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= KEY TAKEAWAYS

4

Three Dimensional Geometry:

Definition:

It is @ geometric setting, in which three different parameters (dimensions) x,y, z are
required to determine position of a point.

Return to Top
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4
Coordinate and Position Vector of a point: L 4
X'X,Y'Y,Z'Z are the three coordinate axes. B(0,y.0) g M(x,y,0)
Note : A
Points A4, B, C are orthogonal projections of

Ponthe X,Y & Z axes.

Here, (s AN

® Point Misin xy plane z Y’
® Point N isin yz plane

® Point Lisin xz plane

Return to Top
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KEY TAKEAWAYS

(?ctant OXYZ |OX'YZ |0XY'Z |0XYZ' |\OX'Y'Z|OX'YZ'|\OXY'Z'|0X'Y'Z’
Co-ordinate

x + — + + - — + -

y + + - + » + - =

z + + + — + — — -




One of the vertices of a cuboid is (0,2,—1) and edges from this vertex are %
o P\ along positive x,y and z — axis respectively and are of lengths 2,2 & 3
respectively. Then, the coordinates of other vertices are :

Return to Top
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One of the vertices of a cuboid is (0,2,—1) and edges from this vertex are
‘ along positive x,y and z — axis respectively and are of lengths 2,2 & 3
respectively. Then, the coordinates of other vertices are :

0

P=(02-1
(0,2,-1) s

Length of edges are 2,2, 3

Other vertices are;

A(0+2,2,—-1+3)=4(2,2,2)

B(0,2,—1+3) = B(02,2)

€(0,+2,2,—-1) = C(22,—1)

D(0,2+2,—1+3)=D(04,2)
E(0,2+2,—1) = E(04,—1)

F(O0+22+2,—-1)=F(24,-1)

Return &Fd3 4, 2)
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Planes are drawn parallel to the coordinate planes through the points
(1,2,3) and (2,4,7). Find the length of edges of cuboid so formed,

} g

1,2,3

1,2,4

2,2,3

GICIOI€

2,2,4




F\ Planes are drawn parallel to the coordinate planes through the points
‘9“ (1,2,3) and (2,4,7). Find the length of edges of cuboid so formed,

P=[2-1]=1 7 F
PE=14-2|=2
O n
PB=|7-3|=4 g Q.47 | ——x
o2 3
~ Length of edges are 1, 2,4 ! )
B /4
VA

Return to Top
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Planes are drawn parallel to the coordinate planes through the points
(1,2,3) and (2,4,7). Find the length of edges of cuboid so formed,

} g

w 1,2,3
@ 1,2,4
\C-Z/ 2,2,3
\[-)/ 2,2,4
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Position Vector of a Point:

Let 0 be origin, then the position vector

of a point P is the vector OP
= 0P =0L +LP

= (04 + AL) + LP

=(04A+0C)+ 0B

= xi + zk + yj

7 (position vector of P) = xi + yj + zk

Return to Top

AY
B(0,y,0) M(x,y,0)
N(U y,z) P(x|vy,z)
a7,
o /7 | A(x,0,0)
k /0// ,'l ,,,, //.’
C(Oy """" £ (x,0,2)
Z
OM = xi+ yj
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Distance formula between two points:

DIStaﬂCG = PQ = \/(xz — x1)2 + (yz — yl)Z + (Zz — Zl)z

PO =(t—x) i+ —y)f+(z—2)k

Return to Top

4

@0(x2,Y2,72)

® P(xy,¥1,%1)

A 4



f The locus of a point P which moves such that PA? — PB? = 5, where A and B
‘ are (3,4,5) and (—1,3,—7) respectively, is:

8x+2y+242z—-9=0

8x+2y+242z+14=0

8x—2y+24z—-5=0

8x —2y—24z+13 =0

OIGIOIC

Return to Top




=2 The locus of a point P which moves such that PA? — PB? = 5, where A and B
< | are (3,4,5) and (-1, 3,-7) respectively, is:

Let P = (x,y,2), PA>—PB? =5
PA?2 = (x —3)%+ (y — 4)? + (z — 5)2
PB?=(x+1)?+(y—3)?2+(z+7)?
PA2—PB*=5 =((x-3)2+W-42*+(z-5)?)
—((x+ D2+ —=3)2+(z+7)?) =5

= (x2—6x+9+y>—8y+16+2z%2—102 + 25)
— (2 +2x+1+y*—6y+9+2z°+14z+49) =5

= —8x—2y—2427—-9=5

~Locusof P:8x+2y+24z+14=0
Return to Top




‘¢ V The locus of a point P which moves such that PA? — PB? = 5, where A and B
‘ are (3,4,5) and (—1,3,—7) respectively, is:

8x+2y+242z—-9=0

8x+2y+242z+14=0

8x—2y+24z—-5=0

8x —2y—24z+13 =0

OIOIOIC
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Distance of a Point from Co-ordinate Axis:

Distance of P from x —axis = PA

PA=(x—x)2+y2+22=,/y?+2z2

Distance of P from y — axis = PB

PB=x2+ (y—y)2+2% =Vx2 + 22
Distance of P from z — axis = PC

PC=x2+y2+(z-2)% = [x2+y2

Projection of pointon x — axis= A

Projection of pointony — axis =B
Projection of pointonz — axis=C

Return to Top

AY

B(0,y,0)

P(x

¥.%)

A(x,0,0)
> X

€(0,0,2)
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If the sum of the squares of the distances of a point from the three
coordinate axes be 36, then its distance from origin is :

Return to Top

‘ = 32 C

—/ \—/

Let P = (x,v,2)

PA* + PB? + PC* = 36
2+z)+ @2 +2z5)+ (x> +y%?) =36
= 2(x*+y*+2z%) =36

=>x?+y?+2z2=18

= 0P = /x2 +y2 + 22 =+/18
= 3+/2

6v/2

L\ °
IN%
B(0,y,0)
P(xy,z)
A(x,0,0)
B » X
€(0,0,2)




[
o ’ If the sum of the squares of the distances of a point from the three
coordinate axes be 36, then its distance from origin is :

@ = 1@ # |© e« [@) = |

IN%
B(0,y,0)
e P(x}y,2)
595
999 A(x,0,0)
Sy i =
+ P e
C(0,0,7)
z

Return to Top




‘ ? A point moves so that the sum of the
‘ squares of its distances from the six faces of
acubegivenbyx = +1,y=+1,z=+1is10

units. Then the locus of the point is -

x2+y2+z2=1

x+y+z=1

DA Z

x+y+z=2

OIGIOIC
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—=§ A point moves so that the sum of the squares of its distances from the six
4‘ faces of a cube given by x = +1,y = +1,z = £1 is 10 units. Then the locus of
the point is:
Let P = (I, m,n)
N z=-—1
Distance of P fromx =1= |l — 1| | 5 :
o e xfF1
SU+1D2+m+1D)?+(n+1)2 2x=-1Ly=-1z=-1 : PQmmn)| |
+(-1)2+(m-1)2+(n-12 »x=1y=1z=1 | jiL%
{ : J
=10

SP42l+14+m2+2m+1+n2+2n+1+012-21+1
+m?—-2m+1+n2—-2n+1=10

52 +m2+n¥)+6=10=>2*+m?*+n?) =4

GCeneralise,l 5 x,m->yn-z

ReturntoTop x%2+y2+2z2=2
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Return to Top

A point moves so that the sum of the squares of its distances from the six
‘ faces of a cube given by x = +1,y = +1,z = £1 is 10 units. Then the locus of
the point is:

x2+y2+z2=1

x+y+z=1

) (=, G

x2+y2+22=2

x+y+z=2

G
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Section Formula:

Coordinate of a point M which divides the line ((\.,'@ Q(x2,¥2,22)
segment joining points P& Q inm : n, is: M(x,y,z)
M = (x,v,2) P(x1,1,21)
> X
- mx2+nx1 my2+ny1 le+nzl O
M_( m+n'm+n'm+n) /

Z

Return to Top
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’ If a point R (4,y, 2z) lies on the line segment joining the points P(2,—-3,4)
4‘ and Q(8,0,10), then the distance of R from origin is :

JEE MAINS APR 2019

A 6 ‘ B V53 ‘ C 2V/14 D 2v/21 ‘
\_/ A4 N4 \_/
PR A .
Let ok (internally)

) _ (8A+2 0+(-3) 10A+4) _ 4 80,10
Section Formula R = (“1, s ) = (4,y,2) : Q(8,0,10)
S 48+ 2=41+4 | R4y, 2)

A+1 :
; E
4A=2=>1= E X
////0

Put 1in R (4,—2,6) o

OR =16 + 4 + 36 = V56 = 2V/14

Return to Top
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| ’ If a point R (4,y, 2z) lies on the line segment joining the points P(2,—-3,4)
and Q(8,0,10), then the distance of R from origin is :

JEE MAINS APR 2019

@) s 1) w | (o) wm | (o) wm

~3

Q(8,0,10)

e

Return to Top
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Centroid of a Triangle

Coordinate of centroid G is:

_ [(X1*+X2+X3 Y1+Ya+Y3 Z3+Zy+Z3
G = I = s

B(xz;LVZJZz)“ ’ - C(x3,¥3,23)

Return to Top




’ Let A(3,0,—1),B(2,10,6) & C (1,2,1) be the vertices of a triangle and M be
“ the midpoint of AC. If G divides BM in theratio 2 : 1, then
cos(£GOA), where 0 is the origin, is equal to

JEE MAINS APR 2019

) . A(3,0,—1)
G is the centroid

G A (X1+xZ+X3 YV1t+Yyo>+ys3 Zl+Zz+Z3)

3 ‘ 3 ! 3
O (3+2+1’10+0+2’—1+6+1) =G = (242)
3 3 3
I BA-0G
cos =04 06 = —=—= B(2,10,6) C(1,2,1)
|o4]-|og|

6—2

B 9 = ——
Viovza  avie " COSY = E

cosf =

Return to Top




’ ’ Let A(3,0,—1),B(2,10,6) & C (1,2,1) be the vertices of a triangle and M be
‘ the midpoint of AC. If G divides BM in theratio 2 : 1, then
cos(£GOA), where 0 is the origin, is equal to

JEE MAINS APR 2019

()

3l-
(w

B(2,10,6) oazZn

Return to Top
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' A(x1, Y1,
Incentre of a Triangle (1, ¥1,%1)

Coordinate of incentre [ is:

G = (ax1+bx2+cx3 ay1+by,+cys azl+bzz+czg)
1 a+b+c ' a+b+c ' a+b+c

B(x3,y2,22) Q@ C(x3,¥3,23)

Return to Top
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The vertices of a triangleare A (1,1,2),B(4,3,1) and C (2,3,5). Then
vector representing internal bisector of the angle A is :

QIOIOC
N
+
A
|
&




@ H_ The vertices of a triangleare 4 (1,1,2),B(4,3,1) and C (2,3,5). Then
- vector representing internal bisector of the angle A is:

AB =32+ 22+ 12 =+/14 4(112)

AC =V12 4+ 22 + 32 =414

= ABC is an isosceles triangle. V14 V14
~ Median acts as an angle bisector
for angle A. 1 1
1 : : i B(4,3,1) 'S C (2,3,5)
D divides BC in ratio of AB : AC D(3,33)

= D is mid point

D =(3,3,3) =AD = 0D — 0A
= (31+3j+3k) — (1 +] + 2k)
~AD =21+ 2] +k
Returnto Top
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Return to Top

The vertices of a triangleare A (1,1,2),B(4,3,1) and C (2,3,5). Then
vector representing internal bisector of the angle A is :

N
+
A
|
&




Session 02

Direction ratios and

direction cosines of a line

Return to Top
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Area of a triangle A(xy,¥1,71)
.

Let A(xy,y1,21) , B(x2,¥2,2,) and C(x3,y3,23) be

vertices of a triangle, then

Area = ~|AB x AC| A S

=

B(x3,Y2,23) C(x3,Y3,23)

1
Area = S|X2—X1 Y2—V1 Z2— 7%
X3—=X1 Yz3—=N1 43— 24

Return to Top
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Area of a triangle

Let A,,A, and A, be the area of the projections of the triangle to the YZ, XZ, XY planes

respectively.

A(xq1,¥1,71)

C(x3,¥3,23)

Return to Top

Area of triangle (A) = \/sz +A,° +A,°

yi oz 1 | 1
Ax:% Y2 Zz 1] JA=71Z2 X 1
ys z3 1 z3 x3 1
11¥1 N 1
A= E X, Y2 1
x3 y3 1




U " The area of triangle formed by joining points (2,—1,1),(1,—3,-5)
*d xB-4-Dis:

Return to Top




= The area of triangle formed by joining points (2,—1,1),(1,—3,-5)
D &6 -4-4)is:

Solution: A(2,,—-1,1)

-

Area:§|ﬁxﬁ

i i %
Area= |z |x,— X1 Yo — V1 2Zp—2Z;
X3—=X1 Y3—Y1 23— 24, e e
B(1,4£3/45) Gi3—4—1)
i ]k
Area=1|- |-1 -2 -6
1 -3 -5

V210
2

square unit

Return to Top
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Condition of collinearity

The points A(xq,y1,21) ,B(x,,y5,2,) and C(xs, y3,z3) are collinear if :

Using Distance formula:

%/Q %ﬁg
: Eboysszs) ? % B(x2,y2,22)
A(xy,y1,20) B2, 92, 22) = A Vi 24 (x3,¥3,23)
i.e.AB + BC = AC i.e.AB — BC = AC

AB + BC = AC

Return to Top
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Condition of collinearity

The points A(xq,y1,21) ,B(x,,y5,2,) and C(xs, y3,z3) are collinear if :

Using section formula:

m + n
_’_.
_______._-—_e'—"————-»'_—-————"""
®
A(xl'ylrzl) B(xZJYZ; Zz) C(X3,y3,z3)

Point B divides A & C in ration m:n

_ mX3 +nx; _mys; +ny, _mzz+tnz

Xy = ) y Ly =

m+4n m-+n m-+n

Return to ToOp
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Condition of collinearity

The points A(xq,y1,21) ,B(x,,y5,2,) and C(xs, y3,z3) are collinear if :

Using area of triangle:

!%ﬂ
Alxy, vy, z1)  B(X2,¥2,23) C(x3,¥3,23)

i J k
Xp—X1 Y2—Y1 Z2— 7| =0
X3 —X1 Y3 —Y1 23— 71

Area =

N |-

Return to Top
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Condition of collinearity

The points A(xq,y1,21) ,B(x,,y5,2,) and C(xs, y3,z3) are collinear if :

Using vectors:

AC | AB
!%E
AC = 1AB A(x1,V1,21) B(x5,v5,25) C(x3,¥3,23)

X3 =Xy Y3 — V1 23— Z

Xo—=X1 Yo—=V1 2~ 71

Return to Top
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If the points (4,5,1),(3,2,4) &(—1,—10,p) are collinear, then value

of p is:

14

15

16

OICIOIC

17

Ve



@ If the points (4,5,1),(3,2,4) & (—1,—10,p) are collinear, then value

4‘ of p is:

Solution:

X3 —=X1 _Y3— V1 _Z3— 2

Xo—=X1 Yo—=V1 2 — 71

-1-4 -10-5 p-1

3—4  2-5 4-—1

=>p—1=3X%5
=>p=16

Return to Top

g
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Return to Top

‘ of p is:

If the points (4,5,1),(3,2,4) &(—1,—10,p) are collinear, then value

w 14
w 15
w 17

Ve
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Volume of Tetrahedron

Let A(xq1,v1,21) ,B(x5,¥5,25),C(x3,Yy3,23) and D (x4, V4, 2,) e vertices of a tetrahedron, then

1 =5 =
C(x3,¥3,23) V= g'[abc]l
®
B 1x2—x1 Y2 —V1 22— 74
V=|=(X3—X1 Y3—Y1 23— 7
Xa — X1 Ya—YV1 Zy— 71
A(xlﬂyllzl)g 7 —> e B(foyZ'ZZ)
a
¢ g
D(X4,Y4,24)

Return to Top
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Direction Cosines of a line

Let a, B,y be the angles which the directed line makes with the positive directions

of the axes of x,y & z respectively, then cosa,cosf & cosy are called the direction

cosines of the line (D.C.'s).

They are usually denoted by I,m ,n.

a

a
cosa =- — 75 5
r va2+b2+c?

'3 b b
cosf =- = —
r vVa?+b2+c?

C

c
COSYy == = ————
V=5 va?+b?+c?

Note | a+pB+y #2n

Return to Top
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Direction Cosines of a line

The D.C.'s are usually denoted by [,m ,n.

a

l=cosa = ——
va2+b2+c?

a? b2 c?

+
a2+b2+c?2  a?+b%+c?2 a?+b2+c?

__a?+b%+c?
a?+b2+c?

T;;'nlz +m?4+n=1




O

Direction Cosines of a line

The D.C.'s are usually denoted by [,m ,n.
» OP=r

DC's=[lmn

= P = (Ir,mr,nr)

> PQ=r
DC's=[mn

P(x1,¥1,21)

Q= +lr,y,+mr,z; +nr)
Return tofop
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Return to Top

[

Direction cosines (D.C.'s ) of a line equally inclined with the positive

direction of the coordinate axes,is ___.

1 1 1
(L)% %%

Ve
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_=0 Direction cosines (D.C.'s ) of a line equally inclined with the positive
‘ direction of the coordinate axes, is ____.

Solution: 1,1,1
a=F=y |l =cosa ,m=cosfl ,n=cosy

1 1 1
I?+m?+n?=1 l=cosa=m=n N

= cos?a +cos?a+cosla=1

1
=3cos’a=1=cosa=+—
V3

oI~
5i-
@l

QAOIOIC
-
-
<l

il
=>cosa=—==1
V3

Thus, direction cosines:

3
5
@l

Return to Top




Ve

\A/ 1,1,1
111
B _\/§J_\/§J_\/§
1 1 1
O\/E’\/E’\/E
1 1 1
@ﬁ' V3

Return to Top




If a line makes angles a, B,y with positive x,y, z axes respectively,

then the value of sin?a + sin?f + sin?y is :

G F . )

Return to Top
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Return to Top

If a line makes angles a, B,y with positive x,y, z axes respectively,

4‘ then the value of sin?a + sin?f + sin?y is :
Solution:
I?+m?+n®=1
= cos?a + cos?f + cos?y =1
= 1—sina+1—sin?f +1— sin’y =1

= sina + sin?p + sin?y = 2



«ri V If a line makes angles a, B,y with positive x, y, z axes respectively,
‘ then the value of sin?a + sin?f + sin?y is :

O
@ 2
(c) :
(o) ¢

Return to Top
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Direction Ratios of a line

If a,b,c be proportional to the direction cosines (D.C.'s) [,m,n,then a,b,c are

called direction ratios (D.R.'s).
Example | Letthe D.C'sofa line be: §—§§ then

DRscanbe: 2,-2,1
or —6,6,—3

or 2v7,=2\7 7

Return to Top
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Direction Ratios of a line

Let (a,b,c) be the D.R.'sand [,m,n be the D.C's

of a line, then

a
—_— m:
l

a L)
2’ p)

12 2 2 _ a®  b? 02_1 212 = (g% + b2 2
+mc+n :>§+A_2+/1_2_ = —(a + +C)

=> 1 =+va? + b% + c?

l,m,nz( 2 it < )

VaZ+bZ+c2’VaZ+b2+c2’ VaZ+bZ+c2

or

l,m,nE( o b < )

VaZ+bZ+c2’ VaZ+bZ+c2' VaZ+bZ+c2

Return to Top
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Direction Ratios and Direction Cosines of a line

» Ifa,b,cbethe D.R'sof any line L, then

ai + bj + ck will be a vector parallel to the line..
» Ifl,m,n bethe D.C'sof any line L, then

I + mj + nk will be a unit vector parallel to the line .

Return to Top
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Direction Ratios and Direction Cosines of a line

If P = (x1,¥1,21) & Q = (x,¥2,2;) , then
Q(x2,¥2,27)
» The D.R.s of line PQ will be

a=x,=—X,b=y,—y1,c=2,—7

P(x1,¥1,21)
» The D.Cs of line PQ will be

] = X2—Xq _ Y21 _Z2774

|PQ| ’ lPQl ” " |PQ

Return to Top




7 Consider a cube whose edges are parallel to coordinate axes. Then the %

o \
4“ direction ratios (D.R.'s) and direction cosines (D.C.'s ) of its body diagonals, is :

Return to Top




4‘» direction ratios (D.R.'s) and direction cosines (D.C.'s ) of its body diagonals, is :

Solution:

Let side of cube be a

OP:D.R's: (1,1,1)

BL:D.R's: (1,—-1,1)

Return to Top

N(0,a,a)
b ) €(0,0,a)
NE
Z
1
%)

+Y
B(0,a,0)

= Consider a cube whose edges are parallel to coordinate axes. Then the

07

M(a,a,0)

a,a)

/ P(a,

A(a, 0,0)

L(a,0,a)

g



g

= Consider a cube whose edges are parallel to coordinate axes. Then the

4‘» direction ratios (D.R.'s) and direction cosines (D.C.'s ) of its body diagonals, is :

Solution: +Y
B(0,a,0)
AN :D.R's: (—-1,1,1) N(O,a,a) M(a,a,0)
g i P(aja,a)
e (1 1 1 1 1 _1
DC’s: ( ﬁ’ﬁ'ﬁ)or(ﬁ’ Nk ﬁ) /
O’ A(a,0,0)
€(0,0,a)
CM:D.R's:(1,1,—-1) L(a,0,a)
1 1 il 1 1 1 Z
D.C's: (\/_i’x/_i’_x/_?) or (—\/—5,—@,5)

Return to Top




Session 03

Equation of a straight line in

3 —D form

Return to Top




g

’ The direction cosines (D.C.'s) [,m,n of a line which are connected
4‘ by the relationsl+ m+n = 0; 2lm + 2mn —nl = 0, is:

N 211 c) L1z
v 6’6’6 v v6’'Ve’' Ve

2 1 1 1 1 2

\I?/ 6’ V6’ V6 \[_)/ Ve’ e6’'Ve

l[+m+n=0 &2lm+2mn—nl=0
Putn=—-l—-m
=22lm+(2m—-0D)Mn)=0
=22lm+(2m-0D(-l—-m)=0
=2lm—2lm—-2m?>+1>°+1lm=0
>0124+Ilm-2m?=0

Return to Top =>{+2m)(I—-m)=0




Return to Top

“p

g

The direction cosines (D.C.'s) [,m,n of a line which are connected
by the relationsl+ m+n = 0; 2lm + 2mn —nl = 0, is:

l+m+n=0 &2lm+2mn—nl=0

=>{U+2m)(l—-m) =0

=»n=-l-m s>n=-l—-m
—aE >n=-2m

DRS « (—-2,1,1) DRS x (1,1,—2)

' 211 .1 1 2
~ D.C''s can be; =, =, = Or G



Return to Top

WEN TAIWKE AN AV

Angle between two lines

If two lines have D.R.’s a4, b;, ¢, and a,, by, ¢, respectively
(parallel vectors will be a,i + by j + c;k and a,i + b,j + c,k respectively).
Let 6 is the angle between them, then

9 L COS_l a1a2+b1b2+C1C2
\/a12+b12+C12\/a22+b22+C22

Lines will be parallel, if

G o [ oh

as b2 Co
Lines will be perpendicular, if

alaz + blbz + C1C2 - 0




@ KEY TAKE AW AV

4

Angle between two lines

If two lines have D.C.'s I;, m;,n; and l,, m,, n, respectively

(parallel unit vectors will be 1,1 + myj + n;k and 1,1 + m,j + nyk respectively).
Let 6 is the angle between them, then

0 = cos™1(lyl, + mym, + nyny,) Ly

QL
&l

cosf =

=
=

Return to Top




‘ The angle between any two body diagonals of a cube, is:

@) =G ey =

0 = cos~ (I l, + mym, + nyn,) Y
B(0,a,0)
o ) M(a, a,0)
,a,a
. : : (A1 1 f P(aja,a)
OP : Direction cosines : (\/§’\/§'\/§)
0 | a@00)
BL : Directi . 1 1 1 €(0,0,a) Tl
: Direction cosines: (= ——= — L(a,0
(ﬁ' @'ﬁ) it

VA

0 = cos™?! G)

Return to Top




o
‘ equationsl+m+n=0 & > =m? +n? is:

Return to Top

The angle between the lines whose direction cosines satisfy the

JEE MAIN 2014

wlS

old

1S

) & C

SN

Ve



0

Return to Top

The angle between the lines whose direction cosines satisfy the

4 equationsl+m+n=0 & I1> =m? +n?, is:

l+m+n=0 & I? =m? +n?
=>l=—-(m+n)- )

Squaring (i),

=12 =m?+n?%+2mn

= 1> =1*+2mn

=>2mn=0 1 1

>m=0o0orn=0

JEE MAIN 2014

g



e . . : . : O
=> The angle between the lines whose direction cosines satisfy the '
é equationsl+m+n=0 & 1> =m? +n?, is:

JEE MAIN 2014

Form O,l_ﬁ,n_ >

>m=0o0orn=0
L _ 1 __ 1
Forn=0, l=—=,m=—-—=

~ D.Cs will be :(%,O,—\/—li) or (i —i,O)

0 = cos (L1, + mym, + nyn,)
=60 =cos ! (1) =§

2

Return to Top




0 V

Return to Top

The angle between the lines whose direction cosines satisfy the
‘ equationsl+m+n=0 & > =m? +n? is:

JEE MAIN 2014

wlS

NE

S

OICIOO

I

4



4

r . .
U ™ The coordinates of points 4,B,C,D are (4,a,2),(5,-3,2),(8,1,1) & (3,3,—1)

‘ respectively. Line AB would be perpendicular to line €D when:

a=—1,6=—1

alofolc

Return to Top




=5 The coordinates of points 4,B,C,D are (4,a,2),(5,-3,2),(8,1,1) & (3,3,—1) %
< | respectively. Line AB would be perpendicular to line €D when:

Solution:

D.R'soflinedB:1,-3—«,0
D.R'soflineCD:3—-p,2,-2

Lines will be perpendicular, if a;a, + byb, + ¢c;c, =0
>3-B—-6—-2a=0

= 2a+p =-3

Possible when,a = -1, = —1

Return to Top




“ ®‘ Projection of a Line Segment on Coordinate Axes:

Let a line segment has length r and has direction cosines [, m, n,
then its projection on coordinate axes will be lr, mr, nr.

Return to Top




([ J
‘ respectively. The direction cosines of the vector are :

Return to Top

The projection of a vector on three coordinate axes are 6,—3 & 2

AIEEE 2009

g 6§ _32
u 7Y w0
(&) i
o) _rw

Ve



— -~ . £
=% The projection of a vector on three coordinate axes are 6,—3 & 2
respectively. The direction cosines of the vector are :

AlIEEE 2009

lT‘=6;mr=—3 ’n'rzz 12+m2+n2=1

r2(12 + m2 4+ n?) = 49

=>r=7
6
IR 7RSTGT= =N P
7 7! ~
2 2 . .6 3 2
Thus, direction cosines: ST

Return to Top




A

‘ respectively. The direction cosines of the vector are :

Return to Top

The projection of a vector on three coordinate axes are 6,—3 & 2

AIEEE 2009

ONE:

6 3 2
C 2T9=
u SO
o) _rw

4



D

Projection of a Line Segment on Another Line

A(x1, Y1, 21) ® B(x3,¥2,22) S . =
o ! Projectionofdonbis:a- i
] : L
A = [Lmmn

Projection of a line segment joining points
A(xq,v1,21),B(x5,v5,2,) ONn a line L having direction cosines [, m, n,

IS :

Return to Top A'B" = (x; —x))l + (y, =y, )m+ (z; — zy)n




?

Return to Top

The projection of a line segment joining the points (1,
on the line joining the points (—1,2,3) and (3,—2,10) is:

—1,3) and (2,—4,11)

JEE MAIN JAN 2020

Solution:




Solution:
B(2, —4,11)
A1, —1,3) .
L4 I
(-1,2,3) ! ' (3,—2,10)
e = BI' o >
A L mn

L

= The projection of a line segment joining the points (1,—1,3) and (2,—4,11)
4‘ on the line joining the points (—1,2,3) and (3,—2,10) is:

JEE MAIN JAN 2020

The DRs of line L with points (-1,2,3) &(3,—-2,10) : 4,—4,7

.'.l=4

9 ’ 9 9

Return to Top

g



= £

= The projection of a line segment joining the points (1,—1,3) and (2,—4,11)
4‘ on the line joining the points (—1,2,3) and (3,—2,10) is:

JEE MAIN JAN 2020

sl =

CIES
O

A'B" = (x; —x)l+ (v, —y1)m+ (z; — z;)n

=2@2-1) —3(—4+1) +2(11-3)

_4, 12 56
9 9 9
=8

= Projection =8

Return to Top




= KEY TAKEAWAYS

Equation of a Straight Line

(i) Equation of a line passing through a point A(x,, y;,2z;) and having

direction ratios a, b, ¢, Is :

P(x,y,2)
A(xl!yl'zl) e
e s A
%‘— =
al + bj + ck

Return to Top




_=ﬁ WEY T AKE AW AVE

4

Parametric Vector Equation of a Straight Line

Vector equation of a straight line passing through a given point
A(d) and parallel to a given vector B(B)

=
Il
Q
+
NS
S

where 4 is a scalar and for different values of 4, we get
different positions of point R.

Return to Top




% KEY T AKIE AN AV

4

Equation of a Straight Line

(i) Equation of a line passing through a point A(xy,y,,2;) and

having direction ratios a, b, ¢, is:

P(x,y,2)
A(x1,¥1,21) e —
X — x]_ y _— y]_ Z— 71 P "
= = =1 <
a b c ‘ 5
N - J al + bj + ck

symmetric form of line

General point on a line:

GCeneral point P on this line can be takenas: x = x; + al
y =y, +bA
zZ=2z1+cA

Return to Top




= KEY TAKEAWAYS

4

Equation of a Straight Line

Symmetric form

or = L P(x,y,2)
a ¢ A(x1,¥1,21) R
Cartesian form —
!‘—-—-L-'-'—f’—-_—’——;" ~
al + bj + ck

Vector form: 7= (xyl + yij + z.k) + A(ai + b + ck)

Return to Top




WE KEY TAKEAWAYS

-

Equation of a Straight Line

Straight line

Equation

[(i) Through origin

Yy =mx,Z=nx

[ ]
(Gii) x-axis | y=o0&z=0 |
(Giid) y-axis |[ x=o0&z=0 |
[(iv) z-axis |l x=o&y=0 |
(v) Paralleltox-axis || y=p,z=q |
(vi) Parallel to y-axis| | x=h,z=q |
|(vip) Paralleltoz-axis [ *=hy=p |

Return to Top

X=X Y=WN _Z—Z

a b C

F = (xlf + y1f+ le’%)
+ A(al + bj + ck)




7 The equation of a straight line passing through the point (3,—6, 8) and %
x—2 _ y+12 _ -z-7

o 4
4‘ parallel to the line ; -

s

Solution:

Return to Top




Return to Top

The equation of a straight line passing through the point (3,—6, 8) and

o xX—2 +12 -z-7 .
parallel to the line i =y4 =—ls:

Solution:

) . xX—2 +12 zZ+7
Given line: =2 =
1 4 -5

DRs of required line will be: 1,4,-5

4 -5

Thus, equation of the line: x;3 _yt6 _ 2-8

g



M The equation of a straight line passing through the point (-5, 2, 4)
- and parallel to vector 2i — 3] + k, is :

OIGIOIC

Return to Top




. V The equation of a straight line passing through the point (-5, 2,4)
- and parallel to vector 2i — 3] + k, is :

OIOCIOIC

Return to Top




= The equation of a straight line passing through the point (-5, 2, 4)
and parallel to vector 21 — 3j + k, is :

Solution:

i i i - xX—Xx - z-z
Equation of the line: x:5=y 2 _z-4 L _ Yy _ 7=z

OR

Equation of the line in vector form:

7= (=50+2j+4k) + 2(2 — 3j + k)

Return to Top




Ifthelinesx =ay+b,z=cy+dandx=a'z+b',y=c'z+d are

([ J
‘ perpendicular, then:

Return to Top

ab’ +bc’'+1=0

JEE MAIN JAN 2019

bb'+cc'+1=0

cc'+a+a =0

e & G

aa'+c+c' =0

Ve



Return to Top

Ifthelinesx =ay+b,z=cy+dandx=a'z+b',y=c'z+d are

perpendicular, then:

Solution:

Lines can be written as

xX—b y z—d .
— T — T — e (L)

1 c

x-b' _y-d' z

a’ c! 1

e (iD)

For perpendicular lines [ aia; + biby + 16, =0

>aa'+c'"+c=0

JEE MAIN JAN 2019

g



0 V

Return to Top

‘ perpendicular, then:

Ifthelinesx =ay+b,z=cy+dandx=a'z+b',y=c'z+d are

ab’ +bc’'+1=0

JEE MAIN JAN 2019

bb'+cc'+1=0

cc'+a+a =0

OJCIORC

aa'+c+c' =0

4



O

Straight Line

(i) Equation of a line passing through points A(xy,vy,2,) and B(x,,y,,7,)

x—xlzy—Y1=Z—Z1 B(x2,y2,27)

a b C

A(xy,¥1,21)

DRs ofthelinewillbe: x,—x1,Y2—Y1.2, — 73

X—X1 _ Y=V1 _ Z—Z3

X2—X1 Y2—Y1 Z2—71

Equation of the line:

Return to Top




0,

<

Return to Top

r

Straight Line

Example:

The equation of a straight line passing through the
points (1,—2,7) and (5,3,—1), is:

. . x—1 +2 z—7
Equation of the line: = =y5 ==




Return to Top

Which of the following does not represent equation of line passing
([ J
‘ through the points (2,1,3) & (-1, 3,1)?

7=—1+43]+k+A3i—2j + 2k)

7=80—3]+ 7k + A(3i — 2] + 2k)

OIGIOIC

Ve



Return to Top

Which of the following does not represent equation of line passing

through the points (2,1,3) & (—1,3,1)?

N . 5 ¥ X—Xq1 — Y—V1 Al Z—7Zq

Vector form: 7 =a + A(b — a) Xy—X1  YoVi  Za—21
J 5 x—2 —1 z—3
Cartesian equation : = =y_2 ==

Vector form: # = —i + 3] + k + A(3i — 2] + 2k)
General point on this lineis: ((2 +31),(1 — 24), (3 + 21))
24+31=5

Thus, another point will be: (5,—-1,5)

c : x—5 +1 -5
Thus, equation can also be written as: —- = yz = Z_Z

g



Return to Top

Which of the following does not represent equation of line passing

through the points (2,1,3) & (—1,3,1)?

N . 5 ¥ X—Xq1 — Y—V1 Al Z—7Zq

Vector form: 7 =a + A(b — a) Xy—X1  YoVi  Za—21
J 5 x—2 —1 z—3
Cartesian equation : = =y_2 ==

Vector form: # = —i + 3] + k + A(3i — 2] + 2k)

General point on this lineis: ((2 +31),(1 — 24), (3 + 21))
24+31=8=>1=2

Point on this lineis (8,—3,7)

. Equation can also be : # = 8{ — 3] + 7k + A(3i — 2j + 2k)

g



n &

Return to Top

Which of the following does not represent equation of line passing
‘ through the points (2,1,3) & (-1, 3,1)?

7=—1+43]+k+A3i—2j + 2k)

YOG

7=80—3]+ 7k + A(3i — 2] + 2k)

4



Ve

The line passing through the points (5,1,a) & (3,b,1) crosses the y

— z plane at point (O%—?) then:

A

‘e

AlIEEE 2008
w a=2,b=28
\BJ a=4b=6
\CJ a=6b=4
\DJ a=8>b=2

Return to Top




g

_=é, The line passing through the points (5,1,a) & (3,b,1) crosses the y
< | -z plane at point (0%—173) then:

AlIEEE 2008

Line passing through (5,1,a) & (3,b,1)

L . x—5 -1 Z—a
Cartesian equatlon . = Y =
2 1-b a—1

_ (17 13
(2r+ 51+r(1—>b),a+r(a— 1)) = (0,_,_7)

= ==
2

(0,1—;(1—b),a—§(a—1))

5 17 5 13
1—5(1—19)—7 & a—z(a—l)——7

5Y) 17 3 3a 18
_=_+_& Pr—
2 2 2 2 2
5b -3a 18
=10 & —Z2=-=
2 2

Return to Top b=4 & a=6




0 V
P

)

The line passing through the points (5,1,a) & (3,b,1) crosses the y

AlIEEE 2008

— z plane at point (O%—%) then:
w a=2,b=28
\B/ a=4b=6
C a=6>b=4
a=8>b=2

G

Return to Top




Session 04

Equation of angular

bisectors of lines

Return to Top




> [Angle 6 between the lines §= % =Zand =223 }

‘ 3 3 -1 4
Solution: _1(2V3
olution 0 s 1(3?2)

Direction ratios of lines are: (1,2,3) & (3,—1,4)

@ cos™ ! (;/—_\j;)
(ay, by, c1) (az, by, c3)

1 = a1a2+b1b2+C1C2 -1 ﬁ
0 = cos (J > O cosS (zﬁ)

a12+b12+C12\/a22+b22+C22

%0 =cos™ ! (?/1_42;:;21_:) @ cos™ (%)

=6 =cos™?! (\/1_132_6)

=6 =cos™! (Zﬂﬁ)

Return to Top




= KEY TAKEAWAYS

4

Equation of Angle Bisector of Two Lines :

Let the lines be :

—74
= = nll — Through (x4, ¥4, 21)

= = _221 —)Through (x2;y2'Z3)
Ly = Li + myj + nyk

where [, ,m;,n; and l,,m,,n, are direction cosines

Return to Top




@ Vector Equation of Angle Bisector Between Two Straight Lines:

- -

Line 1: 7= d 4 Ab - (i) Line 2: 7= a + uc -+ (ii)

Internal angle bisector : External angle bisector:
7 =d+ s(b+¢) 7 =d+s(b-¢)

Return to Top




= KEY TAKEAWAYS

4

Equation of Angle Bisector of Two Straight Lines :

Let the lines be: ,

X—X - Z—Z . .
I 1o IR _ZA ) =Li+mj+nk (L1 + L) Ly
l my L N % s o umm
g i Y—=Y1 _ Z—Z3 ) ) ,////// AL T E By
. = - —_ - 1
2 ) m; np - L2 — lzl T maJ L lek A(xb )"1,21) L
2

1
1

L1 + LZ == (ll + lz)l + (m1 + mz)] + (nl + le)k !
— DR'sof B; a (l; +15),(m; + my), (ny; +n,)
where [, ,m{,n; and l,,m,,n, are direction cosines
~ Equation of bisectors will be :
L. T E T X=X Y=V _ Z—Z
L+l, m+m, n+n, | & | -1, m—m, n—n,
N N\
Return to Top @ @




= KEY TAKEAWAYS

4

Equation of Angle Bisector of Two Straight Lines :

Acute and obtuse angle bisectors:

cos @ = (1, + mym, + nyn,)

B JX=X1 _ YV1 _ Z—Z4
1 li+1, mq+m;, nq+n;,

xX—Xx - zZ—Z
BZ . 1 _ YY1 _ 1

Li-l, my-m; ni—ny

If cos@ >0
= B, is acute angle bisector and B, is obtuse bisector.
If cosf <0

= B, is acute angle bisector and B, is obtuse bisector.
Return to Top




'.x—l
1

Return to Top

Equation of the angle bisector of the angle between the lines
g¥t_y-2_z=3 .

_y—-2 _z-3

1

1

1

1

-2
x=1;X==

) —_

1

z—3
1

OIOCIOIC

Ve



Return to Top

“p

Equation of the angle bisector of the angle between the lines

x—1 —2 zZ—3 x—1 =2 zZ—3 .
— 4 — ﬂd — 4 =

1 1 1 1 1 -1 S
Solution:

x—1 — y—2 = VAR and x—1 — y—2 - z—3

1 1 1 1 1 —1
Liy=i+j+k, L,=i+j—k

S~ itjtk & i+j-k

L ==¢ L, ==x

\ . ~ ~ 2 2
— DR's of bisector By a (L, + L,) « (ﬁ,ﬁ,o)

— DR's of bisector B, a (L, — L,)a (0, 033)
— DR's of bisector B; a (2,2,0)

— DR's of bisector B, «(0,0, 2)

The equation of bisector is :

=

==—;z=3

x-1 y=2
y) y)

g



ﬁ V Equation of the angle bisector of the angle between the lines

. x-1 y-2 z-3
— — an
1 1 1

Return to Top

x—1 =7, z—3 .
d =22 -
1 1

=il

IS ©

1 1
x-1 _y-2 _ z-3
\BJ Tz
@ =
2 2

Ve



(] . . . .
lines whose direction cosines are I, ,m4,n, and l,,m,,n, , and the
1 1 1 2 2 2

Return to Top

The direction cosines of the lines bisecting the angle between the

angle between these lines is 6, are :

li+l, my+m,; nqi+n,

COS(g) ’ COS(g) ’ COS(Q)
2 2 2

li-l; mp-mp; ni—n,

sin(%)' sin(g) ’ sin(g)

ll+12 mq+my ni+n;

2 Cos(g) ’ 2 cos(g) g 2 cos(g)

GIGIONC

li-l; my-m; n;-n,

2 sin(g) ) sin(g) =) sin(g)

4



g

%’ The direction cosines of the lines bisecting the angle between the
& | lines whose direction cosines are l,,my,n; and l,,m,,n, ,and the

angle between these lines is 0, are :

Solution:
X=X Y=V -z X=X Y= _ Z—Z;

ll+lz_ m1+m2_n1+n2 &

L =1, my—m; nNn;—Ny

DRs of bisectorsare: [+, , m;y+m, ,n; +n, & l; —1,, m;y —m, ,n; —n,

Now, (I + [3)2+(my + my)*+(ny + ny)?

=12+ mf +nl+ 17 +mf+nf+2(LL, + mm, +nyny)
=2+ 2cosb

= (L — L)?+(my — my)?+(ny — ny)?

=12+ mf +nf+1F+mf+nf—2(LL, + mm, +nny)

=2—2cos0

Return to Top




Return to Top

The direction cosines of the lines bisecting the angle between the
lines whose direction cosines are l; ,mq,n; and l,,m,,n, , and the
angle between these lines is 6, are :

Solution:

DCs of bisectors are :

ll+l2 m1 +m2 n]_ +n2
VU +1)2+(my +my)2+(ng +n2)2 " (L +12)2 +(my +mp)2+(ng +15)2 "V (L1 +12)2+(my+mp) 2 +(ng +13)?

and

ll—lz mqi—m; ng—n;
\/(l1—12)2+(m1—m2)2+(n1—n2)2 ! \/(11—12)2+(m1—m2)2+(n1—n2)2 \/(11_12)2+(m1_m2)2+(n1_n2)2

)

l{+1 mq+m nq+n, l1+1 mi+m n{+n
1Tl 1 2 1Tl 1 2 1 TN

V2+2cos 6’ V2+2cos 8’ V2+2cosf T, cos(g) ) cos(g) "2 cos(g)

2

and

ll—lz mi—m, ni—np ll—lz mq—m; ni{—np

V2—2cos6’vV2—2cos 6’ V2-2cos b 2 Sin(g) 9 sin(g) ) sin(g)




A

‘ lines whose direction cosines are l; ,mq,n; and l,,m,,n, , and the

Return to Top

angle between these lines is 6, are :

The direction cosines of the lines bisecting the angle between the

OIOIOIC

l—1+12 . mqi+ms, A ni+n,
COS(Q) B COS(Q) - COS(Q)

2 2 2
ll—lz o mi;—m, | ni{—np
in(g> B in(g) 1 in(g>
S 2 - 2 S 2
ll+12 _ m1+m2 i TL1+Tl2

6\ — 6\ — 2]
2 cos(E) 2 cos(E) 2 cos(E)
ll—lz _ mq—m; _ ni—n;

2 sin(g) B 2 sin(g) — 2 sin(g)

4
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Foot of Perpendicular from a Point to a Lines:: A()g,yl,zl)

Let point A(x4,V1,2;) and Line L : x_ax‘) = y_byo = Z_CZO

Let P is the foot of perpendicular from point A

CH N N R N N R NN

on theline L. 4o ;'I
SO,x_axO = y—bYO == Z—CZo — (XOJ YO;ZO) P

at + bj + ck
~P=(xg+ald,yy+bA,zy+ ch)

DRs of AP: xg+ald —xq,y9 + bA—y;,20 + cA — 24
DRsofL: a,b,c
“APis LtolL

alxog+al—x) +b(yog+bA—y) +c(zg+cA—2,)=0
Returnto Top




0,

é

Foot of Perpendicular from a Point to a Lines::

Line L : =20 = 220 — 770
b c

P=(xqg+ald,y,+biA,zy+ cl)
alxog+al—x) +b(yg+bA—y) +c(zg+cA—2,)=0

_ a(xy — x0) + b(y; — yo) + c(z; — 2p)
a? + b? + c?

> A

Substitute value of 1 to get point P

Return to Top

A(xll Y1 Zl)
.

L

1

—

=

|
| |
:
[ |
| |
:
|
K
i
(X0, Y0,2Z0) P

-

at+ by + ck



r v

The foot of perpendicular from the point (1,6,3) on the line
y-1 _ z-2.

=—=—is

2

‘e

PR

\A_\J 0,1,2)
\I?J (4,9,14)
\C_ZJ (1,3,5)
\[_)J (=2,-3,—4)

Return to Top




g

= The foot of perpendicular from the point (1,6,3) on the line

/4
& _r1_2
1 2
Solution:
A(1,6,3)
x_y—l_z—Z_/1 g
1 2 3 ‘:
P=(1,1+21,2+32%) !
DRsof APa (A —1,21—5,31—1 : L
DRs of L « (1,2, 3) PO A2 2= 30)
) ) _’

“wAPis LtolL LT

>11-1)+2(24-5)+33B31-1)=0
>1=1

~ P =(1,3,5)
Return to Top




rl V The foot of perpendicular from the point (1,6,3) on the line 'Dn

> E=y—_1=%is:

1 2

AT

w 0,1,2)
@ (4,9,14)
@ (1,3,5)
\[_)J (=2,-3,-4)

Return to Top
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4

If foot of perpendicular drawn from the point (1,0,3) on a line

(E 4 17), then a is equal to:

3’3’ 3
JEE MAINS JAN 2020

ml‘

passing through (a,7,1) is

U

OIOIOIC

Return to Top




Ve

If foot of perpendicular drawn from the point (1,0,3) on a line

passing through (a,7,1) is (gg%) then a is equal to:

JEE MAINS JAN 2020

G v
4

U

C &

Return to Top




g

= If foot of perpendicular drawn from the point (1,0,3) on a line

0
“ passing through (a,7,1) is (E,Z,E), then a is equal to:
0 S | JEE MAINS JAN 2020 |
Solution: 5
A(1,0,3)
DRsof APa (2—1,2-0, Z-3)a (21,9 ¢
| |
ORs of Lar(a=2,7—1,1— D) (a2, -1
|
“APis Ltol :
- 1) (=D + C=0)(7-D)+ (Z-3)(1-2) —e bu L
: 03 3/ RE >’ B(a,7,1) P
= (335
3D+ Ixte (rot) <o

=»3a—-—5+49-56=0

=>3a—12=0=>a=4
Return to Top




F\ WEN TAIKIE ANAN] ANV
0

¥

Image of a Point with Respecttoa Line:

Xo _ Y= Yo _ Z—Zy

Let point A(xy,y;,2,) & Line L : x_a

b c

Let A'(x',y’,z") is image of point A with respect to line L
and, P is the mid point of the line segment

AA'" as well as the foot of perpendicular from
the point A on theline L

To find point P(x,, ¥, z,), apply mid point formula

_xqtx! v+’ _ zp3+2’
Xp = 2 yp = 2 Zp )

A,(xll y,' Z,) = ((pr - xl)’ (zyp o yl)’ (ZZP a Zl))

Return to Top

A(x1; Y1 Zl)

CERR Y

L

v(

|
f

PO Zs)

(S bl el i

A'(xy,y1, Z1’)

P is mid point of A4’
TogetA' - find P

Then apply mid point formula



f ’ If (a, b, c) is the image of the point (1,2, —3) in the lineg,

4 x—+1=y—_3=_il,thena+b+cisequa|to:

2 -2
) JEE MAINS JAN 2020

Solution:
. .
K
K
- L ( B) .
:
? \ C / 3

A'(a,b,c) —
© _

2 =7 -1

=>P=(-1421,3-21,-2)
Returnto Top




>

@ 1_y3_z thena+ b+ cisequal to:

Return to Top

If (a, b, c) is the image of the point (1, 2,

2 —7 -1’
Solution:

xt1_y3_ 2  p=(-1+24,3-24,-4)
2 -2 -1

DRsof AP a (24— 2,1 — 24,3 — 1)
DRsof L a(2,-2,—-1)

“APis LtoL +~cos@ =0

=2021-2)-2(1-20)—-(-A1+3)=0
=>Puti=1 ~P=(,1,-1)
Use mid point formula,

a+1 b+2 c—3
— =1 — =1 hlllig
2 2 2

=il

>a=1 >b=0 =c=1 =2>a+b+c=2

—3) in the ling,

JEE MAINS JAN 2020

A(1,2,-3)

T

L 4

4

. F
-—-—-———-g:l!—!g!!!!!

i P

A'(a, b, )



_=ﬁ WEY T AKE AW AVE

4

Perpendicular Distance of a Point from a Line : A(x_l'yl'zl)

Xo _ Y—Yo _ Z—Z2g

Let point A(xy,y;,2,) & Line L : x_a

b c

Let P is the foot of perpendicular from point A.

Method 1: ;'I L
Cla6vy. P(Xp, Yy, Z
Find point P(x,, y,,2,), and then evaluate distance AP (%0, Y0, 70) P(%p pr=l>
b
Method 2 :
CP =|(@—¢).b|

AP =VAC?2 —CP2 = \/|d — é|?> — |d — €]? cos? @
AP =|a —c|V1 —cos2 0

AP =|a —C|sinf AP =|(d—¢) x b
Return to Top




=l KEY TAKEAWAYS

“é
A(a)
Computing Distance between two parallel Lines : < 7 »L
7 | N\ 1
N |
L :7=ad+Ab i '
. / I \
C(S) D B L,
Area of AABC==|(d— &) x b| . >

AD = Shortest Distance = %
GetCD =| (@—&).b|
Use Pythagoras to find AD

AD = Shortest Distance
Return to Top




@ KEY TAKE AW AVS

4

Perpendicular Distance of a point from a Line: A(x.l,yl,zl)
Let point A(xy,y1,2,) and Line L : x_axo = y—byo = Z_CZO

Let P is the foot of perpendicular from point A.

L
Method 1 !":l
P(xp,yp, zp)

T e

Find point P(x,, y,,2,), and then evaluate distance AP

S

Method 2

Let point A(d) and Line L : # = &+ Ab

(a—&)xb

o]

Using formula AP =

I; =ai + bf + ck
Return to Top - J
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Return to Top

AT

x+3  y-2

straight line, == == =Zjs:
10 1

=7

The length of perpendicular from the point (2,—1,4) on the

JEE MAINS Apr 2019

Greater than 3 but less than 4

Greater than 2 but less than 3

Greater than 4

OIOCIOIC

Less than 2

Ve



g

= The length of perpendicular from the point (2,—1,4) on the

0
-~ straight line, 2> = 2= = s
: JEE MAINS Apr 2019
Solution:
A(2,-1,4)
i3 S e e
10 & -7 =1 X
K
d=2i—j+4k b=10i—-7j+k ¢=-3i+2] '
ol I N .
d—C¢=50—3]+4k -
AP = |(@— &) x b| p - (101-7/+k) L
V150
) ik
(@-&)xbl=]5 -3 4
10 -7 1

Ap = @Oxb| - _ V2574357452
|b| V150

il =

Return to Top
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Return to Top

-

AT

x+3  y-2

straight line, == == =Zjs:
10 1

=7

The length of perpendicular from the point (2,—1,4) on the

JEE MAINS Apr 2019

Greater than 3 but less than 4

Greater than 2 but less than 3

Greater than 4

C &

Less than 2

Ve



g The vertices B and C of AABC lie on the line %’2 = yT_l — Z ,such that 73:

o
‘ BC = 5units. Then the area ( in sqg. units ) of this triangle, given
that the point A(1,—1,2), is:

JEE MAINS Apr 2019

w 5v17
\E_a/ V34
\(_Z/ 234
\I?/ 6

Return to Top




% The vertices B and C of AABC lie on the line ’%2 — yT_l = z ,such that %

4‘ BC = 5units . Then the area ( in sqg. units ) of this triangle, given

that the point A(1,—1,2), is:
Solution:

x+2 y—1 z A(ll _152)

JEE MAINS Apr 2019

b =30+ 4k
¢=—=20+]
[—j+2k)—(-214])) x(3i+4k _
AP=((” )(;}))(l | | 4p = |@-0xs
|31+4k| |b]
_ |(B81-2j+2k) x(3i+4k)
Al = 374k

Return to Top




=) The vertices B and € of AABC lie on the line ’%2 = yT_l = z “such that %
4‘ BC = 5units. Then the area ( in sqg. units ) of this triangle, given

that the point A(1,—1,2), is:

JEE MAINS Apr 2019

Solution:
AP = (32—2i]r;€k34>;§3€+41%) A(1,-1,2)
B w (3t — 2j + 2k) x (31 + 4k)
_ 2/
= T
= V34

=1(—8-0) —j(12—6) + k(0 + 6)

= —8i — 6] + 6k

Return to Top




Y V The vertices B and C of AABC lie on the line %’2 = yT_l — i ,such that %

‘ BC = 5units. Then the area ( in sqg. units ) of this triangle, given
that the point A(1,—1,2), is:

JEE MAINS Apr 2019

w 5V17
N
\(_Z/ 234
\I?/ 6

Return to Top
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Introduction to plane in

3—-D

Return to Top




= KEY TAKEAWAYS

4

Skew lines:

Neither parallel nor intersecting straight lines.

Non — coplanar

PQ (L" to both L; & L,) is the shortest
distance between lines L; & L,.

Return to Top




Bt KEY TAKEAWAYS
-~

Shortest distance between 2 skew lines:

Li:7=d+ Ap
L,:#=b+uj

Shortest distance = | Projection of AB on 7 |

AB -7t

7]

(b-a) - (5xd)
15|

Return to Top




@ KEY TAKE AW AV

4

Shortest distance between 2 skew lines;

Distance PQ is the shortest distance between lines L; & L,.

Let the lines be:

L, : X—X1 _Y~V1 _ 272 (b-d) - (Bxq)
1 aq b1 C1 =
lpxq|

@ b, B—El:(xz_x1)i+(3’2_}’1)]A+(22—Z1)IAC

X2—=X1 Y2=YV1 22721
aq bq c1

. PO = |22 b, C2
¢ VE(b1ca—b;cq)?

X2—=X1 Y2—Y1 Z2—Z1
aq bq cq
a by C2

* 0

Note: If lines are skew,
Return to Top

VE(bica—byc1)?




-3 y—-8 z-3

—‘
—
J
)
n
>
©)
=
—
)
n
f—r
o
n
‘—r
)]
o
0
)
O
)
s
()
)
o
r—'-
>
)
=
)
n
=
I
I
o))
o
o

‘ 3_ = 0
X 7 V4 .

JEE MAINS JAN 2020

2430

3v/30

&)
&) e
&)
\E-)J

Return to Top




0

3 x+3 +7 Z—6 .
“ =2 = 2js:

=3 2 4

Solution:

x-3 _y-8 z-3

= The shortest distance between the lines x;3

JEE MAINS JAN 2020

~PQ =

X2—=X1 Y2=YV1 Z2—7Z1
aq bq c1
a by C2

VE(bica—bycy)?

3 -1 1
x+3 y+7 _ z—6
-3 2 4
6 15
3 -1
c - -3 2
“PO= | Tomanner
270
=P =77
= PQ = 3v30

Return to Top




rl The shortest distance between the lines 22 = =8 = 23 3ng
3

JEE MAINS JAN 2020

2430

’\/30

2

Y
N\
@ 330
Y

Return to Top




’ ? Let A be an integer. If the shortest distance between the lines

- v

oL then the value

x—A=2y—1=-2zandx=y+21l=z—-1is—
of |1] is

JEE MAINS FEB 2021

Return to Top




Return to Top

Let 1 be an integer. If the shortest distance between the lines

x—A=2y—1=-2zandx=y+21l=z—-1is—

of |1] is
A v
Ly XT:TZZ% A€l
2 Nz
pl §+z,1 ]
1 _1
2 2
V7
pQ = |1 12 12 —
12+(3) +(3)
A =4+24 -1
1
1 _1=2(z+
1 2 2 (2
1 1 1

7

oL then the value

JEE MAINS FEB 2021

X2—=X1 Y2=YV1 22771
aq b, C1
a by Ca

VE(bica—bycp)?




= Let 1 be an integer. If the shortest distance between the lines

é N

Xx—A=2y—1=-2zandx =y + 21 =z—-1is—=, then the value

\/—)
of |1] is
JEE MAINS FEB 2021
A §+2A )
1 3 A 51 3
P - =a-(3+21)(3)-3=-3-13
1 1
—-51 3
> a7
d 7 2\/5

= |-101—3| =7

= —-10A -3 =17

Return to Top
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4

Condition for lines to be Coplanar:

P>
Two lines which are either intersecting or parallel, P L,
are always coplanar (lying in the same plane).

>
Let lines be: < L,

If lines are parallel, they have same direction cosines.

If lines are intersecting, shortest distance between them is 0.

Return to Top




o= KEY TAKEAWAYS

3

Condition for lines to be Coplanar:

P
Condition for co planar lines: , L,
X2=X1 V2= 22— 2
a; by ¢ [=0 g
a, bz Cy L= Ll

Return to Top




(0 |

. +1 -2 -1 +2 +1 +1
H : If for some a € R, thelines L; : — =>—"=Z—and L, : xa :;I-a=21 are

-1 1
coplanar, then the line L, passes through the point:
JEE MAINS SEPT 2020

\U (-2,10,2)
@ (10,2,2)
\C_:/ (10,—2,-2)
\[y (2,-10,-2)

Return to Top




g

+2 y+1 z+1
= = are

- . x+1 -2 z-1 X
[ If for some a € R, the lines L : =2 = and L, :
2 -1 1 a 5—a 1

«
‘ coplanar, then the line L, passes through the point:
JEE MAINS SEPT 2020

Solution:
L1 x+1 _ y—2 — z—1
y) -1 1
coplanar
x+2  y+1  z+1
LZ H = =
(04 5—a 1
1 3 2 Xop—=X1 Yo—=V1 23— 74
= |2 -1 11=0 aq by C1 =0
a 5—a 1 a, b, C2

Return to Top




g

- . x+1 -2 z—1 xX+2 +1 z+1
74 If for some a € R, the lines L : > =22 = and L, : - =z_a= —are

-1 1
coplanar, then the line L, passes through the point:
JEE MAINS SEPT 2020

Solution:

Any point on line L, can be (=44 —2,94—1,A—1)

For A = —1, it passes through (2,—-10, —2).

Return to Top




Ve

+1  y-2  z- +2  y+1  z+1

r
4 If for some a € R, the lines L, : 22 =22 =213ndL,: &
‘ 2 a 5—-a 1

are
=1l 1

coplanar, then the line L, passes through the point:
JEE MAINS SEPT 2020

\U (—2,10,2)
@ (10,2,2)
@ (10,-2,-2)
\[y (2,-10,-2)

Return to Top




. X Z
If the lines = =2 = =, — = and — = are
1 2 3

concurrent, then:

‘e

Return to Top




&

«

Return to Top

. X z x-1 -2 z-3 x+k -1 zZ—2
Ifthelmes—zzz—, =22 = and =Y = are
1 2 3’3 -1 4 3 y) h
concurrent, then:
Solution:

ol N2 . x-1 __y-2 z-3 _ L xtk  y-1  z-2
Gie =5 = =4 S = g ===
& J

Y
concurrent

Point on Ly (4,24,31)
PointonL, Bu+1,—u+2,4u+ 3)
A=3u+1

2A=—pu+2 > 21=1,u=0

3A=4u+3

Point of intersection is (1, 2, 3)



Return to Top

. X Z
If the lines Ll =, — and = = are

concurrent, then:

Solution:
Point of intersection is (1,2, 3)

L; passes through (1,2, 3)

Putting in Ly : 1;" =21 _32

Sh=2k=1
2



:
. v/ If the Iines% = % = g = = and = = are

-

concurrent, then:

OIOCIOIC

Return to Top




@ KEY TAKE AW AVYS

4

Shortest Distance between Parallel Lines:

P
< ™ 2
Distance PQ is the shortest distance | 2
between lines between lines L; & L,. :
< ¢ -
Let the lines be: 0Q Lq

Return to Top




@ KEY TAKE AW AVS

4

Computing distance between two parallel lines:

L X—Xq 1 Y—YV1 — Z—Zy A(C_i) b
Y by €1 < - >
7|1 N\ Ly
L X=Xz _ Y=Yz _ Z~Z2 / . \
2 ap bz Cy // I \\
(ﬁ
1 - > = s -
Area of A ABC =~ |(d@ —¢) x b| C(d) D B(b) =
) b
=2|b|.AD
2
|(@—&)xb|

AD = Shortest Distance= 5

CD =|(@—-2¢) - b| AD =VAC? —CD? = |(d — &) x b|

Return to Top




@ KEY TAKE AW AVS

4

Shortest Distance between Parallel Lines:

Distance PQ is the shortest distance > i R
between lines between lines L; & L,. T—l L,
|
Let the lines be: '
< ¢- -
L
L. : X—X1 Y=V Z—Zy Q 1
1" a, 7 b T o

X2—=X1 Y2=YV1 22771
aq b1 C1

PQ =
aZ+b2+c?
Return to Top 1TF1 T




’ The shortest distance between the lines Ll:’%1 =22 - Zand

xX—2 z+1 .
‘ LZ:T=1=—,|5:

-2 4

26
@ = ‘@5 () ‘\DJS ‘
Solution:
2 -1 2 X2—X1 Y2=Y1 Z27Z1
a b c
PQ = 1 1 1
x-2 _y _ z+1 /a§+b%+cf
L2 e
4 -2 4
A T -
1 1 -1
2 -1 2

PQ =

JZ (D2 22|

Return to Top
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4

Plane:

If a line joining any two points on a surface lies
completely on it, then the surface is a plane.

Or

If the line joining any two points on a surface is
perpendicular to some fixed straight line.

Then, the surface is called a plane and a fixed straight
line is called normal to the plane.

Return to Top
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4

Equation of plane passing through a point:

Given: Direction ratio of normal of plane a, b, ¢

and a point A(xy,y;1,2;) on it.

Equation:a(x —x) + b(y —y;) +c(z—2,) =0

Return to Top

AP 1 Normal

DRs of Normal « (a, b, ¢)

Normal

'_,"_,—-""-'! /
e P(x,y,2)

- TAGyLm).

DRs of AP o (x — x4,y — ¥4, — ¢1)

= cos 6




'D
@ General form of Equation of Plane:

‘ + Normal

Let direction ratio of normal of plane be a, b, c.

Equation of plane:ax + by +cz=d

Plane Equation
Lr yz plane x=0
: xz plane y=0
t xy plane z=0
i Parallel to x—axisj by+cz=d
: Parallel to y-axis ax +cz=d
 Parallel to z-axis ax+ by =d

Return to Top \
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Consider the three planes: P;:3x + 15y +21z2=9; P, : x — 3y —z = 5;

P;:2x + 10y + 14z = 5. Then, which one of the following is true ?

JEE MAINS FEB 2021

P, and P; are parallel

P, and P; are parallel

P; and P, are parallel

OIGIOIC

P;, P, and P; are parallel

4



W.V

Return to Top

-

Consider the three planes: P;:3x + 15y +21z2=9; P, : x — 3y —z = 5;

P;:2x + 10y + 14z = 5. Then, which one of the following is true ?

JEE MAINS FEB 2021

P, and P; are parallel

P, and P; are parallel

P; and P, are parallel

OICIOIO

P;, P, and P; are parallel

4



&

P\

Return to Top

Consider the three planes: P;:3x + 15y +21z2=9; P, : x — 3y —z = 5;
P;:2x + 10y + 14z = 5. Then, which one of the following is true ?

JEE MAINS FEB 2021

Solution:

Pi:x+5y+7z=3
Py:x—3y—2z=5
Pyix + 5y +7z="2

P; and P; are parallel.

g



’ The equation of a plane which passes through (2,—3,1) and is
‘ perpendicular to the line joining points (3,4,—1) & (2,—1,5), is:

0x+5y—6z+19=0 @x—5y+6z—19=0

\(-ij+5y+6z+19=0 \D/x—Sy—6Z—19=O
Solution:
Normal |
¢ B(2,-1,5)
e A(3,4,—1)
P(2,-3,1)
o . —
7 o /l‘ */;j—‘i— t

Return to Top
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Return to Top

“p

The equation of a plane which passes through (2,—-3,1) and is

perpendicular to the line joining points (3,4,—1) & (2,—1,5), is:
Solution:
Nlelgagt:]
DRs of the line joining AB: —1,-5,6 e B(2,—1,5)
DRs of the plane will be: —1,-5,6 ¢ A(3,4,-1)
So, the equation of plane is: P(2,-3,1)

—(x=2)—-5@u+3)+6(z=1) =0

=>x+5y—-6z+19=0



7 Find the vector and cartesian equations of the plane which passes %
® ‘ﬁ through the points (5,2, —4) and perpendicular to the line with direction
ratios 2,3,—1

Return to Top




0

Return to Top

«<p

Find the vector and cartesian equations of the plane which passes

through the points (5,2, —4) and perpendicular to the line with direction

ratios 2,3, —1

Solution:
We have the position vector of point
(5,2,—4) as d = 5i + 2j — 4k and the normal

vector N perpendicular to the plane as N

~

=20+3j—k

Therefore, the vector equation of the

plane is given by (F —d) - N = 6

or [# — (51+2f —4k)]- (21+3j—k) =0 (1)
Transforming (1) into cartesian form, we have
[(x=5)i+ (@ -2+ @+Dk] - (2t+37j—k)=0

or2(x—5)+3(y—-2)—(z+4)=0

Normal

P(5,2,—4)

~

N=2i+3-k

4



e Find the vector and cartesian equations of the plane which passes

i‘. through the points (5,2, —4) and perpendicular to the line with direction
ratios 2,3,—1
Solution:
or2(x—5)+3(y—2)—(z+4) =0 Normal T N =2t +3j—k

i.e.2x+3y—2z=20
Which is the cartesian equation of the plane

P(5,2,—4)

Return to Top

g
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Representation of

equation of plane

Return to Top




@9

¢ & through the point (1,2,3) is:

Return to Top

The equation of the plane which contains y-axis and passes

JEE MAINS Mar 2021

3x+z=6

3x—z=0

x+3z=10

OICIOIC

x+3z=0

e



Solution:

Return to Top

The equation of the plane which contains y-axis and passes

<& | through the point (1,2,3) is:

Let the equation of planeax + by + cz=d
Then point must pass thru (0,0, 0)

0+0+0=d=>d=0

Equation of the plane passing through (1, 2, 3) is:

a+2b+3c=0

(a,b,c) normal L y — axis (0,1,0)
=2co0s8=0=>a-0+b-14+c-0=0
=>b=0

=a+3c=0=>a=-3c

Equation of the planeis: ax+cz=0

JEE MAINS Mar 2021




& | through the point (1,2,3) is:

Solution: = a= -3¢
~ Equation of the planeis: ax +cz =0
= —3cx+cz=0

~ Equation of the planeis:3x —z =10

Return to Top

=5 The equation of the plane which contains y-axis and passes

JEE MAINS Mar 2021

y-axis
(1,2,3)

L/ . e | ~—
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The equation of the plane which contains y-axis and passes
‘ through the point (1,2,3) is:

JEE MAINS Mar 2021

\A_j 3x+z=6

@ 3x—z=0
\C-ZJ x+3z=10
\[_)J x+3z=0

Ve



’ Let the plane ax + by + cz + d = 0 bisects the line joining the

Solution:

Return to Top

< | points (4,—-3,1) and (2,3,-5) at right angles. If a, b, c,d are
integers, then the minimum value (a? + b2 + c2 + d?) is:

JEE MAINS Mar 2021

DRs of normal to plane = DRs of PQ = (2,-6,6) = (1,-3,3)

Let A be the midpoint of P & Q and lie on the plane.

$P(4,—3,1)
£ A=(3,0-2)
min(a?® + b?> + c?>+d?) =7?;a,b,c,d €1 AT

A(3,0,—2)
DRsof PQ :(1,-3,3) < (a, b, c)

® Q(Z, 3;_5)

=>x—3y+3z+d=0

It passes through the point (3,0, —-2)
=3-0-6+d=0

=d=3

~ Equation of the planeis: x—3y+3z+3=0



’ | Letthe plane ax + by + cz + d = 0 bisects the line joining the
& points (4,—-3,1) and (2,3,-5) at right angles. If a, b, c,d are
integers, then the minimum value (a? + b2 + c2 + d?) is:

JEE MAINS Mar 2021

Solution: DRs of normal to plane = DRs of PQ = (2,-6,6) = (1,-3,3)

=>d=3
~ Equation of the planeis: x—-3y+3z+3=0

Minimum value of (a? + b? + c? + d?) = 28

Return to Top

*P(4,-3,1)

Es====-
A(3,0,-2)

e 0(2,3,-5)



’ Let (4, 2,1) be a point on the plane which passes through the point
& | (4,-2,2). If the plane is perpendicular to the line joining the points

(=2,—21,29) and (-1,-16,23), then (

Solution: DRs of PQ: —1,-5,6
DRs of AB : 4—2—41
AB is perpendicular to PQ

> (D@ -V +(E)ED +(6)(@) =0

> A=-=-22

NCRCORET

Return to Top

42

)2 — (—) —4isequalto____

11

JEE MAINS Feb 2021

o P(-2,-21,29)
lo(_1 _16 23)
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Intercept form of equation of plane:

General form of equation of planeis:ax + by + cz=d

ax by , ¢z _ IV T R
=>d+d+d_1=>d/a+d/b+d/c 1

d d d
Xint_z ’ Yintzz 'Zintzz

Thus, intercept form, is:

1 AR
Xint Yint Zint

. 1 1 1
DRs of normal is:

) )
int Yint Zint

Return to Top




U 7 The equation of a plane paralleltox + 5y —4z+5 =0 and
° ‘ cutting intercepts on the axes whose sum is 38, is:

xX+5y—4z=0

xX+5y—4z=5

x+5y—4z=10

x+5y—4z =40

OIGIOIC

Return to Top




Solution:

Return to Top

“p

The equation of a plane paralleltox + 5y —4z+5 =0 and
cutting intercepts on the axes whose sum is 38, is:

As the plane are parallel = DRs of hormal remains same = coeff of x,y, z
VA
> —]

X
Equation of parallel plane: x + 5y —4z=d 3+ @ "‘@ =
5 4
d
Xing. = d Yine. = 5 Zint, = —
Sum=d+%-2=38
5 4

=>d =40

Equation of plane: x + 5y — 4z = 40



V The equation of a plane paralleltox + 5y —4z+5 =0 and
‘ cutting intercepts on the axes whose sum is 38, is:

xX+5y—4z=0

xX+5y—4z=5

x+5y—4z=10

x+5y—4z =40

OIOIOIC

Return to Top
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’ If (x,y,2) be an arbitrary point lying on a plane P which passes
4‘ through the points (42,0,0),(0,42,0) &(0,0,42), then the
x—11 y—19

value of the expression 3 + 192122 T (r—11)2(z-12)2

£ - L/ is equal to:
(x-11)%2(y—19)2 14(x-11)(y—19)(z—12) 9 )

JEE MAINS Mar 2021

Solution: By intercept form, Equation of planeP: x+y+z =42

A 3
>x-1D)+WY—-19)+(z—-12)=0 =p+q+r=0 N~
— 7 & ~F 2 ~ > B 0
p q r N4
— 34 x—11 + y—19 + z—12 1 x+y+z
™ (¥y—19)2(z-12)2 (x—-11)2(z-12)2 (x—-11)2(y—-19)2 14(x—11)(y—19)(z—12) C 39
\_/
1 p q r i p+q+r+42
= (@)?(r)? i (P)?(r)? x P?2@? 14@)(@)(T) D —45
3 3 3 \-/
42
— 34 @@+ ptqtr=0

()2(q)?(r)? 14(p)(q) (1)
Returnto Top
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’ If (x,y,z) be an arbitrary point lying on a plane P which passes
4‘ through the points (42,0,0),(0,42,0) &(0,0,42), then the

x—11 y—19

value of the expression 3 + 192122 T (r—11)2(z-12)2

£ - L/ is equal to:
(x-11)%2(y—19)2 14(x-11)(y—19)(z—12) 9 )

JEE MAINS Mar 2021

— 34 @3+@3+@)° 42
- M2@2(M)?  14®)(@)(T) A 3
\_/
p+q+r=20
B 0
g4 %@ 3 \_/
®2@2M)? @)@
C 39
> (0)*+(q)3+(r)*= 3pgr —/
_ D —45
=3
"4

Return to Top
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A plane P meets the coordinate axes at A,B & C respectively. The

centroid of AABC is given to be (1,1,2). Then the equation of the
line through this centroid and perpendicular to the plane P is:

JEE MAINS Sept 2020

OIOCIOIC
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A plane P meets the coordinate axes at A,B & C respectively. The

2 ., | centroid of AABC is given to be (1,1,2). Then the equation of the
line through this centroid and perpendicular to the plane P is:

JEE MAINS Sept 2020

Solution:
C

Centroid of AABC: (%Sg) =(1,1,2)

Equation of plane :§+§+§ =1

=>2x+2y+z=6

DRs of line perpendicular to the plane:2,2,1 Y
. . o A S
Pointon lineis: (1,1,2) ik A
! .
”
Thus, equation of line is; == = 2= = 22 _-
7 2 1 = /1 5,
Z e & ( y 4,
4 = (a,0,0)

Return to Top
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Return to Top

4

A plane P meets the coordinate axes at A,B & C respectively. The
centroid of AABC is given to be (1,1,2). Then the equation of the
line through this centroid and perpendicular to the plane P is:

JEE MAINS Sept 2020
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4

Normal Form of Plane;

[,m,n are DCs of normal.
Ix+my+nz=p

p = distance of plane from origin.

Conversion of general form to normal form:

General form:ax+by+cz=d

Divide both sides by Va2 + b2 + 2

ax 4 by 4 cz _ d
Va2+b2+c2  Va2+b2+c2  VaZ+b%+c?  Va2+b2+c?

Normal form :

Note Constant term on right side should be positive .
Return to Top




Equation of plane upon which the length of normal from

ol origin is 10 and direction ratios of this normal are 3,2,6, is:

-~

A

3x+2y+6z=70

3x+2y—6z=70

3x—2y—6z=170

3x+2y+6z=-70

OICIOIC

Return to Top




Solution:

Return to Top

“p

Equation of plane upon which the length of normal from
origin is 10 and direction ratios of this normal are 3,2,6, is:

DRs of normal are: (3,2,6)

DCs of normal are: (735 ,§)

Equation of plane: §x+§y+§z= 10 Ix+my+nz=p
3x + 2y + 6z =70 p=10



Equation of plane upon which the length of normal from
origin is 10 and direction ratios of this normal are 3,2,6, is:

W.V
-~

A

3x+2y+6z=70

3x+2y—6z=70

3x—2y—6z=170

3x+2y+6z=-70

OGlOION0

Return to Top
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4

Equation of plane passing through three points:

Equation of plane passing through points A(xy, y1,21) , B(x3, v, Z5)
and C(x3,y3,23) IS :

P(x,y,z) is the general point on plane

AP, AB,AC, are coplanar

[AP 4B AC1=0

X=X Y=hnh Z—27 Equation of plane: [f—d b ¢] =0

Return to Top
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’ Equation of plane passing through the points (1,1,1),(2,1,—-1)
& & (3,3,0) is:

(x1,¥1,21) =(1,1,1)
=0 _
(xz' yZ’ZZ) = (2' 1' _1)

(x31 }I3;23) = (3I 3' 0)

X—X9 Y=V Z—2Z
Xo—=X1 Yo—=YV1 2 — 71
X3 —X1 Y3 —Y1 23— 71

Equation of plane:

x—1 y—1 z-1
1 0 -2
2 2 =1

=0

>@x-D@-0-DB+E=-D2)=0
=4x—4—-3y+3+2z—-2=0

4x —3y+2z=3
Returnto Top
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4

Condition for four points to be coplanar:

Given points A(xy,y1,21) , B(x2,¥2,23) , C(x3,¥3,23) and D (x4, Vs, Z4)

AB,AC,AD, are coplanar
D(x4)YarZ4)

AB = (x; — x)l + (v, — y)f + (22 — 2Dk
e 8 C(x3,¥3,23)

AC = (x3 —x)0+ (s = y1)] + (23 — 2k 7 i
B(x2,¥2,22)
AD = (g — x)T + (y4 — V)] + (24 — 2k p
A(x1,Y1,21)
Condition for them to lie in a plane:
Xo—=X1 Y2—=Y1 22— 21
X3—=X1 Y3—Y1 Z3—Z1|=0
x4_ — x1 y4_ — yl Zy — 21 COﬂdIthﬁ [ﬁ (_j 7;)] =0

Return to Top




’ If (1,5,35),(7,5,5),(1,4,7) & (24,1, 2) are coplanar, then the sum of
“ all possible values of 4 is:

JEE MAINS Feb 2021

6 0] —30 Xo—=X1 Y2o—=V1 22— 24

A s
0 A—=5 -=28|=0 iy =20 YR =0 s =2 = U N 5
21-1 -4 =33 Xo =X Ya—=Y1 Za— 24
B 20
\_/
1 0 -5
0 A—=5 =28]/=0 C o
21—-1 -4 -33 A4 5
D
\_/

=512 —441+39 =0 = Sum of values ofl:%

Return to Top
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If the point (2,a, B) lies on the plane which passes through the
* ‘ points (3,4,2) & (7,0,6) and is perpendicular to the plane 2x

— 5y =15, then 2a — 3p is equal to:

JEE MAINS Jan 2019

17

12
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Solution:

Return to Top

«

If the point (2,a, B) lies on the plane which passes through the

— 5y =15, then 2a — 3p is equal to:
2a — 36 =7

Normal vector to the plane :i=d x b

[ Ji k
~1 a—4 B-2
4 —4 4

SI

n=4(a+pL—-6)+4(B—1)]+4(—a+5)k
w it is perpendicular to the plane 2x — 5y = 15
>8a+pf—-6)—208B—-1)=0

= 2a —38.=7

‘ points (3,4,2) & (7,0,6) and is perpendicular to the plane 2x

JEE MAINS Jan 2019

g



v

Return to Top

If the point (2,a, B) lies on the plane which passes through the

‘ points (3,4,2) & (7,0,6) and is perpendicular to the plane 2x

— 5y =15, then 2a — 3p is equal to:

JEE MAINS Jan 2019
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A point and a plane
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’ The equation of the plane passing through the point (1,2,-3) and
4‘ perpendicular tothe planes3x+y—-2z=5 and 2x—5y—z=7,is:

JEE MAINS FEB 2021

Solution: P;: 3x+y—2z=5 7n;:30+]—2k

— 2 2 ~ \
P,y 2x—5y—z=7 MNz:2i—=5—k

plane passing through the point (1,2,-3) \ B ), 11x+y+17z4+38=0

Let normal vector to the plane be nn =n; xn,

\
[ ] k N ) s ——
=>n=13 1 =2|=-11i—j—-17k D | 6x—5y+2z+10=0
2 -5 -1 \_ /

So, equation of the plane: —11(x - 1) —(y—2) —17(z+3) =0

=>11lx+y+17z+38=0

Return to Top

A ) 3x—10y-2z+11=0

6x —5y—2z—2=0
C/ y

g
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4

Foot of perpendicular from a point to a plane: A(x1,y1,21)

Let the equation of the plane:ax + by + cz =d

AP is parallel to normal to the plane, l
Les YEEEE

Xp~X1 _ YoV _ZpTh _ g i) P(xp, ¥, 2p)

a b c B

=X, =X +ak; Yp = Y1+ bA; Z, =7, + cA

Since, P lies on plane

Py 1 ) g 7] = (axy + by; + cz; — d)
a(x; +ad) + b(y; + bA) +c(z; + cd) = = (a? + b2 + c2)

Return to Top
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Foot of perpendicular from a point to a plane: A(x1,¥1,21)

Let the equation of the plane:ax + by +cz=d

Xp=X1 _ Yp= Y1 _ Zp~—Z1 :
- - =1 (l)
e =555

P(xp, Vps zp)

(ax1 + byl +czy — d)
(@ + b2 + c2)

= /i =

Substituting the value in (i)

xp—xl_yp—yl_Zp—zl__(ax1+by1+czl—d)
a b c (a? + b?% + c?)

Return to Top




rl 7 [ The foot of perpendicular of point (1,0,2) tothe plane 2x + y +z =5, is: } %

Return to Top




= The foot of perpendicular of point (1,0,2) tothe plane 2x + y +z =5, is: %

Xp=X1 _ Yp=¥1 _ Zp~Z1 _ _ (axi+byi+cz;—d)
a b c (a?2+b2+c?)
200 T (6)
4 1 13

Xp =3 T 5%

Thus foot of perpendicular is: (g%l—:)

Return to Top




rl V [ The foot of perpendicular of point (1,0,2) tothe plane 2x + y +z =5, is: } %

-

Return to Top
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4

Image of point with respect to a plane:

Let the equation of the plane:ax+ by +cz=d
x'=2x, —x;y =2y, —y1;2" = 2z, — 24

xp_xl_yp_yl_zp_
a b C

21

_ (axy + by, +cz; —d)
N (a? + b?% + c?)

22
7} 7}

f A(x1,¥1,21)

Normal

{
NN |
am

I

&1

v

1

xX'—xy ¥y -y Z—-z  _(ax;+by; +cz;—d)

a b g - - (a% + b?% + c?)

Return to ]

[op

e A'(x

4 ! !
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’ If the mirror image of the point (1, 3,5) with respect to the

4‘ plane 4x — 5y + 2z =8 is (a,B,y), then 5(a + B + y) equals:

JEE MAINS FEB 2021

Solution: ¥=x1 _ y'=y1 _ z/=z1 _ _ ., (@x1+byi+cz;—d)
a b c (a?+b?+c?)
o om1 _ B3 _y=S 5, (4(1)-5(3)+2(5)-8)
4 -5 2 (42+(-5)2+22)
13 29
Sa=—;=1;y=—

=>5@+p+y)=13+5+29 =47

Return to Top

47

43

39

41
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4 1 %

f The mirror image of the point (1,2,3) ina plane is (—% =7 —5). Which
‘ of the following points lies on this plane?

JEE MAINS JAN 2020

w (1,-1,1)
@ (-1,-1,1)
w Gy
@ (-1,-1,-1)

Return to Top
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=2 The mirror image of the point (1,2,3) ina plane is (—Z = ——) Which
4‘ of the following points lies on this plane?

JEE MAINS JAN 2020

Solution:

Mirror image of the point (1,2,3) ina planeis (—g,—g —1)

DRs of normal to the plane is:

¢ 4(123)
I
% 4 1\ _ i
(1+§,2+§,3+§) =(1,1,1) n%
I
P
2 1 4 ——‘ﬁ—
Point P is: (—5 5,5) .
Equation of plane: S =)

Return to Top j"1'(’“"%)"'1 (3’—-)+1 (z—%):o
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The mirror image of the point (1,2,3) ina plane is (—g,—g,—g). Which
of the following points lies on this plane?

JEE MAINS JAN 2020

Equation of plane:
¢ 4123)
I
il
 §

>1-(x+2)+1-(y—-3)+1-(z-3) =0

I
Tl
>x+y+z=1 [
Thus, point (1,—1,1) lies on the plane b [ 42ETERY



v

‘ of the following points lies on this plane?

Return to Top

4 1

The mirror image of the point (1,2,3) ina plane is (—Z, —= ——). Which

3’ 3’ 3

JEE MAINS JAN 2020

(1,-1,1)

(-1,-1,1)

(1,1,1)

OICIOIC

(-1,-1,-1)

Ve



O

Distance of a Point from a Plane;

Let equation of plane: ax+by+cz=d Normal

S

A(xy, 1, Z1)C-f
e

where a, b, c are DRs of normal.

_|ax1 + by, +cz; —d
va? + b? + c?

Return to Top

e
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Return to Top

4

The equation of the planes parallel to the plane x — 2y + 2z — 3 = 0 which

are at a unit distance from the point (1,2,3) isax + by +cz+d = 0. If

(b—d) = K(c—a),then the positive value of K is___.

Solution:

JEE MAINS MAR 2021

P



E\ The equation of the planes parallel to the plane x — 2y + 2z — 3 = 0 which

w2
4“ are at a unit distance from the point (1,2,3) isax + by + cz+d = 0. If
(b—d) = K(c —a),then the positive value of K is__.

JEE MAINS MAR 2021

Solution:

Let equation of required plane: x -2y +2z+d =0

1-2(12) +23) +d ke
JZ + 22 +22 |

. ax, + by; +cz; —d
va? + b? + c?

=>d=0-6
(b—d)=-2 or4 ,(c—a)=1
> K=-2o0r4

Return to Top ~K=4




@ KEN T AIKE AN AYVS

4

Relative Position of Two Points with Respect

4 A(Xl, Y1;Z1)
to a Plane; .

Let equation of plane: ax+by+cz—d =0

where a, b, c are DRs of normal.

\! B(Xz, Y2, ZZ)

Two points A(xy,y1,21) & B(x3,¥,,2,) are on:

Ratio in which the plane divides line joining

poiNts A& B is:

(ax; + by, + cz; — d)
(ax, + by, +cz, — d)

Return to Top
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4

Relative Position of Two Points with Respect

e A(xlr Y1 Zl)
e B(Xz, Y2, ZZ)

to a Plane;

Ratio in which the plane divides line joining

poiNtsA&B is:
(axy + by; + cz; — d)

Bl (axy, + by, +cz, — d)
(i) Same side of plane,

(ax; + by; + cz; — d)
(axy + by, + cz, — d)

<0

(ax; + by; + cz; — d)
(ax, + by, +cz, — d)

>0

the signs of ax; + by, + cz; —d and
axp + by, + cz, —d are same.

Returnto To




= KEY TAKEAWAYS

4

Relative Position of Two Points with Respect

e A(xlr Y1 Zl)
e B(Xz, Y2, ZZ)

to a Plane;

(ii) Opposite side of plane,

the signs of ax; + by; + cz; —d and ax; + by,
+ cz, — d are opposite.

Return to Top




rl ¢ Ratio in which the plane 2x — y + 3z + 4 = 0 divides the line joining the %
‘ points (1,2,—4) & (—3,1,—-7) is:
"/ i
"/ e
&)
Y i

Return to Top
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i
4‘ points (1,2,—4) & (—3,1,—-7) is:

Return to Top

Ratio in which the plane 2x — y + 3z + 4 = 0 divides the line joining the

Solution:

Ratio = — Q) -2)+3(-4)+4)

(2(=3)—143(-7)+4)

Division is 1: 3 external.

Ratio :

(axy + by; + cz; — d)

~ (ax, + by, + cz, — d)

g



v
é

Return to Top

Ratio in which the plane 2x — y + 3z + 4 = 0 divides the line joining the
points (1,2,—4) & (—3,1,—-7) is:

\A_j | 2:3
)
()
O

Ve



(0 L

M Points (1,2,3) & (2,—1,4) with respect to the plane x+4y+z—-3=0

‘ lie on:

\Aj Opposite side

\I_BJ The plane

\?} Same side

\[_)/ One lie on plane and other doesn't

Return to Top
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rl V Points (1,2,3) & (2,—1,4) with respect to the plane x+4y+z—-3=0

‘ lie on:

Opposite side

The plane

Same side

One lie on plane and other doesn't

GIOI010

Return to Top
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8 Points (1,2,3) & (2,—1,4) with respect to the plane x+4y+z—-3=0 V
4‘ lie on:

Solution:

Let A(1,2,3) & B(2,—1,4)

Equation of plane:x+4y+z—-3 =0
Forpointd: 14+4(2)+3-3 >0
ForpointB: 2+4+4(-1)+4-3 <0
. Points A & B lie on opposite side.

Return to Top




Return to Top

@ WEN TAIWKE AN AV

4

Angle between a Line and a Plane:

Let equation of plane: ax+by+cz=d

where a,b,c are DRs of normal.

Let equation of line; Z=Xo =YY _ 2%

where a4, by, c; are DRs of line.

aa, + bb; + cc
cos(90°—0) = 1 L L

Va2 + b2 + cz\/alz + by + cy?

g _— aa, + bb; + ccy
= sin

Va?z +b? + CZ\/alz +by% + c;2

Normal

Line
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4

Angle between a Line and a Plane:

Normal

Let equation of plane: ax+by+cz=d Line
Let equation of line: X% _ Y Yo _ ZZo
a; by C1
aa; + bb; + cc
0 = sin™? (BB e ' /
\/a2+b2+cz\/a12+b12+612 /

(i) Condition for line to be parallel to plane:

aa, +bby +cc; =0

(ii) Condition for line to be perpendicular to plane:

Return to Top ai b1 ¢
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- ) then avalueofkis:

If an angle between the line, xz

(]
‘ . _1 2 2
IS CcoSs

+1

-2

Z—

23 and the plane, x — 2y —kz =3

JEE MAINS JAN 2019

vl | w

OIOIOIC

Return to Top

e



g

= If an angle between the line, le = yIZ = Z__23 and the plane, x — 2y —kz =3

4‘ is cos™! (?) then avalue of k is:

JEE MAINS JAN 2019

Solution:

Let angle 8 = cos™! (%)

Lo s 1-(5) =ni(])

9 = Sin_l aaq+bbi+ccq \
VaZ+b2+c2 |a;2+b % +c, 2 |

1 2(1)+1(-2)-2(=k)
> - =
3 J224+12+(=2)2{12+(-2)2+(~k)2
1_ 2 5— ,
= 3= 35002 =45+ (k)2=2k Squaring

Return to Top




v

Return to Top

- ) then avalueofkis:

If an angle between the line, xz

. Ny
‘ iS cos 1(

+1

-2

Z—

23 and the plane, x — 2y —kz =3

JEE MAINS JAN 2019

Ve
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A line and a plane

Return to Top
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4

Condition for a Line to Lie in a Plane

Normal
Let equation of plane: ax + by +cz=d iy

(a, b, c) 1

where a,b,c are DRs of normal.

. o 25— =y Z—2Z 'I
6 . “ . (a1, b1, ¢1)

e

A(xo, Yo, Zo)

where a4, by, c; are DRs of line.

For, line to lie in a plane:
(i) axg + byy +czy =d

(ii) aa; + bb; + cc; =0, (Line L7 to the normal to the plane)

Return to Top




>

2
-~ 12 + m?is equal to :

Return to Top

zZ+4

If the line =2 = ¥*2 _ —, liesin the plane lx + my — z = 9, then

=1l

JEE Main 2016

A 18 C 26
\_/ \_/
B 5 D 2
\_/ \_/
Line X3 _¥=(2) _ z=(9)
2 -1 3

Line passes through a point (3,—2,—4) & DRs of line a(2, —

DRs of normal to plane « (I,m,—1)

1) PointA(3,—-2,—4) liesonlx+my—z=9
=>3l-2m+4=9=3l-2m=5

Linel"tonormal=>2l—-m—-3=0=>2l-m=3

1,3)

g



> | If the line x;3 RS 224, lies in the plane Ix + my —z = 9, then

Return to Top

=1l
-~ 12 + m? is equal to :

>3l-2m+4=9=>3l-2m=>5

Line Ll"tonormal=>2l-m—-3=0=>2l-m=3

l=1lm=-1=>P+m?>=1*+(-1)>=2

JEE Main 2016

g



‘e

Return to Top

Let P be a plane Ix + my + nz = 0 containing the line, p——

zZ+2

1-x _ y+4
2

== If the plane divides the line segment AB joining points
A(—-3,—6,1) and B(2,4,—3) in ratio k: 1, then the value of k is:

~

JEE Main Feb 2021

1.5

ORORORC

4



Return to Top

Let P be a plane Ix + my + nz = 0 containing the line, 1;135 = yTH

— % If the plane divides the line segment AB joining points

A(—3,—6,1) and B(2,4,—3) in ratio k: 1, then the value of k is:
JEE Main Feb 2021

Solution:

. . Lx=1  y—(-4) _ z—(-2) .
Equation of line: — = == lies on Ix+ my+nz=0
the plane

Point A'(1,—4,-2) liesonlx+my+nz=0
[—4m —-2n=0

DRs of line « (—1,2,3)

DRs of normal « (I, m,n)

Line perpendicularto plane = -1+ 2m+3n =20

=>-2m+n=0 =>n=2m

g



Return to Top

Let P be a plane Ix + my + nz = 0 containing the line, =

Z+2

1-x _ y+4
2

== If the plane divides the line segment AB joining points
A(—3,—6,1) and B(2,4,—3) in ratio k: 1, then the value of k is:

Solution:

Equation of line: x—11 1 3"(2—4) _ 72=(=2)

Line perpendicular to plane

= —-l+2m+3n=0

= -2m+n=0 =>n=2m

Put n=2min—-l+2m+3n=20

~ 1 =8m

~ Equation of plane : 8mx + my + 2mz = 0

8x+y+2z=0

JEE Main Feb 2021

Ix+my+nz=20



-=§ Let P be a plane Ix + my + nz = 0 containing the line, 1;135 = yTH
*® - % If the plane divides the line segment 4B joining points

A(—3,—6,1) and B(2,4,—3) in ratio k: 1, then the value of k is:

g . c . 1-x +4 z+2
Solution: Equation of line: - =y2 ==

~ Equationof plane: 8x+y+2z=0

k

Ratio = -
1
_(8C=3)+(=6)+2(1) _ k . (axi+by,+cz;—d)
(8(2)+(4)+2(-3)) 1 Rele = (axy+by,+czy—d)
28 _k
14 1
>k=2

Return to Top

JEE Main Feb 2021

Ix+my+nz=20

g



& |LetP beaplane lx + my + nz = 0 containing the line, 1;" = Yt _zt2

y) 3
‘ If the plane divides the line segment AB joining points
A(—3,-6,1) and B(2,4,—3) in ratio k: 1, then the value of k is:

JEE Main Feb 2021

W _
@ 2

¥ _
¥ _

Return to Top
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Equation of Plane Containing Two Parallel Lines

Equation of lines; X=X _ Y= _ 27%
aq b1 C1

AR, AB &P are coplanar

= [4R 4B 7] =0

>[#-d b—d p|=0

So, equation of plane is:
X—X1 Y=V Z—2Z

X2 —=X1 Y2—=Y1 Z2—%1|=0

aq by 1
Return to Top




?

Return to Top

The equation of plane containing the lines, 2=

ﬁ x—3 y+2 z—0

) 5,ISZ

Solution:

y—3 _

zZ—2

and



pu— . . . —4 -3 -2
=5 | The equation of plane containing the lines, —=2"=="and
x—3 y+2 z—0 .
<& === js:
1 —4 5
Solution:

Li||L,=>p =1—4j+ 5k
L, passes through point A = (4, 3,2)
L, passes through point B = (3,—2,0)

The equation of plane:

X—X9 Y=V Z—Z
Xo—=X1 Y2—=Y1 Z—Z1| =0
a, by €1

=)

> (x—4)(-25-8)—(y—3)(-5+2)+(z—-2)(4+5)=0

= —33x+3y+9z+105=0

Return to Tob = 11x —y — 3z =35 -~ Equation of plane:11x —y — 3z =35




@ WEN TAIWKE AN AV

4

Equation of Plane Containing Two Lines

Equation of lines: x—x1 _ y—y1 _ 2=z

aq b1 C1
p(aq, by
X—Xo 1 y—Yo - Z—Zy _"B(xz,yz,zz) / » U1,
ay b, Co k\

[ AR B 4] are coplanar
= [AR $ G| =0 [AR B 4] =0

So, equation of planeiis:

X—X1 Y—V1 Z— 27

Return to Top
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Return to Top

“p

Let P be a plane containing the line x: SEAL ZZS and parallel to the

4
line =2 =222 = Z";S. If the point (1,1, a) lies on the plane P, then the

4 -3
value of |5¢| is equal to

JEE Main March 2021

Solution:
L, passes through point (1,—6,—5) Normal
L, =31+ 4f + 2k, L, = 31+ 4] + 2k L
Equation of plane is : ] 1 P
i ,
x—1 y+6 z+5 //(11%-%
3 4 2 =0 —
4 —3 7 y A(l, _6; _5)

= (1,—1,a) lieson it

0O 5 a+5
=13 4 2 =0 =5(13)+25(a+5) =0
4 -3 7

= 5a+38=0

= |5a| = 38



g

y+6 z+

’ Let P be a plane containing the line x: — — 25 and parallel to the

4
< |line x;?’ = Y2 _ Z";S. If the point (1, -1, a) lies on the plane P, then the

_3.
value of |5¢| is equal to

JEE Main March 2021

Solution:
Equation of plane is: No:fmal
x—1 y+6 z+5 .
3 4 2 | =0 p
4 -3 7 e Ve
//(1,%-%
= (1,—-1,a) lieson it %
A(l, _6; _5)
0O 5 a+5
=13 4 2 =0
4 -3 7

= 5(13) + 25(a +5) =0
= 5a+38=0

Return to Top = |5a| = 38




Let a plane P contains two lines 7 =+ A({ + j),1 € R and Vo
e , 7=—+u(j—k),npeRIfQ(a B, y) is the foot of the perpendicular
“® | drawn form the point M(1,0,1) to P, then 3(a + B +y) equals ____
JEE Main Sep 2020

Return to Top




F\ Let a plane P contains two lines# =i + A({ + j),A € Rand Vo
0

#=—j+u(j—k)peRIf Q(a B v) is the foot of the perpendicular
“® | drawn form the point M(1,0,1) to P, then 3(a + B +y) equals ____

JEE Main Sep 2020

Solution:

Equation of plane is

-

[F—d p 4]=0 wherepg=i+jandg=j—k
Equation of planeis: [x—1 y z X—x, Y-y, z2—174
(1) 1_01 iR R RN
a b, C2

>x—y—z=1

Xp~X1 _ Yp~V1 _ Zp~Z1 _ (ax1+by;+cz;—d)

a b c (a2+b2+c?2)

Return to Top
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Return to Top

“p

Let a plane P contains two lines 7 =+ A({ + j),1 € R and
F=—]+u(j—k),peRIfQ(a, B,y) is the foot of the perpendicular
drawn form the point M(1,0,1) to P, then 3(a + S8 + y) equals

Solution:
Xp=X1 _ Yp=Y1 _ Zp~Z1 _ _ (axy+byi+cz;—d)
a b c (a%2+b2+c?)
= a-1_ -0 _y-1 _ (1-0-1-1)
1 -1 -1 (12+(-1)24(-1)2)
4 1 2
=> a = — = — ) — —
3 B 3 Y 3

>3@+p+1)=3(5+(

1

3

)

L2
3

=5

il
s

JEE Main Sep 2020

g
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Return to Top

A plane passing through the point (3,1,1) contains two lines whose

direction ratios are 1,—2,2 and 2,3, —1 respectively . If this plane also
passes through the point (a,—3,5), then a is equal to :

JEE Main Sep 2021

\Z/

—10

=/

10

g



— A plane passing through the point (3,1,1) contains two lines whose %
B direction ratios are 1,—2,2 and 2,3, —1 respectively . If this plane also

g passes through the point (a,—3,5), then a is equal to :
JEE Main Sep 2021
Solution: '
DRs of line L; : (1,-2,2) N n
o /%\
DRs of line L, : (2,3,—1) o
-
DRs of line L, : (1,-2, 2) =L,. (3,1,1) (2,3, -1
.
DRs of line L, : (2, 3,—1) =L,. ® (a,-3,5)

AR, L, L, are coplanar
[AR L, L;] =0
x—3 y—1 z—-1
1 —2 2 |=0
2 3 -1

Point (a, —3,5) lies on above plane
Return to Top




— A plane passing through the point (3,1,1) contains two lines whose
D direction ratios are 1,—2,2 and 2,3, —1 respectively . If this plane also

g passes through the point (a,—3,5), then a is equal to :

JEE Main Sep 2021

x—3 y—1 z-1

Solution: 1 _y 5 =0 ) =
2 g R
/
Point (a, —3,5) lies on above plane O
L
a=3 —4 4 G1y,___ @3-
1 -2 2[=0
23 il iEsas
a—3 5
Ry 2 - 4
— = —
Ry — = 1 9 9 0
2 &=l
a—3
= =1>a—-3=2
2
>a=>5

Return to Top
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Return to Top

A plane passing through the point (3,1,1) contains two lines whose

direction ratios are 1,—2,2 and 2,3, —1 respectively . If this plane also
passes through the point (a,—3,5), then a is equal to :

JEE Main Sep 2021

\Z/

—10

=/

10

g
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Return to Top
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WEN TAIWKE AN AV

Intersection point of a line and a plane

(a1,b1,¢1) /7

Let equation of plane: ax + by +cz=d

where a, b, c are direction ratios of normal. /A

X—Xo Y—Yo Z—Z =

and equation of line: = - -
aq bl Cq1 /

where ay, b, ¢; are direction ratios of the line.
Let A is the point on the line

= A= (xg + a;1,yy + biA, zg+c1A) -+ (i)

A also lies on plane,

= a(xy + a4A) + b(yy + biA) + c(zp + c1A) = d



— KEY T AKIE AN AV

Intersection point of a line and a plane

(ay, by, c1) /7
Let equation of plane: ax + by + cz = d /
and equation of line; =X = Y=%0 _ "% _ ) "4
aq b]_ Cq ;
ﬁAE(x0+a1/1,y0+b1/1,ZO+Cll)---(i) /

= a(xg + a;Ad) + b(yg + byA) + c(zy + c14) =d

_d—axy— by, — cz
aa, + bby + ccy

Substitute value of 1 in (i) to get point A.

Return to Top
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The equation of line passing through the point of intersection of line

4‘ x;4=y_5=213andtheplane xX+y+z—2=0Is

Return to Top

2

JEE Main Jan 2019

A @
\/ 1 1 -1 \/ 2 2 3
X+3 _ 4-y _ z+1 x—1 _y-3 _ z+4
W = W - = =
g q —5 -3
Equation of line: == == =22 =}

Let A be a pointontheline =>4=(4+21,5+243+21)
Aalsoliesonplanex+y+z—-2=0
=>44+21+54+24+34+1—-2=0

>A1=-2

~A=(0,1,1) So, point A(0,1,1) lies on the line x;1 ==

g



4

y+2

¥ | The point of intersection of line == = X2 = 2 and the plane x — 7y

‘ +3z=15Is:

A (—13,2,—14)

_/ i
B (—13,2,14)

_/ o
C (3,2,—14)

_/ dl
D (13,12,14)

_/ N

Return to Top




W.V

Return to Top

The point of intersection of line x;3

‘ +3z=15Is:

y+2

2_26 and the plane x — 7y

A (—13,2,—14)
_/
@ (—13,2,14)

C (3,2,—14)
_/

D (13,12,14)
_/

4



&

® 1 3;=15is:

Return to Top

The point of intersection of line xf = y+12 = 2_26 and the plane x — 7y

Solution:

. g -3 +2 -6
Any given on the line == = = = = can be taken as

= (x,y,z) = (4t+3,—-t—2,-2t+6)

Now for the intersection with the given plane, (4t + 3, —t — 2, =2t + 6) must
lie on the plane x — 7y + 3z =15

= (4t+3)—-7(—t—2)+3(—2t+6)=15

= 5t+35=15
= 5t =-20
>t=—4

Hence, the point of intersectionis (3 — 16,4 — 2,8 + 6) = (—13,2,14)



| P

f ‘ The distance of point (1,1,9) from the point of intersection of the
x-3 _y—4 e Z—5

line - > and the planex+y+z—-17=0s:
JEE Main Feb 2021
W
@
@ -
Qo)

Return to Top




= £

=% The distance of point (1,1,9) from the point of intersection of the

45 ) -3 —4 -5
ineX==2=2-12

and theplanex+y+z—-17=0s:

JEE Main Feb 2021

(1,1,9)¢ /
y—4 z—5 :

Equation of line: ng =—=—=1 :

Solution:

Let A be a point on the line

=>A=0B+1,44+ 215+ 21)
A also lies on plane,
3+A+4+21+5+24-17=0

>1=1 A=(4,6,7)
Returnto Top




<P .. -3 -4 -5
ineX==2=2-12

Solution:

A=(4,67)

=2 . | Thedistance of point (1,1,9) from the point of intersection of the
> and theplanex+y+z—-17=0s:

JEE Main Feb 2021

Distance = /(4 — 1)2 + (6 — 1)2 + (9 — 7)2

= /32 + 52 + 22

= /38

Return to Top

g



4

“ v | The distance of point (1,1,9) from the point of intersection of the

4

x-3 _y—-4 _z-5

line - > and the planex+y+z—-17=0s:
JEE Main Feb 2021
\A/ 2V19
@ 19v2
C V38
&)

Return to Top




’ A plane has equation x —y + z—5 = 0 and a line has direction ratios
‘ as (2,3,—6), then the distance of point P(1, 3,5) along the line from
® | the given plane is:

JEE Main Aug 2021

A 2 unit C 2+/3 unit
N4
B 3v/2 unit D 3 unit
_/ N
Solution:
(2,3,—6) /‘ / * P(1,3,5)
Equation of line PQ: / i Q

/
/

x—1 -3 z—-5
e =1

2 3 -6 /

0=(1+4213+345-64)

Return to Top

g
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“p

Return to Top

A plane has equation x —y + z—5 = 0 and a line has direction ratios

as (2,3,—6), then the distance of point P(1, 3,5) along the line from

the given plane is:

Solution:

Q alsoliesonplane:x—y+z—-5=0

>1+4+21-B3+31)+5-64-5=0

SA=—-
7

PQ=(14+22-12+(3+31—-3)2+(5—-61—5)2

2

JEE Main Aug 2021

= V412 + 912 + 3612

= PQ = /4922

g
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Angle bisector of two

JENES

Return to Top




Y The distance of point P(3,8,2) from the line x; = y;3 ==

° ‘ measured parallel to the plane 3x + 2y —2z+ 17 =0 is:

w 2 unit
@ 3 unit
\C_Z/ 5 unit
\[-)/ 7 unit

Return to Top




=) The distance of point P(3,8,2) from the line x; = y;3 ==
<  measured parallel to the plane 3x + 2y — 2z + 17 =0 is:

Solution: y=3  z-2 PQ =7

Equation of line: x: == -2

PointQ = (14 24,3+ 44,2+ 31)

;o hazananank .
Direction ratios of PQ: 21 —2,41— 5,31 s *P(3,8,2)

» PQ is parallel to plane /

[3x+2y—2z+17=0

=3(21—2)+2(41—5) — 2(31) = 0

/

>A1=2

= Q = (5,11,8)

PQ=+(5-3)2+(11-8)2+(8—2)2 =7

Return to Top




4 3

Y &/  Thedistance of point P(3,8,2) from the line x; =23 =
‘ measured parallel to the plane 3x + 2y —2z+ 17 =0 is:

w 2 unit
@ 3 unit
\C_Z/ 5 unit
@ 7 unit

Return to Top




>

x+2 +1 4
Perpendiculars are drawn form points on the line == = 2= = 5 to the plane

“ x +y + z = 3. The feet of perpendiculars lie on the Ime.

Return to Top

JEE Adv 2013

Equation of line: xTJ’Z—y—H 2 =1 (B2 4i18E)) /

-1

Any point P on the given line is / / /
(2A—2,-1-1,32)

g

The point P lies on the given plane for some A.

A
> 21A-2)+(-1-1)+31=3 P :
B x _y-1__z-2
=41 =6 —/ - i =
C G2 2
=A== N
>/

-r=(1-5)




x+2

’ Perpendiculars are drawn form points on the line — = =2 = gto the plane %

“ x +y + z = 3. The feet of perpendiculars lie on the Ime.

JEE Adv 2013

(/=1 3) /
The foot of the perpendicular from the point
(=2,—1,0) on the plane is the point Q. / / /

By e AT L (ax; + by, +cz; +d)

>r= (-1

a b c a? + b? + c2
. y—1 _ zZ—2
x1+2  x3+1  x3-0 (1(=2)+1(-1)+1(0)-3) ) 8 -13
= = = = = = 2
1 1 1 12412 +12
x __y-1 z-2
omE
Q =(0,1,2)

The direction ratio of PQ: (_1,2, _g) — (=5

zZ—2
5

QOC <>
;

. . . -1
Hence, the equation of the line is =2 =
Return to Top 2 =/
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)

The image of the line x;1 ===

y—2 zZ+

33 in the plane 3x — 3y + 10z = 26 is:

1%

y _ z+3

-1 -3

x—4
9

OIOIOIC




g

=5 | Theimage of the line x;1 = y__lz = Z_+33 in the plane 3x — 3y + 10z = 26 is:
-
Solution: Plane:3x —3y+ 10z = 26
2V a9
. .x=1_ y-2 _ z+43 e

Line:—="—=— T
9.-3+(-1)-(-3)+(-3)-10=0

=~ Line is parallel to the plane. B QS '

Let image of point P with respect to plane is Q.

x=1 _y-2 _z+3 8 3(1)-3(2)+10(-3)-26
3_—3_10_2( 118 )

-4  y+1  z-7

Return to Top




¥ - X1 y=2
“ &/ | Theimage of the line — ==

Return to Top

y—2 z+

33 in the plane 3x — 3y + 10z = 26 is:

176

-

y _ z+3

-1 -3

x—4
9

OGIOIO)C




@ KEY TAKE AW AVYS %

4

Angle between two planes:

Let equations of planes be: a;x + byy + ¢,z = d;

aﬂd azx + bzy + sz - dz

Angle between planes is same as angle Y
between their normals

S}

;/

/\g ey

Let angle between planes is 6, then

(ajaz+biby+cicy)

cosf =
\/a12+b12+C12\]a22+b22+C22
(i) Planes are perpendicular, if a;a, + byb, + cic;, =0

1 _ b1

. e G _bi_a
(ii) Planes are parallel, if e ety

Return to Top




>

4 (0,—1,0) and (0,0,1) and making an angle % with the plane

Solution:

Return to Top

The direction ratios of normal to the plane through the points

y—z+5=0are:

JEE Main Jan 2019

Let equation of planebe a(x—-0)+b(y+1)+c(z—0)=0

passes through (0,0,1) —

=>a(0)+b(1)+c(1)=0 ((V(/nz \f/ 2,V2,—2

Sb+c=0 i B 2,-1,1

n, = al + bj + ck - Tn_f . ~

=il } ) /(0,—1,0)(0.0.) \C/ v2,1,-1

COS—=ﬁI ﬁE:\/a2+ZZ_j-c2-\/§=\/_l§ D 2\/5,1,_1
\/

=>Va% + b2 + c2=b—c=2b

= a’ + 2b? = 4b?

>a=+V2p andc=-b

Direction ratios: (v2,1,—1) or (2,v2,—V2)




W."

Return to Top

A tetrahedron has vertices P(1,2,1),0(2,1,3),R(-1,1,2) and
° ‘ 0(0,0,0). The angle between the faces OPQ and PQR is:

JEE Main Jan 2019

OIGIOIC

Ve



&3
<p

Solution:

Return to Top

Angle between the faces OPQ & PQR is same as angle

A tetrahedron has vertices P(1,2,1),0(2,1,3),R(-1,1,2) and
0(0,0,0). The angle between the faces OPQ and PQR is

between their normal.

Let normal vector to the face PQR =n;

b=—{+]—-2k
. k

n=1-3 0 -1
-1 1 =2

=>n,=1-5]—3k

Let normal vector to the face OPQ =7,

¢

Uy

i

20

+ 2]+

L+

+7 +

o

3k

d=-3i—k

JEE Main Jan 2019

S

f‘w

ay

[ ]
Q/

o —
Q

v

-
>v}



E\ A tetrahedron has vertices P(1,2,1),0(2,1,3),R(-1,1,2) and
9“ 0(0,0,0). The angle between the faces OPQ and PQR is:

: JEE Main Jan 2019
Solution: :

S W)
Il
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_ _q1 ((i-5j-3k)-(5i-j- 3k) .
6 = cos ( 3535 cosf = —L72
Iy lInz|

4 {19
= 6 = cos 1(—)
35
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A tetrahedron has vertices P(1,2,1),0(2,1,3),R(-1,1,2) and

8“ 0(0,0,0). The angle between the faces OPQ and PQR is:
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r V A tetrahedron has vertices P(1,2,1),0(2,1,3),R(-1,1,2) and ’Z‘j
‘ 0(0,0,0). The angle between the faces OPQ and PQR is:
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| _=ﬁ‘ KEY TAKEAWAYS

Equation of angle bisector of two planes:

Let equation of planes be:  a;x+ b,y +cz=d,

and a;x +by,y+cz=4d,

Equation of angle bisector planes:

a1x+by+ci1z—dq S ar,x+byy+cyz—d,
}a12+b12+C12 ,a22+b22+C22

Return to Top




w5 KEY TAKEAWAYS

4

Equation of angle bisector of two planes containing a point:

Let equation of planesbe: ax+byy+ciz=d;

and a;x+by,y+cz=4d,

(l) If Slgﬂ Of ala + blﬁ + Cly - dl
and a,a + b, + c,¥y — d, is same, then equation of
bisector containing point (a, 8,y) will be :

a1x+biy+ciz—dq = a;x+byy+cyz—d,
a12+b12+012 /a22+b22+C22

Return to Top




Bt KEY TAKEAWAYS
-~

Equation of angle bisector of two planes containing a point:

Let equation of planesbe: ax+byy+ciz=d;
and a;x+by,y+cz=4d,
(i) If sign of aya + b, 8 + ¢,y — d; and

a,a + b, + c,y — d, i1s opposite, then equation of
bisector containing point (a, 8,y) will be :

aix+b1y+ciz—d1\ __ ar,x+byy+cyz—d,
,a12+b12+C12 a22+b22+C22

Return to Top




| Ei‘ KEY TAKEAWAYS

Equation of acute/obtuse angle bisector of two planes:

Let equation of planesbe: ax+byy+ciz=d;

and a;x+by,y+cz=4d,

() If aya, + byb, + c;¢c, > 0,

Then equation of acute angle bisector

aix+biy+ciz—dq\ __ AzX+byy+cz—d,
a12+b12+C12 ’a22+b22+C22

and equation of obtuse angle bisector

a1x+b y+ciz—d4 S Ay x+byy+cyz—d,
a12+b12+C12 ’a22+b22+C22

Return to Top




| Ei‘ KEY TAKEAWAYS

Equation of acute/obtuse angle bisector of two planes:

Let equation of planesbe: ax+byy+ciz=d;

and a;x+by,y+cz=4d,

(i) If a;a, + byby, + c1c, <0,

Then equation of acute angle bisector

aix+biy+ciz—dq = ax+byy+cyz—d,
a12+b12+C12 ’a22+b22+C22

and equation of obtuse angle bisector

a1x+b1y+clz—d1 . a2x+b2y+CZZ—d2
a12+b12+C12 ,a22+b22+C22

Return to Top




w5 KEY TAKEAWAYS

3

Distance between parallel Planes:

Let equation of planes be: P;:ax + by +cz=d, and P,-ax+by+cz=d,

Let A lieson P,

ale + blyo + Clzo - dl

\/aﬁ + by + c2 = A(X0, Y0, Z0)
D
ax0+by0+CZO =d2 Py ¢ 7
| da—dy
Va? + b2 + c?

Return to Top
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Solution:

Return to Top

If the plane,2x — y + 2z + 3 = 0 has the distances § and % units

from the planes4x —2y+4z+1=0and 2x—y+2z+u=0,
respectively, then the maximum value of A + u is equal to:

| JEE Main Apr 2019

g

Py:2x—y+2z+3=0 dy—d; ||
~NVaZr b7+ 2 ) a 13
A —/ J
P1:2x—y+22+5=0
=] 9
—/ ]
Py:2x—y+2z+u=20
C 5
A \"/ _
i P
3 V2242 +(2)? D) 15
—/ J

u—-3
V22+(-1)2+(2)?

3




’ If the plane,2x — y + 2z + 3 = 0 has the distances § and % units
“ from the planes4x —2y+4z+1=0and 2x—y+2z+u=0,

respectively, then the maximum value of A + u is equal to:
' ' | JEE Main Apr 2019

Solution: 2
1_ 23 2= g3
3 |V2Z2+(-D2+(2)2 3 |V2Z4(-1)2+(2)2
A 13
: \_/
=1=;-3|
B 9
\_/
=>1=8,4
C 5
2 u—3 \_/
3 V22 + (—1)2+(2)2 D 15
\ 4
=2=|pu-3|
>u=1,5

A =13
Returnto Top ( i H)max




7 If the distance between the plane,23x — 10y — 2z + 48 = 0 and %
* 4 the plane containing the lines X4 _ Y8 _ZH g X8 vl

4 3 2 6

z—-1 . k . .
== (1 € R) is equal to T then k is equal to:

JEE Main Jan 2020
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F\ If the distance between the plane,23x — 10y — 2z + 48 = 0 and %
/4 o _c c x+1 y—3 z+1 x+3 y+2
“ the plane containing the lines = = and — = =—=

4 3 2 6

z—-1 . k . .
== (1 € R) is equal to T then k is equal to:

JEE Main Jan 2020

Solution:
Perpendicular distance between plane

Required distance =  23x — 10y — 2z + 48 = 0 either from point
(-1,3,—-1)or(=3,-2,1)

_|23(=1) —10(3)-2(~1)+48 _ 3
| J2324(=10)2+(=2)? ~ /529+100+4 7 . ! /
D E E D
: D —-_ i 1 1
NGER " o— L
._—="><L2
k=3

Return to Top
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A plane which bisects the angle between the two planes 2x — y
+2z—4=0and x+ 2y + 2z — 2 = 0, passes through the point:

JEE Main Apr 2019

\U (1,-4,1)
@ (1,4,-1)
\c_:/ (24,1)
\[_)/ (2,—4,1)

Ve
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Return to Top
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A plane which bisects the angle between the two planes 2x — y
+2z—4=0and x+ 2y + 2z — 2 = 0, passes through the point:

JEE Main Apr 2019

\U (1,—4,1)
@ (1,4,—1)
\c_:/ (2,4,1)
@ (2,—4,1)

4



Session 10

Family of planes and

equation of sphere

Return to Top




@ KEN T AIKE AN AYVS

4

Family of Planes:

Equation of a plane passing through the line of intersection of non -

parallel planes P, and P,, is:

P1+/1P2=0,).ER

Let equation of planes be: P;:a;x + by + ¢,z = d;4

aﬂd Pz:azx + bzy + CrZ = dz

So, equation of required plane:

(a;x + by +ciz—dy) + Aayx + by + c,z—d,) =0

Return to Top
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7 If the equation of the plane passing through the line of intersection of %
¢ & theplanes 2x -7y +4z -3 =0,3x — 5y + 4z + 11 = 0 and the point (-2,1,3)

isax + by +cz—7 =0,thenthevalueof2a+b+c—7is:
JEE MAINS Mar 2021

Return to Top




= If the equation of the plane passing through the line of intersection of %
‘ﬁ the planes 2x — 7y +4z—-3 =0,3x — 5y + 4z + 11 = 0 and the point (-2,1, 3)
isax + by +cz—7 =0,thenthevalueof2a+b+c—7is:
JEE MAINS Mar 2021

Solution:
/%
Required plane has equation: q
2x —7y+4z—-3+ABx—5y+4z+11) =0 . Py
xX(2+34) —y(7+51)+4z(1+1)—3+111=0---(i)
It passes through the point (-2,1, 3),
(-2)(2+31) - 1(7+50) +12(1+ 1) —-3+114=0
L

> A=
6

Return to Top




_=é’ If the equation of the plane passing through the line of intersection of %
“ the planes 2x — 7y +4z—-3 =0,3x — 5y + 4z + 11 = 0 and the point (-2,1, 3)
isax + by +cz—7 =0,thenthevalueof2a+b+c—7is:

JEE MAINS Mar 2021

Solution:

P
x(2+34) —y(7+51) +4z(1+21)—3+112 =0 (i) q
=>)l=% . Py

Substituting in (i)

Thus, the plane: 15x — 47y +28z—-7 =0
a=15, b =—-47, c = 28

=>2a+b+c—-7 =4

Return to Top




If the equation of the plane passing through the line of intersection of %
“ the planes 2x — 7y +4z—-3 =0,3x — 5y + 4z + 11 = 0 and the point (-2,1, 3)

isax + by +cz—7 =0,thenthevalueof2a+b+c—7is:
JEE MAINS Mar 2021
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4

If the equation of a plane P, passing through the intersection of the
planes,x+4y—z+7=0and3x+y+5z—-8=0isax+ by + 6z—15 =0,
for some a,b € R, then the distance of the point (3,2,—1) form the
plane P is:

JEE MAINS Sept 2020

Required plane has equation:
x+4y—-z+7+2Bx+y+52—-8)=0

x(1+30)+y@A@+A)+z(-1+54)+7—-81=0 (i)

Comparing with the given equation:

ax+by+6z—15=0

6 -15 e
s =7y = 14-161=5-252

>91=-9 = )1=-1



’ If the equation of a plane P, passing through the intersection of the
4‘ planes,x+4y—z+7=0and3x+y+5z—-8=0isax+ by + 6z—15 =0,
for some a,b € R, then the distance of the point (3,2,—1) form the
plane P is:

JEE MAINS Sept 2020

x(1+30)+yA4+A)+2z(-1+50)+7—-81=0 - (i)
>A=-1

Substituting in (i)

Thus, the plane: —2x +3y —6z+15=0

D = |-tt6+6+15
~ V22 +32+ (-6)?

Return to Top




. The vector equation of the plane through the line of intersection of the i O
* ‘ planesx+y+z—1=0and 2x+ 3y + 4z —5 = 0 which is perpendicular to

the planex—-—y+z=0,is:

JEE MAINS April 2019

Px((+k)+2=0

N\

\C-:/ F-(f—k\)+2=0

Px((+k)—2=0

>/

Return to Top




0

Return to Top

The vector equation of the plane through the line of intersection of the %

“ planesx+y+z—1=0and 2x+ 3y + 4z —5 = 0 which is perpendicular to

the planex—-—y+z=0,is:

Solution:

Required plane has equation:
x+y+z—1+A2x+3y+4z—-5)=0

x(L4+2) +y(1+30)4+2z(1+410) —1—-51=0--(i)
Since it is perpendicular to the plane:
x—y+z=0
11+2) -1 +30)+ 1 +41) =0

>A=—=
3

JEE MAINS April 2019

x+3y+4z—-5=0

x+y+z—1=0 .



The vector equation of the plane through the line of intersection of the

0

Return to Top

“ planesx+y+z—1=0and 2x+ 3y + 4z —5 = 0 which is perpendicular to

the planex—-—y+z=0,is:
Solution:
x(1+20)+yA+310)+z(1+41)—1—-52=0-(i)

1
>A=—=
3

Substituting in (i)

>x—z+2=0

Thus, vector equation of plane: #-(i—k)+2=0

JEE MAINS April 2019

x+3y+4z—-5=0




A

‘ planesx+y+z—1=0and 2x+ 3y + 4z —5 = 0 which is perpendicular to

Return to Top

the planex—-—y+z=0,is:

The vector equation of the plane through the line of intersection of the

JEE MAINS April 2019

Px((+k)+2=0

N\

@ 7-(I—k)+2=0

Px((+k)—2=0

>/

4
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4

Non-Symmetrical Form of Line

A straight line in space is characterized by intersection P,
P, — Lide of intersection

of two planes, which are not parallel. <
k\

\\\\Ul
A=

Let equation of planes be: p:a,x + by + ¢;z = d;
and Py:axx + by + ¢,z = d,
Equation of line of intersection of planes P; and P,, is:
ax+byy+cz—d,=0=ax+b,y+c,z—d,

(Non — symmetric form)

Return to Top




= KEY T AKIE AN AV

4

Non-Symmetrical Form of Line

Equation of line of intersection of planes P, and P,, is: P, |AmzabEaRRasEEaL

a1 x+by+cz—dy =0=a,x+byy+cyz—d,

(Non —symmetric form)

To convert to symmetric form of line:

Step 1 : Get direction ratios:
Let a, b, c be the direction ratios

Line of intersection lies on both P, & P,, then

2 2

i ]k
a,bc=la; b ¢
a; by c

Return to Top




_=ﬁ WEY T AKE AW AVE

4

Non-Symmetrical Form of Line

Equation of line of intersection of planes P, and P,, is: P, |AmzabEaRRasEEaL

a1 x+by+cz—dy =0=a,x+byy+cyz—d,

(Non —symmetric form)

To convert to symmetric form of line:

Step 1 : Get direction ratios:

Step 2 : Point on the line: If a # 0, take a point on y — z plane
i.e. P(0,y4,2,), and substitute it in the equation of planes

So, solving the simultaneous equations

b13’1 - C1Z1 = d1 bel + Crzq = d2 , to get pOIht P.
Return to Top




Ve

' ? Reduce the equation of line 4x + 4y — 52— 12=0&8x + 12y —13z—-32=0
‘ in symmetric form:

Return to Top
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Reduce the equation of line 4x + 4y — 52— 12=0&8x + 12y —13z—-32=0

in symmetric form:

Solution:
Line of intersection of planes:
4x +4y —5z—12=0--(i)
8x + 12y — 13z — 32 = 0 -+ (ii)
Direction ratio: a,b,c = 2,3,4
Puttingz =0, in (i) & (ii)
x+y=3
2x+3y =28

Pointontheline: x=1,y=2,z=0

S~

J
4
12

~

k
—5 | = (8i+ 12/ + 16k)
—13

g



= £

= Reduce the equation of line 4x + 4y — 52— 12=0&8x + 12y —13z—-32=0

4 in symmetric form:
Solution:
Direction ratio: a,b,c = 2,3,4
Pointontheline: x=1,y=2, z=0

: . x—=1 y—2 z
Thus, equation of line: —=5=

Return to Top




ri A plane P containsthelinex+2y+3z+1=0=x—-y—z—6,and s ID
° ‘ perpendicular to the plane —2x + y + z+ 8 = 0. Then which of the
following points lies on P?

w (1,0,1)
\E_Bj (2,-1,1)
\(_:j (0,1,1)
\[_)j (-1,1,2)

Return to Top




E\

i“ perpendicular to the plane —2x + y + z+ 8 = 0. Then which of the

Return to Top

A plane P containsthelinex+2y+3z+1=0=x—-y—z—6,and s

following points lies on P?

Solution:

Required plane is a plane passing through
the line of intersection of planes

P=x+2y+3z+1=0
AndPy=x—y—z—-6=0

Its equation: P; + AP, =0
>x+2y+3z+1)+A(x—y—2z—-6)=0
>A+D)x+Q2-ADy+B-Dz+1-61=0
« Perpendicularto —2x+y+z+8=0

s=214+0)+R2-1D+@B-1)=0

g

(1,0,1)

(2,-1,1)

(0,1,1)

(-1,1,2)

QOOIC




@ A plane P containsthelinex +2y+3z+1=0=x—-y—z—6,and is
“ perpendicular to the plane —2x + y + z+ 8 = 0. Then which of the
following points lies on P?

Solution: , :
A 1,0,1
| i Ny \ 4
n=214+2)+2-1)+@B-1)=0
B 2,—-1,1
= Required plane is 7x + 5y + 9z = 14 \C/ (0,1,1)
Checking the option show that D (-1,1,2)
\_/

(0,1,1) Satisfies it.

Return to Top




r[ V A plane P containsthelinex+2y+3z+1=0=x—-y—z—6,and s 'D
‘ perpendicular to the plane —2x + y + z+ 8 = 0. Then which of the
following points lies on P?

w (1,0,1)
\E_BJ (2,-1,1)
@ (0,1,1)
\[_)j (-1,1,2)

Return to Top




> The shortest distance between the lines xT_l SPAL - and

—
xX+y+z+1=0&2x—y+z+3=0Iis:

JEE MAINS Sept 2020

Solution: A 1 ‘
Line of intersection of planes: \./ V2
) . k
x+y+z4+1=0--(i - N ~
Y O 11| =2i+j-3k (B) 1 ‘
2x—y+z+3=0 - (ii) 2 -1 1
C — ‘
Direction ratio:a,b,c = 2,1,—3 u V3
Putting z = 0, in (i) & (ii) 5 . ‘
2
x+y+1=0 u
2x—y+3=0

Return to Top




| The shortest distance between the lines == == = and
x+y+z+1=0&2x—y+z+3=0Iis:

JEE MAINS Sept 2020

Solution: L ‘
A el
X+y+1=0 2x—y+3=0 \_/__ "~
Direction ratio: a,b,c = 2,1,—3 \B/ 1 ‘
. " 4 1
Pointontheline: x=—-, y==, z2=0 C ) ‘
4 1
Thus, e uationofline°x+§—y_§—z D = ‘
A " Tam L = ") 2

Return to Top
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4

The shortest distance between the lines == == = and
xX+y+z+1=0&2x—y+z+3=0Iis:
1 JEE MAINS Sept 2020
Solution:
A ik
I V2
X1 _ytl_z  X+3_ Y5 2 <D ‘(b—a)-(cxd) N
0 ——— 2 1 -3 L=
lc x d| | \B/ 1
I j  k N
cxd =2 1 =3 =-21—-2j—2k - )
0 -1 1 5
74, /.
K} 3
= 2
Shortest distance = J =1 L /.

V(=2)2 + (-2)2+(-2)?

fa-»+@) 1
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Return to Top
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If for some a and B in R, the intersection of the following three planes

x+4y—-2z—1=0,x+7y—-5z—pB=0andx+5y+az=>5isalinein

R3,thena + B is:

JEE MAINS Jan 2020

OK
(]
OK
O

Ve



= If for some a and B in R, the intersection of the following three planes %
i“ x+4y—-2z—1=0,x+7y—-5z—F=0andx+5y+az=>5isalinein

R3,then a + B is:

JEE MAINS Jan 2020

Solution:

Plane intersect in a line: = there should be infinite solution of the given

system of equations for infinite solutions.

1 4 -2
A=|f1 7 -5/ =0 =a=-3
1 5 «a
1 4 -2
Also, A;=|B 7 =5 =0
5 5 -3
= =13
~a+ =10

Return to Top
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R3,thena + B is:

If for some a and B in R, the intersection of the following three planes

x+4y—-2z—1=0,x+7y—-5z—pB=0andx+5y+az=>5isalinein

JAN 0
\»)

@ 10
C) °

Return to Top

JEE MAINS Jan 2020
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@ ) KEY TAKEAWAYS

Sphere

Center radius form: | (x —a)? + (y — b)?+(z — ¢)*=r?

General form: | x? + y% +z2 4+ 2ux + 2vy + 2wz +d = 0

Center = (—u, —v, —w)

Radius = Vu?2 + v2 +w? —d

Diametric form:

x—x)x—x)+ @ —y)@—y2) +(z—2)(z—2,)=0

Return to Top




ﬁ; ’ The equation of sphere having center at (1, 2,3) and touching
‘ the planex +2y+3z=0, is:

Solution:

Radius = distance of center from the plane

| 1+4+49
V12 4 22 + 32

=>r =14

So, equation: | (x —a)? + (y — b)?+(z — c)?=r?

(x—1)?%+ (y —2)?+(z—3)*=14

Return to Top




4

f‘
g M Plane x + 2y — z = 4, cutsthe sphere x?2+y2+2z2—x+2z—2=0.Then the

‘ radius of the circle formed is:

\AJ 1 unit
\BJ 2 units
\(.:/ 3 units
\DJ 4 units

Return to Top




4

f‘
g V Plane x + 2y — z = 4, cutsthe sphere x?2+y%2+2z%2—x+z—2=0.Then the
‘ radius of the circle formed is:

(a) 1 uni
—/

B 2 units

\(_:J 3 units
@ 4 units

Return to Top




Session 11

Miscellaneous Questions

Return to Top




’ The number of 3 X 3 matrices A whose entries are either 0 or 1

4‘ and for which the system A

solutions:
Solution:
a; by ¢
Letthe matrixA =la, by ¢,
as bz c3

X 1 a1x+b1y+clz=1
A[}’]=[0‘ = ax+byy+c,z=0
Z 0

azx +bzy+c3z=0

x 1
y] = [0] has exactly two distinct
z 0

IIT-JEE 2010
\A/ 0
\B/ 168
\C/ 2
\D/ 2°—-1

Three planes can never intersect at exactly two points.

Return to Top
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If the distance of the point P(1,-2,1) from the plane x + 2y — 2z = «,
where a > 0,is 5, then the foot of perpendicular from P to the plane, is:

lIT-JEE 2010

OIGIOIC

Ve



E\ If the distance of the point P(1,-2,1) from the plane x + 2y — 2z = «,
i‘ﬁ where a > 0,is 5, then the foot of perpendicular from P to the plane, is:
[IT-JEE 2010

Let A be the foot of the perpendicular.
P(1,-2,1)
Distance of P from the plane =5 i

1-4-2—a
J12 422 4+ (=2)2

=

a+5‘ LiRs
3 _“lln

= a =10, —20 (not possible)

x+2y—2z=a; (a>0)

~ Equation of planeis: x + 2y — 2z = 10

_ |axy + by +cz; —d
Va? + b2 + c?

Return to Top




E\ If the distance of the point P(1,-2,1) from the plane x + 2y — 2z = «,
i“ where a > 0,is 5, then the foot of perpendicular from P to the plane, is:
[IT-JEE 2010

~ Equation of planeis:x + 2y — 2z = 10
P(1,-2,1)
Let the coordinates of A is (p,q, 1)

p-1__ q+2 _r-1 _ —(1-4-2-10)
1 2 =2 9
B S
=8 Y A
p=349=3T"=73

x+2y—2z=a; (a>0)

So,point4 = (g)g’_g)

Return to Top
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If the distance of the point P(1,-2,1) from the plane x + 2y — 2z = «,
where a > 0,is 5, then the foot of perpendicular from P to the plane, is:

lIT-JEE 2010

OIOCIOIC

4



’4

Return to Top

Non zero value of a for which the lines2x —y +3z+4 =0 =

ax+y—z+2 andx—-3y+z=0=x+2y+z+1arecoplanaris:

X y+5 zZ+3
* Ll S — = = —_—
—2 2+3x 2+«

Solution:
A —2
2x—y+3z+4=0=ax+y—z+2 \_/
Coplanar,a # 0
x—3y+z=0=x+2y+z+1 B 4
2x—y+3z+4=0 ~
ax+y—z+2=0 \C/ 6
Let n; is along L, D 0
| /.
it 7 k | ~
n_1)= 2 —-1 3 >n =-21+Q2+3a)]+ 2+ a)k
a 1 -1
fx=0y—2z+2=0
}z=—3, =5
—y+3z4+4=0




’J

Return to Top

Non zero value of a for which the lines2x —y+3z+4 =0 =

ax+y—z+2 andx—-3y+z=0=x+2y+z+1arecoplanaris:

Solution:
A _
fx=0 y—2z+2=0 \*J 2
z=-3,y=-5
—y+3z+4=0 £ 4
y d n - L R v
T 27 2430 2+a
C 6
x—3y+z=0 \_/
! D 0
xX+2y+z+1=0 Letn, isalong L, \_/

Ifx=0 —3y+z=0

2y+z+1=0




-$
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Non zero value of a for which the lines2x —y+3z+4=0=

ax+y—z+2 andx—-3y+z=0=x+2y+z+1arecoplanaris:

Solution:
Ifx=0 —-3y+z=0 N
V=TT TR
2y+z+1=0
PRI
2 4 0

For 2 lines to be coplanar, [d, d, AB] =0

—l 0 1

-2 243a 2+4+a
= 3=0

1
(0] —5+§ —3+§

12 24 48
=>—1((2+3a)<—?>+(2+a)<?>>+1<?> =0




’4IL
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Non zero value of a for which the lines2x —y+3z+4=0=
ax+y—z+2 andx—-3y+z=0=x+2y+z+1arecoplanaris:
Solution:

For 2 lines to be coplanar, [d, d, AB] =0

-1 0 1

-2 243a 24+«
= 3=0

1
0 —5+- —3+=
E T3

12 24 48
ﬁ—1((24—3(1)(—?)4-(24-(1)(?))4'1<?> =

12
:?(2+3a—4—2a+4)=0

12
:?(2+a)=0 >a=-2




>

4
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From the point P(1,1,4), perpendiculars PQ and PR are drawn
onthelinesy=x,z=1 andy=—-x, z=—-1.If Pissuch that
£QPR is a right angle , then the possible value(s) of 1 is/are:

Solution:

Lity=x,2z=1 Ly:y=—x,z=-1
LetQ = (q,q,1)

PQ is perpendicular to the line :

y z—1
1 0

1

A-)+@A-1+A-1D(0)=0 =q=1

~Q=(4,4,1)

letR= (r,-r,—-1)

JEE Advanced 2014

L, P(A, A1)

OF
B ) V2
Okl
Okl
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From the point P(1,1,4), perpendiculars PQ and PR are drawn
onthelinesy=x,z=1 andy=—-x, z=—-1.If Pissuch that
£QPR is a right angle , then the possible value(s) of 1 is/are:

JEE Advanced 2014

Solution:
A |
Li:y=x,z=1 Ly:y=—x,z=-1 P(AAA) v-
Ll )4
LQ= (4,1 D) 7
LletR= (r,-r,—-1) C 6
\—/ —
PQ is perpendicular to the line: 0 5) o
2
—/ —
S AN
T

A=-7r)—-A+N1+A+1)0)=0 =r=0
~R=(0,0,-1)

PQ L PR
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From the point P(1,1,4), perpendiculars PQ and PR are drawn
onthelinesy=x,z=1 andy=—-x, z=—-1.If Pissuch that
£QPR is a right angle , then the possible value(s) of 1 is/are:

JEE Advanced 2014

Solution:

Li:y=x2z=1 Ly:y=-xz=-1 7 P(A, A1) \A_\/.l
2Q=(@,4,1) +“R=(0,0,—1) 1 P 7
PQ 1 PR \&) °©
50-(A=0)+0-U—-0)+A+1A-1)=0 . Lz Ok
=2>12-1=0 =
>A==1

A = 1isrejected as it will lie on the given line

& = =il




? /In R3,let L be a straight line passing through origin. Suppose that \
‘ all the points on L are at a constant distance from the two planes

Piix+2y—z+1=0 andP,:2x—y+z—1=0.Let M be the locus of

feet of perpendiculars drawn from the points on L to the plane P;.

kWhich of the following points lie(s) on M? )
JEE Advanced 2015

@ (0-3-3)

w0
I
[ I
[V =N
o |R
N—

—/

@)
I
o |lu
A=
olRr
~—

o/

)
I
W=
=
w N
~—

—/

Return to Top




= | In R3, let L be a straight line passing through origin. Suppose that
& | althe points on L are at a constant distance from the two planes

Piix+2y—z+1=0 andP,:2x—y+z—1=0.Let M be the locus of
feet of perpendiculars drawn from the points on L to the plane P;.
Which of the following points lie(s) on M?

JEE Advanced 2015

L is parallel to the planes P; & P,

Let vector parallel to the line is a

ioj k A
a=11 2 -1 =1-3j-5k
4 =i

~ Direction ratiowill be 1,-3,-5

Return to Top
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In R3, let L be a straight line passing through origin. Suppose that
all the points on L are at a constant distance from the two planes

Piix+2y—z+1=0 andP,:2x—y+z—1=0.Let M be the locus of
feet of perpendiculars drawn from the points on L to the plane P;.

Which of the following points lie(s) on M?

JEE Advanced 2015

~ Direction ratiowill be 1,—-3,-5

Feet of perpendicular of (0,0,0) on the plane P, is:

xp—xlzyp—ylzzp—zl=_(ax1+by1+czl—d)
a b c (a? + b?% + c?)

x—0 y»—-0 z,-0 (D 1
1 2 -1 = (12422+(-1)2) 6
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In R3, let L be a straight line passing through origin. Suppose that
all the points on L are at a constant distance from the two planes

Piix+2y—z+1=0 andP,:2x—y+z—1=0.Let M be the locus of
feet of perpendiculars drawn from the points on L to the plane P;.

Which of the following points lie(s) on M?

Equation of line M : = —
1 -5

2 1

JEE Advanced 2015

Points (0, —%,——) and (—— —%%) lie on the line M.

3 6’



V /In R3,let L be a straight line passing through origin. Suppose that \
‘ all the points on L are at a constant distance from the two planes

Piix+2y—z+1=0 andP,:2x—y+z—1=0.Let M be the locus of

feet of perpendiculars drawn from the points on L to the plane P;.

KWhich of the following points lie(s) on M?

) (0-5-3)
O, (-4-33
—/

c (=509

JEE Advanced 2015 J

W, (=593)

Return to Top




’ Equation of plane which passes through the point of intersection
x-1_ y=2 _ z-3 d x=3 _y-1_ z-2

“ of lines 3 = - and — > ; and at greatest distance

from the point (0,0,0), is:

g

L, A J4x+3y+5z=25

B J4x+3y+5z=50

3x +4y + 5z =49

Solution: 0(0,0,0)
Ll e

i _9c—1_y—2_z—3_/1 N\~
EN e
L XT3 _y-1_z-2_ )4 N\~
2°" 1 T 2 = 3 = I (4;35\

C
Pointon Ly: (1+31,24 21,3+ 24) - (i) \_~

D

PointonL,: B+ u,1+2u,2 + 3u) -+ (ii)

(

To get intersection point

1+34=3+u

Return to Top 24+A=1+2u

x+7y—5z=2




’ Equation of plane which passes through the point of intersection

. x—1 —2 z—3 x—3 -1 z—2 .
& | oflines=—= Y= = and =2— =2 and at greatest distance
3 1 2 1 2 3

from the point (0,0,0), is:

Solution:

. . . . 0,0,0
~ The intersecting point will be P(4,3,5) o . )
OP = 0Q

Q
The equation of plane at greatest distance :
from origin and passing through point (4,3,5) P(43,5)
will have normal direction ratiosas 4,3, 5.
=>4(x—-4)+3(y—3)+5(z—-5)=0 0(0,0,0)
i

I
= 4x + 3y + 5z =50 |

I 7
D(4 2 B
=T 5

»hHJ)

Return to Top




let P be a image of the point (3,1,7) with respect to the plane

—y + z = 3. Then the equation ofthe plane passing through

P and containing the straight Ilne == % =2 js:

JEE Advanced 2016

‘e

s S

x+y—3z=0

3x+z=0

x—4y+7z=0

2x—y =0

OIOCIOIC

Return to Top
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let P be a image of the point (3,1,7) with respect to the plane

x —y +z=3. Then the equation ofthe plane passing through

P and containing the straight Ilne == % =2 js:

JEE Advanced 2016

X y z
L: —===—
R r 3A7)
+
LetP=(x",y',2") :x—y+}273
|
xX'—xy ¥y -y zZ-—2z _(ax;+by, +cz; —d) :
AR R (a? + b2 + c?) : :
\.P/L
xX'=3 y -1 7z -7 B 3-14+7-3)
1 -1 1 A2+ (-1)%+1?2)
= —4
P=(-1,5,3)



@ let P be a image of the point (3,1,7) with respect to the plane

Return to Top

“ x —y +z=3. Then the equation ofthe plane passing through

P and containing the straight Ilne == % =2 js:

JEE Advanced 2016

P=(-1,5,3)

(ol IR
N[

P (3,1,7)

T
!
+

Let 7 be the normal vector to the plane : x—y+}273
|
|
: : i : |
n is perpendicular to line OP & given line L |
|

CP/.L

—i+4j— 7k

=W XY
I

~ Equation of planeis:x —4y+7z=0



v
4

let P be a image of the point (3,1,7) with respect to the plane

—y + z = 3. Then the equation ofthe plane passing through

P and containing the straight Ilne == % =2 js:

JEE Advanced 2016

s S

x+y—3z=0

3x+z=0

x—4y+7z=0

2x—y =0

) QCEC

Return to Top




’ Let Pi:2x+y—z=3and P,:x+ 2y +z =2 be two planes. %
‘ Then which of the following statements(s) is (are) true ?
JEE Advanced 2018

D The line of intersection of P, and P, has direction ratios 1,2, —1

. 3x—4 1-3 c . .
The line x9 = Ty = g is perpendicular to the line of

intersection of P, and P,.

The acute angle between P, and P, is 60°.

If P; is the plane passing through the point (4,2,—-2) and
perpendicular to the line of intersection of P, and P,, then the

distance of the point (2,1,1) from the plane P; is %

QOO¢

Return to Top




’ | LetPi:2x+y—z=3and P;:x+ 2y +z =2 betwo planes.

<> Then which of the following statements(s) is (are) true ?

JEE Advanced 2018

Solution:

Let Pj:2x+y—z=3and P,:x+ 2y +z =2 be two planes.

Let ] is along the line of intersection.

ik R
>n =2 1 —-1|=31—-3j+3k
1 2 1

The line of intersection of P, and P, has direction ratios: 1,—1,1

4 1

. X 4 z . . . .
The line T?’ == _—33 =3 Is parallel to the line of intersection

of P, and P,.

Return to Top
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Let P;:2x+y—z=3and P,:x+ 2y +z =2 be two planes.

Then which of the following statements(s) is (are) true ?

Solution: JEE Advanced 2018

Let Pj:2x+y—z=3and P,:x+ 2y +z =2 be two planes.
The line of intersection of P, and P, has direction ratios: 1,—1,1
Let 8 be the angle the planes.

(ayay + byby + c1¢3)

\/alz + b12 + Clz\/azz + b22 + CZZ

cos @ =

2+2-1)
V22 + 12 + (—1)2V12 + 22 + 12

= cosf =

1
c059=§ = 0 = 60°



>
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-+

Let P;:2x+y—z=3and P,:x+ 2y +z =2 be two planes.

Then which of the following statements(s) is (are) true ?

Solution: JEE Advanced 2018

Let Pj:2x+y—z=3and P,:x+ 2y +z =2 be two planes.

The line of intersection of P, and P, has direction ratios: 1,—1,1
Equationof P;: (x —4)—(y—2)+(z+2) =0

>x—y+z=0

2—1+1

Distance of the point (2,1,1) =
V12 + (—1)2+12

ol
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