x—5)=0 & (x—7)=0

ab > 0 = a &b are of same sign.
or (x=5)<0&((x—-7)<0
(x—5)<0 & (x—7)<0

XS x =7 i x<5 X
>x=>7 : S XS5
< ¢ ¢ > : < ¢ >

S



p | Key Takeaways

Important Results

Ifa,b € R(b=#0),then

o ab>00r%>0 = a & b are of same sign.

/ ° ab<00r%<0=>a&b are of oppositesign.




Wavy Curve Method

The wavy Curve method or method of intervals is a strategy used to

solve inequalities of the form % >0, (=,<0=F1

Where f(x) and g(x) are functionsof x.

Examples
(i)x*—12x+35=0

() (x—2)% - (x>+x—42)<0

) (x=3)3(x+2)°(x+5)°
(x+1)(x—=7)7

<0



Solve the inequality x* + 35 > 12x

Solution:

Step1: Bringeverythingtothe LH.S and make RHS =10

x%>—12x+35>0

N J
Y

Expression

Step 2: Factorizethe expression into as many linear factorsas possible.

x> —12x+35>0

N J
Y

Expression

=>x-5kx-7)>0



’ / Solve the inequality x* + 35 > 12x

Solution:

Step 3 : Identify the critical points. (The value of x at which each
individual factor is equal to zero)
(x=5kx=7)>0
@ @G

\ J
Y

Expression

Critical Points

O\

(i)x—5=0 (i)x—7=0

N J
Y

Critical Pointsare 5,7
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’/ Solve the

Solution:

Step 4:

inequality x% + 35 > 12x

(x—=5)x-=7)>0

N J
N

Expression

Critical Pointsare5,7

Plot the critical pointson thereal line and determine the regions.

A
v




>

\

/

\ L
Solve the inequality x* + 35 > 12x s
Solution:
=2Hoen (x—5)(x—7) >0
N v J)
Expression

Step 5:  Determinethesign of the expressionin eachregion.

o If critical pointsatisfies the given expression, then mention solid circle on

numberline, else mention hollow circle on the number line.

o Take anyrealvalue of x greater than the extreme right most critical pointand
putit in the expressionto get the signinI.

o Repeatthesameto getthe sign of the expressioninIl andIIl.
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Solve the inequality x* + 35 > 12x

Solution:
— (x—=5)x-=7)>0
N v J
Expression

Step6: Generatethe wave diagramstarting from the rightmost region
movingtowardsthe leftmostregionand hence write the solution as

perthe given question.

s x € (—00,5)U (7,00)
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The number of distinct critical points of

QAR08
N

x(1-2)3(x-3)° .

(x=2)(x?-2)

IS



/ The number of distinct critical points of S
(x—2)(x%2-2)

@ \ x(1-%)3(x-3)° . \ %

x(1-x)3(x—3)°
(x—2)(x%2-2)

Critical Points —— Thevalue of x at which each individual factor is equal to zero

O (v)
x=0 ) (iv) (x2=2)=0
(1-x)=0 @D (x—2)=0

(x—3)=0
4

x=0,1,3,2,+/2

~ Number of distinct critical pointsis 6
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(x+9)? (x—6)(x+7)

/ Solve the inequality 2 <0
Solution:
Step1: Bringeverythingtothe LLH.S and make RHS =10

Step 2:

Factorizethe expression into as many linear factorsas possible.

ZI .
x+9)“(x—6)(x+7) <0
(x —2)?
J
v
EXxpression




(x+9)?% (x—6)(x+7)
(x—2)2

’/ Solve the inequality <0
Solution:
Step 3 : Identify the critical points. (The value of x at which each

individual factor is equal to zero)

(x +9)?2%(x—6)(x+7) P
(x i 2)2 ) N
Y
Expression

N

Critical Points

T R

(i)x+9=0 (idD)x—6=0 (iii)x+7=0 (iv)x—2=0

N J
Y

Critical Pointsare —9, —7,2,6



’ / Solve the inequality (249)* (x=6) (x+7)

G2 <0
Solution: (x +9)%(x—6)(x+7) P
—72)2 .
. (x—2) )
Y .
Expression

Critical Pointsare -9, —-7,2,6

Step4: Plotthe critical pointson thereal line and determine the regions.

| |
! !
-9 =7 / 6
——\ . J\ . U . J\ < J
|4 % 11 11 I
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’ ) Solve the inequality &2 &=0G+7) |

(x—2)2

Solution: (x +9)%(x—6)(x+7)
(=2 S . Critical Pointsare =9, —7,2,6
Y
EXxpression

Step 5: Shortcutfor determining the sign of the expression in each region.

e |fthefactorcorrespondingtothe critical point has odd power,then the

sign will change, whereas the sign will remain the same incase the power

is even. 111 11
+ + - N = +
< ® ® = o} ® >
S A
"; ;{/ Sign of the I
expression Sign of the

remains same for expression changes
even exponent for odd exponent
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’ f: (x+9)2 (x=6) (x+7) %

/ Solve the inequality 2 <0
Solution: (x +9)%(x—6)(x+7)
. (@®=2)2 = Critical Pointsare =9, —7,2,6
Y
EXxpression

Step 6: Generatethe wave diagram starting from the rightmost region

moving towardsthe leftmost region and hence writethe

solution as per the given question.

A
\ 4

~x€[=7,2)u(2,6]



Solve (7—x)(x3—-8)>0

Solution:

Step1: Bringeverythingtothe LLH.S and make RHS =10

(7—x)(x3=8) >0
N J
Y
Expression

=27 -x)(x-2)x?*+2x+4)>0



Solve (7—x)(x3—-8)>0

Solution:

Step 2: Factorizethe expression into as many linear factorsas possible
and make the coefficient of x positive in each and every bracket

(7—x)(x3=8) >0
N J
Y
Expression

> (7 -x)(x—-2)x?*+2x+4)>0

Note:

e Hereforx?+2x+4=0,D=22—-4(1D)4) <0

So, the quadratic equation will have non-real
rootsand hence it will not have critical points
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B/ Solve (7—x)(x3—-8)>0

Solution:

Step 2: Factorizethe expression into as many linear factorsas possible
and make the coefficient of x positive in each and every bracket

(7—x)(x3=8) >0
N J
Y
Expression

Note:

* Ensureeach linear factor to have positive coefficient
of x in this step.

=>7-x)x—-2)x%?+2x+4)>0
> —(x=-7Nx-2)x%?+2x+4)>0

5>k -7 -2)x*+2x+4)<0



Solve (7—x)(x3—-8)>0

Solution:

Step 3: lIdentify thecritical points.
(x=7)(x—-2)(x*+2x+4) <0
W G

Expression

J

Critical Points

SN

(i)x—7=0 (i)x—2=0
N

v
Critical Pointsare 2,7



Solve (7—x)(x3—-8)>0

Solution: (x—7Dx—2)(x%2+2x+4) <0

g
Expression

Critical Pointsare 2,7

Step 4: Plotthe critical pointson thereal line and determine the regions.

A
\ 4




Solve (7—x)(x3—-8)>0

Solution: (x—7Dx—2)(x%2+2x+4) <0
R J
g
Expression

Step 5: Determinethesign ofthe expression in each region.

+ " " +
2 o 7
N J J U J
Y Y Y
11 11 I

\

Critical Pointsare 2,7



Solve (7—x)(x3—-8)>0

Solution:

Step 6:

\

2
fx— 7)(x —2)(x +2x+42 <0 Critical Pointsare 2,7
g
Expression

Generate the wave diagram starting from the rightmost region
moving towardsthe leftmost region and hence write the

solution as per the given question.

A
v
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%2020 (y_17)2019(5_13)2018 Steps
Solve: 2021 2022 =
(x+7)2%1(x—31) Step 1: Bring everythingtothe L.H.S and make R.H.S = 0
Step 2: Factorize the expression intoas many linear
factors as possible.
%2020 (5 17)2019(5_13)2018 Step 3: Identify the critical points. (The value of x at

0 which each individual factor is equal to zero)

Step 4: Plot the critical points on the real line and
determine the regions.

Step 5: Determine the sign of the expression.

Step 6 : Write the solution set as per the question. 7

(x+7)2021(x_31)2022

Critical pointatx =-7,0,17,13,31

~x €{0,13} U (—=00,—-7) U [17,31) U (31, o)
Return To Top






